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PEEFACE. 

The present Work on Elementary Trigonometry 
contains that part of the subject which can con- 
veniently be explained without the use of infinite 
series. It is intended either for class-teaching or 
for private study. Accordingly the Examples are 
numerous and for the most part easy. Those which 
are not original have been selected from the Gam- 
bridge and Army Examination Papers of the last 
few years. 

The Miscellaneous Examples are somewhat more 
difficult, and should in most cases be postponed until 
the student reads the subject for the second time. 

The order in which the Chapters are read may 
be varied at the discretion of the Teacher. 

The last three Chapters are not required in the 
Previous Examination of Candidates for Honours at 
Cambridge. 

J. B. L. 

Eton, 
March, 1882. 
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CHAPTER I. 
On Measubement. 

1. It is usual to say that we have measured any con- 
crete quantity, when we have found out how many times it 
contains some familiar quantity of the same kind. 

We say for example, that we have measured a line, when we 
have found out how many feet it contains. We say that we have 
measured a field, when we have found out how many acres or 
how many square yards it contains. 

2. To know the measurement of any quantity then, we 
must have two things. First, we must have a unit, or 
standard of reference, of the same kind as the thing 
measured. Secondly, we must have the measure, or the 
number of times the thing measured contains the unit, or 
standard quantity. 

3. Hence, the measure of a quantity is the number, 
and the unit is the Concrete quantity, by means of which 
it is measured. 

Example 1. A line contains 261 feet. Here the measure or 
number is 261 and the unit a foot. 

Example 2. What is the measure of 2£ miles when a yard 
is the unit ? 

2£ miles =$ x 1760 yards, 

=4400 yards=4400 x 1 yard, 

therefore the measure is 4400 when a yard is the unit. 

L. 1 
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Example 3. What is the unit when the measure of a field of 
10 acres is 242 ? 

10 acres 



10 acres = 242 x 



242 ' 



,, ., . 10 acres „. , 

.'. the unit is — =200 square yards. 

Example 4. If the unit be a yards, what is the measure of 
6 miles? 

b miles =6 x 1760 yards, 

, .. 5x1760 , 

/. b mues= x a yards, 

a * 

., . , . b x 1760 
.\ the measure required is # 



EXAMPLES. I. 

(1) What is the measure of 1 mile when a chain of 66 feet is 
the unit ? 

(2) What is the measure of an acre when a square whose 
side is 22 yards is the unit ? 

(3) What is the measure of a ton when a weight of 10 stone 
is the unit ? 

(4) The length of an Atlantic cable is 2300. miles and the 
length of the cable from England to France is 21 miles. Express 
the length of the first in terms of the second as unit. 

(5) The measure of a certain field is 22 and the unit 1100 
square yards : express the area of the field in acres. 

(6) Find the measure of a miles when b yards is the unit. 

(7) The measure of a certain distance is a when the unit is c 
feet. Express the distance in yards. 

(8) A certain sum of money has for its measures 24, 240, 
960 when three different coins are units respectively. If the first 
coin is half a sovereign, what are the others ? 
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4. The measure of a quantity is the number of times 
which that quantity contains the unit. 

We may express the same thing in different ways, 

(i) The measure of a quantity is the ratio of thaf* 

quantity to the unit. 

(ii) The measure of a quantity is the fraction that 

the quantity is of the unit. 

5. This last statement is in the language of Arith- 
metic, and the word ' fraction ' is to include whole numbers, 
and improper fractions. 

6. The following are therefore different forms of the 
same question : 

(i) What is the measure of 4 miles when 66 feet is 
the unit ? 

(ii) How many times does 4 miles contain 66 feet) 

(iii) What is the ratio of 4 miles to 66 feet? 

(iv) What fraction of 66 feet is 4 miles % 
Example (i) What is the measure of a yards when b feet is 
the unit ? 

a yards=3a feet=-r- x b feet, 

.1 • 3# 

.'. the measure is -=- . 

o 

(ii) How many times does a yards contain b feet ? 

As in (i), a yards=»-r- x b feet. 

Answer, -r times, 
(iii) What is the ratio of a yards to b feet ? 

As in (i), a yards= j- x b feet, 

a yards 3a 
*'• "Meet^T' 

.•. the required ratio is ^r . 

1—2 



4 TRIGONOMETRY. 

(iv) What fraction is a yards of b feet ? 

. . ..... a yards Za 

.\ the required fraction is -j- 



EXAMPLES. IL 

(1) The ratio of the area of one field to that of another is 
20 : 1, and the area of the first is half a square mile. Find the 
number of square yards in the second. 

(2) The ratio of the heights of two persons is 9 : 8, and the 
height of the second is 5 ft. 4 in. What is the height of the first ? 

(3) The measure of a field with 3 acres for unit is 65. Find 
the ratio of the field to an acre. 

(4) One field contains a second of 2$ acres, 6f times. 
What is the measure of the first field in terms of the second ? 
What is the ratio of the first field to the second ? 

Express the first as the fraction of the second. 

(5) A certain weight is 3*125 of a ton. 
What is its measure in terms of 4 cwt. ? 
How many times does it contain 4 cwt. ? 
What is its ratio to 4 cwt. ? 

What fraction is it of 4 cwt. 1 

(6) The ratio of a certain sum of money to 3 guineas is ^. 
Find its measure in terms of one pound. 

Find the unit when its measure is 22. 

(7) What is the measure of a miles when b chains is the 
unit? 

How many times do a miles contain 6 chains ? 
What is the ratio of a miles to d chains ? 
What fraction is a miles of h chains ? 



EXAMPLES. II. 5 

* 

(8) What is the unit when the measure of £20 is tyg ? 
£25 contains a certain sum ^& times. What is that sum ? 
The ratio of £30 to a certain sum is 4^. What is that sum ? 
The fraction which £10 is of a certain sum is 3$*. What is 
that sum? 

7. It is explained in Arithmetic, in the application of 
square measure, that the measure of the area of a rectangle 
is found in terms of a square unit, by multiplying together 
the measures of the sides in terms of the corresponding 
linear unit. 

Example. Find in square feet the measure of a square 
surface whose side is 12 feet. 

The area is 12 x 12 square feet =144 x 1 square foot, 
.*. the measure required is 144. 

8. We shall apply this result to Euclid I. 47. 

Example 1. The sides containing the right angle of a right- 
angled triangle are 3 ft. and 4 ft. respectively ; find the length of 
the hypotenuse. 

Let x be the number of feet in the hypotenuse. 

Then by Euclid I. 47, the square described on the side of 
x feet = the sum of the squares described on the sides of 3 feet 
and 4 feet respectively, 
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/. a? 8 square feet =9 square feet + 16 square feet 

=25 square feet, 
.-. #2=25, 
•*• sc^o. 

Therefore the length of the hypotenuse is 5 feet. 

Example 2. Find the length of the perpendicular drawn 
from the vertex to the base of an isosceles triangle whose equal 
sides are 10 feet each, and whose base is 12 feet. 

Let ABC be the isosceles triangle such that AB is 10 feet, 
AC is 10 feet and BC is 12 feet. 




Draw AD perpendicular to BC. 

Then because the triangle ABC is isosceles AD will bisect 
the base BC in D ; therefore BD is 6 feet. 

Let AD contain x feet. 

Then by Euclid I. 47, the square on AB= the sum of the 
squares on BD and AD. 

•\ 10 2 sq. ft. = 6 a sq. ft. + a? sq. ft. 
.-. MP-tf + a 1 , 
.\ #2=100-36, 
.-. #2=64, 
.*. #=8. 

Therefore the required length of AD is 8 feet. 
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Example 3. Find the length of the diameter of the square 
one of whose sides contains a feet. 




aft. 



Let ABCD be the square, so that AB is a feet, and AD is a 
ieet. • 

Let the diameter BD be # feet. 

Then the square on 2)2? = the sum of the squares on DA 
and AB. 

.*. a? 2 sq. ft. =a 2 sq. ft. + a 2 sq. ft. 

.'. #*=a 2 + a 2 , 

.\ ^=2a 2 , 

Therefore the required length of the diameter is ^2 . a feet. 



EXAMPLES. III. 

(1) Find the length of the hypotenuse of a right-angled 
triangle whose sides are 6 feet and 8 feet respectively. 

(2) The hypotenuse of a right-angled triangle is 100 yards 
and one side is 60 yards : find the length of the other side. 

(3) One end of a rope 52 feet long is tied to the top of a pole 
48 feet high and the other end is fastened to a peg in the ground. 
If the pole be vertical and the rope tight, find how far the peg is 
from the foot of the pole. 

(4) The houses in a certain street are 40 feet high and the 
street 30 feet wide : find the length of the ladder which will 
reach from the top of one of the houses to the opposite side 
of the street. 
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(5) A wall 72 feet high is built at one edge of a moat 54 feet 
wide ; how long must scaling ladders be to reach from the other 
edge of the moat to the top of the wall ] 

(6) A field is a quarter of a mile long and three-sixteenths 
of a mile wide : how many cubic yards of gravel would be 
required to make a path 2 feet wide to join two opposite corners, 
the depth of the gravel being 2 inches ? 

, (7) The sides of a rectangular field are 4a feet and 3a feet 
respectively. Find the length of its diameter. 

(8) If the sides of an isosceles triangle be each 13a yards 
and the base 10a yards, what is the length of the perpendicular 
drawn from the vertex to the base ? 

(9) Show that the perpendicular drawn from the right 
angle to the hypotenuse in an isosceles right-angled triangle, 

each of whose equal sides contains a feet, is ~- . a ft. 

(10) If the hypotenuse of a right-angled isosceles triangle 
be a yards, what is the length of each side ? 

(11) Show that the perpendicular drawn from an angular 
point to the opposite side of an equilateral triangle, each of whose 

*/3 
sides contains a feet, is ^- . a ft. 

(12) If in an equilateral triangle the length of the perpen- 
dicular drawn from an angular point to the opposite side be 
a feet, what is the length of the side of the triangle ? 

(13) Find the ratio of the side of a square inscribed in a 
/ circle to the diameter of the circle. 

• 

(14) Find the distance from the centre of a circle of radius 
10 feet, of a chord whose length is 8 feet. 

(15) Find the length of a chord of a circle of radius a yards, 
which is distant b feet from the centre. 

(16) The three sides of a right-angled triangle, whose hypo- 
tenuse contains 5a feet, are in arithmetical progression : prove 
that the other two sides contain 4a feet and 3a feet respectively. 



(9) 



CHAPTER II. 
On Incommensurable Quantities. 

9. Two numbers are said to be Commensurable when 
their ratio can be expressed as an arithmetical fraction : 
that is, as a fraction whose numerator and denominator are 
both whole numbers. 

Example. 4*93 and 81f are two commensurable numbers. 
Their ratio is 4ft+81 J-i£|^ . 

10. Two numbers are said to be incommensurable 
when their ratio cannot be expressed as an arithmetical 
fraction. 

Example. */2 and 1 are two incommensurable numbers. 

For ~- cannot be expressed exactly as an arithmetical quantity. 
So /v/3 and */2 are two incommensurable numbers. 

11. One number alone is said to be an incommensur- 
able number when it is incommensurable with unity. So 
that an incommensurable number cannot be expressed as 
an arithmetical fraction. 

Example. J2 and ^3, and all surd numbers, are incom- 
mensurable numbers. 
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12. Two quantities are said to be commensurable 
when their measures referred to a common unit are com- 
mensurable. 

Example. A mile and a thousand yards are two commen- 
surable quantities. Their measures with a yard for unit are 
1760 and 1000 ; and these are commensurable numbers. 

13. Two quantities are said to be incommensurable 
when their measures referred to a common unit are incom- 
mensurable. 

Example. The side of a square and its diameter are two 
incommensurable quantities. For if the side of a square contain 

a feet, the diameter (see Example 3, p. 7) contains sfi . a feet, and 
therefore the ratio of their measures is 1 : *J2. So that their 
measures are incommensurable. 

14. There is no practical difficulty in dealing with 
incommensurable quantities. We can always find for their 
measures arithmetical expressions sufficiently accurate for 
all practical purposes. 

15. A little consideration will convince the student 
that no measurement can in practice be made with absolute 
accuracy. 

For example : A skilful mechanic is probably satisfied 
if in measuring some material two or three feet in length 
the error in his measurement is less than the thirty-second 
part of an inch. (The thirty-second part of an inch is less 
than half the height of the smallest letter on this page.) 
That is to say, he is satisfied if he make no greater error 
than about a thousandth part of the whole length to be 
measured. He would record such a measurement thus, 

2 ft. 3f| inches, 

which is 891 thirty-second parts of an inch. 
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16. We will suppose that the length thus measured is 
the side of a square, and that the workman wishes to know 
to the same degree of accuracy as his measurement, what 
is the length of the diameter of the square. 

He can find it thus. 

The diameter of a square = J2 x its side, 

.•. the diameter of this square = J 2 x 891 thirty-second parts 

of an inch. 

Also J 2 = 1 41 4 nearly, 

.-. J2x 891 = 1414x891 

= 1259-8. 

.\ the required diameter =1260 thirty-second parts of 

an inch, nearly. 

The error being less than one thirty-second part of an inch. 

17. The student will be able to see from the above 
example, that if the value of an incommensurable number 
is found to 4 figures, a very considerable degree of accuracy 
is attained. Also that a much greater degree of accuracy is 
attained for every additional figure. 

18. It is no advantage in calculations such as the above 
to have the value of such quantities as J2 calculated to any 
greater degree of accuracy than the observed measurement. 
For instance, our calculation beiDg correct as far as the 
whole numbers are concerned we should gain nothing by 
using 14142 instead of 1414 for J2. This would give 
us the answer 1260*0 instead of 1259*8; the difference 
being a fifth of a thirty-second part of an inch, a quantity 
by hypothesis too small to be of any importance. 
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Example 1. The side of an equilateral triangle contains 
2 feet ; find, correct to the ten-thousandth part of a foot, the 
length of the perpendicular drawn from an angular point to 
the opposite side. 

Here (as in Example 2, p. 6), let the perpendicular contain 
x feet, then 




*• sq. ft. = 2 2 sq. ft. - l 2 sq. ft., 
.\ * 2 =4-l=3, 



.*. tf=*/3, 



= 1-7320 &c.; 
.*. the length of the perpendicular =1*7320 feet. 

Example 2. Find the length, correct to the ten-thousandth 
part of a foot, of the side of the square described upon a dia- 
meter whose length is 3 feet. 

Let x be the number of feet in each of the sides of the square. 
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Then a? sq. ft. + *■ sq. ft. = 3 2 sq. ft. 

.\ tf 2 + tf 2 = 9, 

3 3^2 
"* V2 2 

=fx (1-41 42) =2-1213, 

.*. the length of the perpendicular =2*1213 feet. 

EXAMPLES. IV. 

(1) Find, correct to the thousandth part of a foot, the 
length of the diameter of a square whose side is 7 feet. 

(2) Find, correct to a yard, the length of the diameter of a * 
square whose side is one mile. 

(3) Find, correct to the hundredth part of an inch, the 
hypotenuse of a right-angled triangle whose sides are 3 ft. 6£ in. 
and 3 ft. 4 in. respectively. 

(4) Find, to the nearest inch, the side of a square whose 
area is 1000 square yards. 

(5) Find, correct to the tenth part of a foot, the diameter 
of a square field whose area is ten acres. 

(6) Find, to the nearest inch, the side of a square field 
whose area is one acre. 

(7) Find the height of an equilateral triangle whose side is 
10 feet. 

(8) Find the height of an equilateral triangle whose side is 
5*32 feet. 

(9) The top of a table measures 24*6 inches and 41*3 inches 
along two adjacent sides. What should the diameter measure 
if the table is rectangular ] 

(10) Find, to the nearest inch, the diameter of a lawn-tennis 
court whose length is 78 feet, and breadth 36 feet, supposing 
that it is properly marked out. 



(14) 



CHAPTER m. 

On the Relation, between the Circumference of a 

Circle and its Diameter. 

19. The circumference of a circle is a line, and therefore 
it has length. 

We might imagine the circumference of a circle to consist of 
a flexible wire ; if the circular wire were cut at one point and 
straightened, we should have a straight line of the same length 
as the circumference of the circle. 

20. A polygon is a figure enclosed by any number of 
straight lines. 

21. A regular polygon has all its sides equal and all 
its angles equal. 

22. The perimeter of a polygon is the sum of its sides. 

23. If we have two circles in which the diameter of 
the first is greater than the diameter of the second, it is 
evident that the circumference of the first will be greater 
than the circumference of the second. 





24. It seems, therefore, not unlikely that, if the dia- 
meter of the first circle be twice that of the second, the 
circumference of the first will be twice that of the second. 
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25. And also not unlikely that whatever be the ratio 
of the circumference of the first circle to its diameter, the 
same will be the ratio of the circumference of the second 
circle to its diameter. 

This suggests that it is not unlikely that the circum- 
ference of a circle = k times its diameter, where k is some 
number which is the same for all circles. 

We shall presently prove that this is the case. 

26. But although, we can prove that 

the circumference of a circle « , . , 

-.- — r . = a nxed numerical quantity, 

its diameter ^ J 

the method of calculating the value of this number is beyond 
the limits of an elementary treatise. 

27. We shall therefore simply state here, what is 
proved in more advanced treatises, 

(i) that this numerical value is incommensurable, 
(ii) that it is approximately 3*14159265 <fec. 

28. When we say that this number is incommensurable 
we mean (cf. Chapter II.) that its exact value cannot be 
stated as an arithmetical fraction. 

It also happens that we have no short algebraical ex- 
pression such as a surd, or combination of surds, which 
represents it exactly. 

So that we have no numerical expression whatever, 
arithmetical nor algebraical, to represent exactly the ratio 
of the circumference of a circle to its diameter. 

Hence the universal custom has arisen, of denoting its 
exact value by the letter ir. 
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29. Thus ir stands always for the exact value of a cer- 
tain incommensurable number, whose approximate value is 
3*14159265, which number is the ratio of the circumference 
of any circle to its diameter. 

It cannot be too carefully impressed on the student's 
memory that ir stands for this number 3*14159265. ..&c., and 
for nothing else; just as 180 stands for the number one 
hundred and eighty, and for nothing else. 

30. We proceed to prove that the ratio of the circum- 
ference of a circle to its diameter is the same for all circles. 

The proof depends on the following important principle ; 

The length of the circumference of a circle is that to which 
the length of the perimeter of a regular inscribed polygon 
approaches, as the number of its sides is continually increased. 

31. We take for granted that the straight line is the 
shortest line that can join two points. 

32. Let ABCDEF be any regular polygon inscribed in 
a circle. 
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Then the side AB is shorter than any other line join- 
ing AB, so that the side AB is less than the arc AB) 
therefore the perimeter of the polygon, viz. 
AB + BC + CD + DB + HF+FA 

is less than the sum of the arcs, that is, is less than the 

■ 

circumference of the circle. 

Now let each of the arcs AB, BC, etc. be bisected in a, 
fit 7> $, € » Vy an( ^ kfc * ne lines Aa, aB, Bfi, @C, etc. be joined ; 

then the figure AaBfiCy etc. is a regular polygon of 
twice as many sides as the first polygon. 

And since the sides Aa + aB are together greater than 
the side AB, 

it follows that the perimeter of the second polygon, viz. 
Aa + aB + Bp + fiC + Cy + yD + etc. 
is greater than the perimeter of the first. 

But the perimeter of the second polygon is less than 
the circumference of the circle, 

because each side is less than the corresponding arc. 

Hence the perimeter of the second polygon is nearer the 
circumference, but is less than the circumference. 

By bisecting the arcs of the second polygon we should 
get a third polygon, whose perimeter is nearer the circum- 
ference of the circle than the second. 

It is clear that by continuing this process, we can get a 
polygon whose perimeter is as near as we please to the 
circumference of the circle. Hence, 

The length of the circumference of a circle is that to which 
the length of the perimeter of a regular inscribed polygon 
approaclies, as the number of its sides is continually increased, 
L. 2 
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33. PiiOP. The ratio of the circumference of a circle to 
its diameter is the same for all circles. 

Let ABCDEF, abcdefbe any two circles. 

Let a regular polygon of any, the same number of sides 
be inscribed in each of them. 

Join A, B, C, etc., a, b, c, etc. the angular points of the 
polygons to the centres 0, o respectively. 

A 





Then AOB any one of the isosceles triangles in the first 
figure is equiangular with*, and therefore similar to, aob 
any one of the isosceles triangles in the second figure. 

.'. AB : OA = ab : oa, [Euc. vi. 4.] 
and BC : OA = be : oa, 

and so on. 

.-. AB + BC+ CD + etc. : OA = ab + be + cd + etc. : oa; 

or, the perimeter of the first polygon is to the radius of the 

* For at and at o, four right angles are each divided into the 
same number of equal angles, so that the vertical angles AOB, aob of 
the isosceles triangles AOB, aob are equal. 
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first circle as the perimeter of the second polygon is to the 
radius of its circle. 

This is true whatever be the number of the sides of the 
two polygons. 

And therefore it is true however great be the number of 
sides of the two polygons. 

But the circumferences of the circles are what the peri- 
meters of the polygons become, when the number of the sides 
is indefinitely increased. Therefore the circumference of the 
first circle is to its radius OA as the circumference of the 
second circle is to its radius oa. 

Thus the ratio of the circumference of any circle to its 
radius is equal to the ratio of the circumference of any other 
circle to its radius. 

So that the ratio — ^ is the same numerical 

diameter 

quantity for all circles. Q. e. d. 

34. We said above (Art. 29) that this number is 3-14159 
etc., and that it is denoted by ir. 

Hence the circumference of any circle of radius r 

= (3-14159265 etc.) x its diameter = 2wr. 

35. We may notice that ^ = 3-14285?. 

So that - 7 - and ir differ by less than a thousandth part 

of their value. 

Also ff£ = 3-1415929 etc. So that f|£ may be used 
for if with sufficient accuracy for any practical purpose. 

Hence -^,3-14159 and \ ££ are each used for ir accord- 
ing to the degree of accuracy required. 

2—2 
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36. Of these 3*14159 is the most frequently used. The 
student should notice however that in dividing by ir it will 
be more convenient to use £j£ * nan 3*1 41 59. 

37. The following results are instructive. 

The ratio of the perimeter of a regular polygon inscribed in a 
circle to the diameter of the circle, when the polygon has 

four sides, is 2^2 = 2-8284. . . 

six sides, is 3 =3 

eight sides, is 4 ^(2 - a/2) - 3-0614. . . 

ten sides, is \ (^5 - 1 ) - 3-0901 . . . 

twelve sides, is 3^2 (^3 - 1) =3*1058... 

twenty sides, is 5 y(3+V5) -*/(5 -a/5)} =3-1287... 

15 
sixty sides, is ™ {(^5 - 1) (V3 + 1) 

-V(10 + 2V5) (^3 - 1)}=3*1401... 

These numbers approach 3*14159 as the number of sides is 
increased, while the surd expression becomes more complicated. 

The first of these results the student will be able to verify ; 
the second is proved in Euclid iv. 15. The rest will be proved 
later on. 

Example 1. The driving wheel of a locomotive engine is 
5 ft 6 in. high. What is its circumference ? 

Here we have a circle whose diameter is h\ feet ; 

.*. its circumference =»r x 5*5 feet, 

= (3-14159...) x 5*5 feet, 

= 17*278... feet. 

The circumference is 17 ft. 3 in. approximately. 

Example 2. If a piece of wire 1 foot long be bent into the 
form of a circle, what will be the diameter of the circle ? 

Here the circumference =1 foot, 
that is 7r x diameter =1 foot, 
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.\ diameter = =Xxl foot 

7T " l 



=f| inches 

=3*8 inches, nearly. 

If a greater degree of accuracy be desired, we must use \\\ 
instead of - 7 2 . 

We then get, the diameter =3*7699 inches, 

•=3'77 inches very nearly. 
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In the answers of the first 12 of the following examples 2 ^ 
is used for n. 

(1) Find the circumference of a circle whose diameter is one 
yard. 

(2) Find the circumference of a circle whose radius is 4 feet. 

(3) Find the circumference of a 48 inch bicycle wheel. 

(4) The circumference of a circle is 10 feet; find its diame- 
ter. 

(5) What must be the diameter of a locomotive driving 
wheel, that it may make 220 revolutions per mile? 

(6) How many revolutions does a 36 inch bicycle wheel 
make per mile? 

(7) How many more revolutions per mile does a 50 inch 
bicycle wheel make than one of 52 inches ? 

(8) A locomotive whose driving wheel is 5 feet high has an 
instrument to record the number of revolutions made. What 
number will the instrument record in running 100 miles? 

(9) If the instrument in Question 8 indicates 3 revolutions 
per second, how many miles per hour is the engine running? 
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(10) What is the diameter of the driving wheel of a locomo- 
tive engine which makes 4 revolutions per second when the 
engine is going at the rate of 60 miles per hour ? 

(11) The large hand of the Westminster clock is 11 feet long; 
how many yards per day does its extremity travel? How far 
does the extremity move in a minute ? 

(12) The diameter of the whispering gallery in St Paul's is 
108 feet; what is its circumference? 

(13) Find the number of inches of wire necessary to con- 
struct a figure consisting of a circle with a regular hexagon 
inscribed in it, one of whose sides is 3 feet. 

(14) How many inches of wire would be necessary in a 
figure similar to that in Question (13), if the circumference of the 
circle were ten feet ? 

(15) Find how many inches of wire are necessary to make a 
figure consisting of a circle and a square inscribed in it, when 
each side of the square is 2 feet. 

(16) How many inches of wire are necessary for a figure 
similar to that in Question (15), when the circumference of the 
circle is 12 feet ? 

(17) Find the length of string necessary to string the handle 
of a cricket bat ; having given the diameter of the handle=lj in., 
the length of the handle = 12 in., the diameter of the string = ^th 
of an inch. 
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CHAPTER IV. 
On the Measurement op Angles. 

38. In elementary Geometry (Euclid I. — VI.) the 
angles considered are each always less than two right 
angles. 

For example, in speaking of the angle HOP in Euclid we 
should always mean the angle less than two right angles, 

P 



R 

not an angle measured in the opposite direction greater than 
two right angles. 

39. In Trigonometry, by the angle HOP is meant, not 
the present inclination of the two lines 0B t OP but, the 
amount of turning which OP has gone through when, start- 
ing from the position OR, it has turned about into the , 
position OP. 

Example. Suppose a race run round a circular course. The 
position of any one of the competitors would be known, if we 
remark that he has described a certain angle about the centre of 
the course. Thus, if the distance to be run is three times round, 
the line joining each competitor to the centre would have to 
describe an angle of 12 right angles. 

When we remark that a competitor has described an angle of 
6§ right angles, we record not only his present position, but the 
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total distance he has gone. He would in such a case have gone 
a little more than one and a half times round the course. 

40. Definition. The angle between two lines OR, OP 
is the amount Of turning about the point which one of 
P 



ft 

the lines OP has gone through in turning from the position 
OR into the position OP. 

41. The angle ROP may be the geometrical representa- 
tive of an unlimited number of Trigonometrical angles. 

(i) The angle ROP may represent the angle less than 
two right angles as in Euclid. 

In this case OP has turned from the position OR into 
the position OP by turning about in the direction contrary 
to that of the hands of a watch. 

(ii) The angle ROP may represent the angle described 
by OP in turning from the position OR into the position 
OP in the same direction as the hands of a watch. 

In the first case it is usual to say that the angle ROP is 
described in the positive direction, in the second that the 
angle is described in the negative direction. 

(iii) The angle ROP may be the geometrical repre- 
sentation of any of the Trigonometrical angles formed by 
any number of complete revolutions in the positive or in 
the negative direction, added to either of the first two 
angles. (We shall return to this subject in Chapter IX.) 
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EXAMPLES. VI. 

Give a geometrical representation of each of the following 
angles, the starting line being drawn in each case from the turn- 
ing point towards the right. 



1. 


+ 3 right angles. 


7. 


- 10 J right angles. 


2. 


+ 5 right angles. 


8. 


+ 4 right angles. 


3. 


+ 4J right angles. 


9. 


- 4 right angles. 


4. 


+ 7 i right angles. 


10. 


4n right angles. 


5. 


- 1 right angle. 


11. 


(4w + 2) right angles. 


6. 


lOf right angles. 


12. 


- (4ti + J) right angles. 



42. There are two methods of measuring angles, 
(i) The rectangular measure. 

(ii) The circular measure. 

Rectangular Measure. 

43. Angles are always measured in practice with the 
light angle (or part of the right angle) as unit. 

44. The reasons why the right angle is chosen for a 
unit are : 

(i) All right angles are equal to one another. 

(ii) A right angle is practically easy to draw. 

(iii) lb is an angle whose size is very familiar. 

45. The right angle is a large angle, and it is therefore 
subdivided for practical purposes. 

It is usual to explain two methods of subdivision, 
(i) The sexagesimal method, 
(ii) The centesimal, or decimal, method. 
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I. The Sexagesimal Method. 

46. In this method the right angle is divided into 90 
equal parts, each of which is called a degree ; each degree is 
subdivided into 60 equal parts, each of which is called a 
minute ; and each minute is again subdivided into 60 equal 
parts, each of which is called a second. 

Instruments used for measuring angles are subdivided 
accordingly ; and the size of an angle is known when, with 
such an instrument, it has been observed that the angle 
contains a certain number of degrees, and a certain number 
of minutes beyond the number of complete degrees, and a 
certain number of seconds beyond the number of complete 
minutes. 

Thus an angle might be recorded as containing 79 
degrees +18 minutes + 36*4 seconds. 

Degrees, minutes, and seconds are indicated respectively 
by the symbols °, ', ", and the above angle would be written 

79° . 18' . 36-4". 

II. The Centesimal or Decimal Method. 

47. The other method of subdivision is the Centesimal or 
Decimal. Here each right angle is divided into 100 equal 
parts each of which is called a grade ; each grade is sub- 
divided into 100 equal parts, each of which is called a 
minute; and each minute is again subdivided into 100 equal 
parts, each of which is called a second. 

Instruments of observation would be subdivided accord- 
ingly, and any observed angle would be recorded as contain- 
ing so many grades + so many minutes + so many seconds. 
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Grades, minutes and seconds are indicated respectively by 
the symbols g , \ N \ So that an angle of 26 grades +19 
minutes + 34*2 seconds would be written 

36* 19 x 34-2". 

48. It will be observed that this method is simply that 
of the decimal system of notation. 

The above angle for example = $h + 10 y 00 + ^ Jfoftro of a right 
angle. 

That is -3619342 of a right angle. 
This is equal to 36*19342 of a grade. 
Also to 3619*342 of a minute. 
Also to 361934*2 of a second. 

Example. Express 302* 2' 4*6" as the decimal of a right angle. 

rvu- i 302 , 2 4*6 - • , . , 

Thisangle^ + j_+ imm of a right angle 

= 3*0202046 of a right angle. 

49. Hence, to express an angle given in grades, minutes 
and seconds as the decimal of a right angle, we have only to 
observe that the first and second decimal places are occupied 
by the grades, the third and fourth decimal places are occu- 
pied by the minutes, and the fifth and sixth decimal places 
are occupied by the seconds. 

50. The same observation will enable us to express in 
grades, minutes, and seconds an angle given as the decimal 
of a right angle. 

Example. Express 3*4650023 of a right angle in grades, 
minutes, and seconds. 

3 right angles =300 grades. 

'46 of a right angle =46 grades. 

•00,50 of a right angle =50 minutes. 

•00,00,02,3 of a right angle=2*3 seconds. 

Therefore the angle is 346* 50' 2*3 % \ 
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Express as the decimal of a right angle, 



(1) 63« 21* 18T\ 

(2) 104« 26* 99T\ 

(3) 2« 18* 27" . 

(4) 3* 20 48*94". 

(5) 62f 41". 

(6) 1000" 8T 12\ 



(7) 32« 4 s 52". 

(8) 1* 2' 3<T. 

(9) 69* tf 7T\ 

(10) 119« ST 045" 

(11) 1006« 1ST r, 

(12) 2« 26* 4-8\ 



Express in grades, minutes and seconds, 



(13) -367891 of a right angle. 

(14) 1-043021 of a right angle. 

(15) -012003 of a right angle. 

(16) -00102 of a right angle. 

(17) -0625 of a right angle. 

(18) 3*02125 of a right angle. 



(19) 1 -001 of a right angle. 

(20) -0101001 of a right angle. 

(21) 6-451 of a right angle. 

(22) -023 of a right angle. 

(23) -00011 of a right angle. 

(24) -00001 of a right angle. 



51. An angle given in degrees, minutes, and seconds 
may be expressed as the decimal of a right angle by the usual 
method. 

Example. Express 39° 4! 27" as the decimal of a right angle. 

60 " ) 27 seconds 
60 ^ 4'45 minutes 



90 ^39-07416666 etc. degrees 

-43415740740 etc. right angles 

Answer. -43415740 of a right angle* 
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52. An angle given as the decimal of a right angle may 
be expressed in degrees, minutes, and seconds by the con- 
verse of the above. 

Example. Express '43415740 of a right angle in degrees, 
minutes, and seconds. 

•43415740740 etc. right angles 
90 



39*07416666600 degrees 

The last two figures would be 66 if we were to write down the 
recurring part to more figures. 

This gives 39*07416666666 etc. degrees 

60 





4*4499999960 minutes 


that is 


4*44d minutes 


or 


4*45 minutes 




60 




27*00 seconds. 


The result is 


39° 4' 27". 



53. We have seen that an angle expressed as the 
decimal of a right angle can be at once expressed in grades, 
minutes, and seconds. 

Hence an angle expressed in degrees, minutes, and 
seconds, can be expressed in grades, etc. by first reducing 
the angle to the decimal of a right augle. 

Example. Express 39° 4' 27" in grades, minutes, and seconds. 

This angle is '43415740 of a right angle, by Art. 51 
and this =43*41' 57*407 x \ 

54. An angle given in grades, minutes, and seconds can 
be expressed in degrees, minutes, and seconds by first ex- 
pressing the angle as the decimal of a right angle. 
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Example. Express -43« 41* 57'407 w in degrees, minutes^ and 
seconds. 

This angle is -43415740 of a right angle, which is 39° 4' 27" 
from Art. 52. 
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Express each of the following angles (i) as the decimal of a 
right angle, (ii) in grades, minutes, and seconds ; 

(1) 8° 15' 27". (4) 16° 14' 19". 

(2) 6° 4' 30". (5) 132° 6'. 

(3) 97° 5' 15". (6) 49°. 

Express in degrees, minutes and seconds, 

(7) 1* 37* 50". (10) 24« s 23\ 

(8) 8* 75\ (11) 18* r 15". 

(9) 170« 45*35". (12) 35*. 



55. The decimal or centesimal system of subdividing a 
right angle was proposed by the French at the commence- 
ment of the present century; but, although it possesses 
many advantages over the established method, no one has 
been found willing to undertake the great expense that 
would have to be incurred in rearranging all tables and all 
books of reference, and all the records of observations, which 
would have to be transferred from the old system to the new, 
before the advantages of the decimal system could be felt. 
Thus the decimal system of angular measurement has never 
been used even in France, and in all probability never will 
be used in practical work. 
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On Circular Measure. 

56. By the following construction we get an angle of 
great importance in Trigonometry. 

On the circumference of a circle whose centre is 




R 

let an arc RS be measured so that its length is equal to the 
radius of the circle, and let R and S be joined to the centre. 

5?. We are about to prove (Art. 60) that this angle 
ROS\& & fixed fraction of a right angle, so that all such angles 
are equal to one another. 

58. We may state the same thing thus — We are about to 
prove that if we take any number of different circles, and measure 
on the circumference of each an arc equal in length to its radius, 
then the angles at the centres of these circles which stand on 
these arcs respectively, will be all of the same size. 

59. Definition. The angle which at the centre of a 
circle stands on an arc equal in length to the radius of 
the circle is called a Radian. 

60. To prove that all Radians are equal to one another. 
Since the Radian at the centre of a circle stands on an 

arc equal in length to the radius, 

and an angle of two right angles at the centre of a circle 
stands on half the circumference, 
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and since angles at the centre of a circle are to one 
another as the arcs on which they stand (Euc VI. 33), 

therefore the radian is to an angle of two right angles 

as the radius is to half the circumference; 

that is, as the diameter is to the whole circumference; 

that is, in the constant ratio 1 : ir. 

m, - A , ,. 2 right angles 
Therefore the radian = — . 

That is, the radian is a fixed fraction of a right angle. 
But all right angles are equal to one another. 
Therefore all radians are equal to one another. Q. E. d. 

61. Thus the radian possesses the qualification most 
essential in a unit, viz. it is always the same. 

The student will find, in the theoretical part of Trigo- 
nometry, that many expressions can be written more shortly 
when a radian is used for the unit of angle, than when any 
other unit is used. 

62. Thus the reasons why a radian is used as a unit are : 

(i) All radians are equal to one another. 

(ii) Its use simplifies many formulae in Theoretical 
Trigonometry. 

63. The system of angular measurement in which a 

radian is the unit is called Circular Measure* 

Therefore the circular measure of an angle is the num- 
ber of radians which the angle contains. 

1 

64. A radian = — x 2 right angles, 

IT 

= £# of 180 9 nearly, 
= 57-2957 degrees. 
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The student should notice that a radian is a little less 
than an angle of an equilateral triangle. 

65. Circular measure is, as we have said, used in theo- 
retical investigations, in which the angle under consideration 
is almost always expressed by a letter. This is usually one of 
the Greek letters a, /?, y . . ., ^, 0, \ff. . .. 

Strictly speaking these letters represent numbers, i.e. 
measures ; so that some unit of angle must be understood in 
such an expression as 'the angle 0.' (Art. 2.) 

For this reason, when an angle is denoted by a Greek 
letter such as a, /?, y, etc., 0, <£, \j/, etc., it is understood that 
circular measure is the measure used, unless the contrary 
is expressly stated. 

So that 'the angle 0' means ' radians.' 

Similarly 'the angle ir' means 'ir radians 9 or '3*14159... 
radians,' that is two right angles. 

[Note. It will also be convenient, in using such letters 
as A, B, C...S, T, etc. to represent angles, to agree that the 
unit understood with this kind of letter shall be a degree, 
so that when A stands for an angle, that angle contains 
A degrees.] 

66. In numerical examples it will be necessary to use 
some letter (c suppose) to -denote a radian. 

Thus 2° denotes ( two fadians.' 

67. Strictly speaking then 'the angle 0' should be 
written e . (Just as in speaking of 'the angle ninety, 1 we 
ought to say ninety degrees.) But if it be clearly understood 
that 'the angle 0* means radians, there can be no am- 
biguity in the expression. 

l. 3 
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68. The student cannot too carefully notice, that unless 
an angle is obviously referred to, the letters 0, <£,... a, /?,... 
stand for mere numbers. 

Thus as we have said above (29) ir stands for a number 

and a number only, viz. 3*14159 , but in the expression 

4 the angle tt' that is 'the angle 3-14159 ' there must 

be some unit understood. The unit understood here is a 

radian, and therefore 'the angle ir* stands for 3*14159 % 

that is two rigid angles. 

Hence, when an angle is referred to, iris a very convenient 
abbreviation for two right angles, 

69. To express in degrees or grades an angle given in 
radians, we first express the angle in right angles, remem- 
bering that 

2 right angles =7T radians. 

Example. How many degrees are there in the angle whose 
circular measure is 2 1 

mi . i « j- o 2 right angles 4 . , , , 
This angle =2 radians =2 x — - - — = - right angles, 

4 x 90° 360° 



7T ' 



.'. the angle contains — degrees. 

ir 



70. If B y G and a be the number of degrees, grades 
and radians respectively in any angle, then 

_G_ a 

.80 " 200 "" ir * 

For each fraction is the ratio of the angle to two right 
angles. 
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Example. Find the number of degrees in two radians. 

Let D be the number, then 

D 2 



180 7T 1 

« • JJ — • 4 

IT 



EXAMPLES. IX. 

1. Express the following angles in rectangular measure. 

(1) n. (2) £. (3) 1«. 

(4) 3". (6) 3'14159265 e etc. (6) -. 

(7) 6. (8) -00314159 c etc. (9) 10»r. 

2. Express the following angles in circular measure. 

(1) 180°. (2) 360°. (3) 60°. 

(4) 22 £°. (5) 1°. (6) 57-295° etc. 

90° 
(7) n«. (8) =f. (9) ^. 

3. Express the following angles in circular measure. 

(1) 33« 3tf 38-S w . (2) 50«. . (3) 16'6«. 

(4) 1«. (5) T. (6) 10". 

(7) nF. (8) — . (9) lOOOi. 

IT 

4. Find the ratio of 

(1) 45°to~. (2) 60°to60«. 

(3) 25«to22°30\ (4) 24« to 2\ 



100° 
(5) 1-75- to—. (6) l°tol«. 



3-2 
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71. To prove that the measure of an angle at the centre 
of a circle in radians (Le. in Circular Measure) is the ratio 
oftfte arc on which it stands to the radius of the circle. 




L 

Since angles at the centre of a circle are to one another 
as the arcs on which they stand (Euc. VI. 33), 

Therefore any angle POP at the centre of a circle is 
to the radian as its arc PP is to the arc of the radian, 

But the arc of the radian is equal to the radius, 

._ any angle POP . , x its arc PP 

Therefore — ~z — ^-r-. is equal to -= .. - . 

the radian the radius 

its &rc 
And therefore any angle POP is equal to —j. — x (a 

radian). 

That is, the measure a of an angle in radians is the ratio 

arc arc 

or, a = 



radius ' ' radius ' 

tt / * a A */^ & & a arc 1 
Hence (cf. Art. 70) t— = -^ ixfi = - = — x - . 
v ' 180 200 tt radius ir 

Example. Find the number of grades in the angle subtended 
by an arc 46 ft. 9 in. long, at the centre of a circle whose radius 
is 25 feet. 

The angle stands on an arc of 46| ft. and the radian, at the 
centre of the same circle, stands on an arc of 25 feet. 

.-. the angle= — f radians, ={gj x — ® * , 

900* 

= 125 x— ,-119« nearly. 
fi 
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EXAMPLES. X. 

(In the answers ty is used for w.) 

(1) Find the number of radians in an angle at the centre of a 
circle of radius 25 feet, which stands on an arc of 37| feet. 

(2) Find the number of degrees in an angle at the centre of a 
circle of radius 10 feet, which stands on an arc of bn feet. 

(3) Find the number of right angles in the angle at the cen- 
tre of a circle of radius 3^- inches, which stands on an arc of 2 feet. 

(4) Find the number of French minutes in the angle at the 
centre of a circle of radius 8 ft. 4 inches, which stands on an arc of 
1 inch. 

(5) Find the length of the arc subtending an angle of 4 J radians 
at the centre of a circle whose radius is 25 feet. 

(6) Find the length of an arc of eighty degrees on a circle of 
4 feet radius. 

(7) Find the length of an arc of sixty grades on a circle of 
ten feet radius. 

(8) The angle subtended by the diameter of the Sun at the 
eye of an observer is 32' ; find approximately the diameter of the 
Sun if its distance from the observer be 90,000,000 miles. 

(9) A railway train is travelling on a curve of half a mile 
radius at the rate of 20 miles an hour; through what angle has 
it turned in 10 seconds 1 

(10) A railway train is travelling on a curve of two-thirds of a 
mile radius, at the rate of 60 miles an hour; through what angle 
has it turned in a quarter of a minute? 
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(1 1) Find approximately the number of English seconds con- 
tained in the angle which subtends an arc one mile in length at 
the centre of a circle whose radius is 4000 miles. 

(12) If the radius of a circle be 4000 miles, find the length of 
an arc which subtends an angle of 1" at the centre of the circle. 

(13) If in a circle whose radius is 12 ft. 6 in. an arc whose 
length is '6545 of a foot subtends an angle of 3 degrees, what is 
the ratio of the diameter of a circle to its circumference 1 

(14) If an arc 1*309 feet long subtend an angle of 7 J degrees 
at the centre of a circle whose radius is 10 feet, find the ratio of 
the circumference of a circle to its diameter. 

(15) On a circle 80 feet in radius it was found that an angle 
of 22? 30' at the centre was subtended by an arc 31 ft. 5 in. in 
length ; hence calculate to four decimal places the numerical 
value of the ratio of the circumference of a circle to its diameter. 

(16) If the diameter of the moon subtend an angle of 3C, at 
the eye of an observer, and the diameter of the sun an angle of. 32', 
and if the distance of the sun be 375 times the distance of the 
moon, find the ratio of the diameter of the sun to that of the 
moon. 

(17) Find the number of radians in (i.e. the circular measure 
of) 10" correct to 3 significant figures. (Use fff for w.) 

(18) Find the radius of a globe such that the distance 
measured upon its surface between two places in the same meri- 
dian, whose latitudes differ by 1° lO', may be one inch. 

(19) Two circles touch the base of an isosceles triangle at its 
middle point, one having its centre at, and the other passing 
through the vertex. If the arc of the greater circle included 
within the triangle be equal to the arc of the lesser circle without 
the triangle, find the vertical angle of the triangle. 

(20) By the construction in Euc. I. 1, prove that the unit of 
circular measure is less than 60°. 
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(21) On the 31st December the Sun subtends an angle of 
32' 36", and on 1st July an angle of 31' 32" ; find the ratio of the 
distances of the Sun from the observer on those two days* 

(22) Show that the measure of the angle at the centre of a 

k.a 
circle of radius r, which stands on an arc a, is — — , where k. 

T 

depends solely on the unit of angle employed. 

Find h when the unit is (i) a radian, (ii) a degree. 



72. Questions concerning angles expressed in different 
systems of measurement are easily solved by expressing each 
angle in right angles. 

Example 1. The sum of the measure of an angle in degrees 
and twice its measure in radians is 23$, find its measure in 
degrees (ir= V)* 

Let the angle contain x right angles. 

Then the measure of the angle in degrees =90#, 

„ „ „ „ „ radians = 2 j?. 

.-. 90o? + 2. |o?=23$, 

.". 90jf + ^o?=^, 
.\ 652#=163, 

The angle is J of a right angle, that is 22£°, nearly. 



40 TRIGONOMETRY. 

Example 2. The three angles of a triangle are in arithmetical 
progression, and the measure of the least in grades is to that of 
the greatest in circular measure as 120 : w. Express each angle 
in degrees. 

Let the angles contain x -y, x, x +y right angles respectively ; 
they are then in a.p. 

Their sum is 3x right angles; and since they are the angles of 
a triangle, their sum is 2 right angles ; 

.\ &r=2, 

• • * 3* 

Again, the least angle contains (x-y)x 100 grades, and the 
greatest angle contains ^ (x+y) radians, 

,\ 100 (x-y) : | (*+y)=120 : ir. 

.-. 100(x-y)=60(x+y), 
or, 40x=160y, 
or, x=4y. 
.'. 4y=§, 
because #=§, 

Thus the angles contain |, J , and J right angles respec- 
tively ; 

therefore the angles are 45°, 60°, 75°. 

EXAMPLES. XI. 

(In the following examples the answers will be given in terms 
of *■.) 

(1) The sum of the degrees and of the grades in a certain 
angle is 38 ; find its circular measure. 

(2) The difference of two angles is 20*, and their sum is 48° ; 
find them. 
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(3) One angle is double of a second, and the sum of their 
measures in degrees and in grades respectively is 140 ; express 
the angles in degrees. 

(4) Two angles are in the ratio of 4 : 5, and the difference of 
their measures in grades and in degrees respectively is 2| ; find 
the angles in degrees. 

(5) The difference between two angles is - , and their sum 
is 56 degrees ; find the angles. 

(6) If the three angles of a triangle are in arithmetical pro- 
gression, show that the mean angle is 60°. 

(7) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the number 
of degrees in the mean as 5 : 6. Find the angles in degrees. 

(8) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the greatest is to the 
number of degrees in the sum of the other two as 10 : 11. 
Find the angles in degrees. 

(9) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the number 
of radians in the greatest as 200 : 3ir. Express the angles in 
grades. 

(10) If D be the number of degrees and G the number of 
grades in any angle, prove that G-D=\D. 

(11) If if be the number of English minutes and m the 
number of French minutes in any angle, prove that 

2M-m=£rM. 

(12) If G, D and C be the number of grades, degrees and 

20(7 
radians in any angle, prove that G -D= — . 

(13) If an angle be expressed in French minutes, show that 
it will be transferred to English minutes by multiplying by '54. 
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(14) Divide 33° 6' into two parts so that the number of Eng- 
lish seconds in one part may be equal to the number of French 
seconds in the other part. 

(15) Find the ratio of 9° 27' to 12* 5CT. 

(16) Find the number of radians in an angle of n English 
minutes. 

(17) Express in each of the three systems of angular mea- 
surement the angles 

(i) of a regular hexagon, 

(ii) of a regular octagon, 

(iii) of a regular quindecagon. 

(18) Show that the number of degrees in an angle of a 
regular decagon is to the number of grades in an angle of a regu- 
lar pentagon in the ratio of 6 : 5. 

(19) Show that the number of grades in an angle of a regular 
pentagon is equal to the number of degrees in an angle of a 
regular hexagon. 

(20) Find in English minutes the difference between the 
angle of a regular polygon of 48 sides and two right angles. 

(21) If we take for unit the angle between a side of a 
regular quindecagon and the next side produced, find the 
measures (i) of a right angle, (ii) of a radian. 

(22) Find the unit when the sum of the measures of a degree 
and of a grade is 1. 

(23) What is the unit when the sum of the measures of 9° 
and of 5« is -fa 1 

(24) If the measure of b grades is a> find the measure of 

€ 



(25) What is the unit when the sum of the measures of 
a grades and of b degrees is c ? 
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(26) The number of grades in a certain angle exceeds the 
number of degrees in it by -^ of the number of degrees in a 
radian. If this angle be taken as unit, what is the measure of a 
right angle ? 

(27) The three numbers which express the three angles of a 
triangle are all equal, and the units of angle in each are respec- 
tively a degree, a grade and the sum of a degree and a grade ; 
express each of the angles in circular measure. 

' (28) The three angles of a triangle have the same measure 
when expressed in degrees, grades and radians respectively ; find 
this measure. 

(29) The measures of the angles of a triangle in degrees, 
grades and radians respectively are in the ratio of 1 : 10 : 100 ; 
find the number of radians in the smallest angle. 

(30) The interior angles of an irregular polygon are in A; p. ; 
the least angle is 120° ; and the common difference 5° : find the 
number of sides. 



(44) 



^ CHAPTER V. 

The Trigonometrical Ratios. 

73. Let ROE be any angle (see the figure in Art. 83). In 
one of the lines containing the angle take any point P, and from 
P draw PM perpendicular to the other line OR, 

Then, in the right-angled triangle OPM, formed from the 
angle ROE, 

(i) the side MP, which is opposite the angle under considera- 
tion, is called the perpendicular ; 

(ii) the side OP, which is opposite the right angle, is called 
the hypotenuse; 

(iii) the third side OM, which is adjacent to the right angle 
and to the angle under consideration, is called the base. 

From these three, — perpendicular, hypotenuse, base, — we can 
form three different sets containing two each. 

The ratios or fractions formed from these sets, viz. 

.. perpendicular .... base ..... perpendi cular 

* ' hypotenuse ' * hypotenuse ' * base ' 

and the ratios formed by inverting each of them, viz. 

. . hypotenuse . . hypotenuse . .. base 

* ' perpendicular ' * ' base ' * ' perpendicular ' 

will be found to be of great importance in treating of any angle 
ROE. Accordingly to each of these six ratios has been given a 
separate name (Art. 75). 
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.74. The student should observe carefully 
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(i) that each ratio, such as , , , is a mere number; 

x ' hypotenuse 

(ii) that, as we shall prove in Art. 83, these ratios remain 
unchanged as long as the angle remains unchanged ; 

(iii) that if the angle be altered ever so slightly, there is a 
consequent alteration in the value of these ratios. 

[For, let ROE, ROE' be two angles which are nearly equal ; 




Let OP—OF-, then OM is not=OJT, and therefore the ratios 

. p and -j^p are not equal ; also If Pis not=M'F and therefore 

A . . . MP , M'P , . 1 

the ratios -^-t; and -prrs are not equal.] 



OP 



OF 



(iv) that by giving names to these ratios we are enabled to 
apply the methods of Algebra to the Geometry of Euclid VI., just 
as in Chapter I. we applied the methods of Algebra to Euc. 1. 47. 

The student is recommended to pay careful attention to the 
following definitions. He should be able to write them out in 
the exact words in which they are printed. 
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75. Definition. To define the tiiree principal Trigono- 
metrical Ratios of an angle. 




M R 

Let ROE be an angle. 

In OE one of the lines containing the angle take any point 
P, and from P draw PM perpendicular to the other line 
OR, or, if necessary, to RO produced. 

Then, in the right-angled triangle OPM, the side MP, 
which is opposite the angle under consideration, is called the 
perpendicular. 

The side OP, which is opposite the right angle, is called 
the hypotenuse. 

The third side OM (which is adjacent to the right angle 
and to the angle under consideration) is called the base. 

Then the ratio 

MP perpendicular 
w TTp = ~v^^i^^~ i s called the Sine of the angle ROE, 



(H) 



OP hypotenuse 
OM base 



cosine 



tangent 



OP hypotenuse " 

... MP _ perpendicular 
(U1) OM~ balS 

These three are the principal Trigonometrical Ratios of 
the angle ROE. 
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76. If A stand for the angle ROE, these ratios are 
called sine A, cosine A and tangent A, and are usually 
abbreviated thus : 

sin -4, cos A 9 tan -4. 

77. There are three other Trigonometrical Ratios* 
formed by inverting the sine, cosine and tangent respectively,, 
which are called the cosecant, secant, and cotangent respec- 
tively. 

78. To define the three other Trigonometrical Ratios of 
any angle. 

The same construction and figure as in Art. 75 being 

made, then the ratio 

,. x OP • hypotenuse 

(1V > MP = pe rpendicular » called the C0seCant of 

the angle ROE. 
. x OP hypotenuse 

< V) 0M = base " secant » 

. . v OM base . 

(V,) MP = perpendicular » Cotangent „ 

79. Thus if A stand as before for the angle ROE, these 
ratios are called cosecant A, secant A, and cotangent A. 
They are abbreviated thus, 

cosec A, sec A, cot A. 

80. From the definition it is clear that 

1 



cosec A = — 
sec A = 

cot A =■ 



Bin A ' 

1 
cos A 9 

1 



tan J. ' 



48 



TRIGONOMETRY. 



81. The above definitions apply to an angle of any 
magnitude. (We shall return to this subject in Chapter X.) 

For the present the student may confine his attention 
to angles which are each less than a right angle. 



82. The powers of the Trigonometrical Ratios are 
expressed as follows : 

/ • a\9 • /perpendicular\ f . ... . t A 

(sin ,4)". i.e. V s ) t is written sin J. 

x ' \ hypotenuse / 

(cos A)*, i.e. (. ) . is written cos* J, 

' Vhypotenuse/ 

and so on. 

The student must notice that 'sin A* is a single symbol. It is 
the name of a number, or fraction, belonging to the angle A ; and 
if it be at any time convenient, we may denote sin A by a 
single letter, such as s or x* Also sin 8 A is an abbreviation for 
(sin A) 2 , that is for (sin A)x (sin A}. Such abbreviations are used 
because they are convenient, 

83. The Trigonometrical Ratios are always the same for 
Vie same angle* 
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Take any angle ROE ; let P be any point in OE one of 
the lines containing the angle, and let F, P" be any two 
points in OR the other line containing the angle. Draw PM 
perpendicular to OR y and FM ', P"M" perpendiculars to OE. 

Then the three triangles OMP, OM'F, OM"F' each 
contain a right angle, and they have the angle at com- 
mon; therefore their third angles must be equal. 

Thus the three triangles are equiangular. 

„- * ^ A . MP M'P' M"F' 
Therefore the ratios -j^ , -prjz, , -777^ are all equal. 

UJr UJr UJr 

hypotenuse 
to tlie angle at ; that is, they are each sin ROE. 

Thus, sin ROE is the same whatever be the position of 
the point P on either of the lines containing the angle ROE. 

Therefore sin ROE is always the same. 

84. A similar proof holds good for each of the other 
ratios. 

85. Also if two angles are equal, it is clear that the 
numerical values of their Trigonometrical Ratios will be the 
same. 

We have already shown (Art. 74), that the values of 
these ratios are different for different angles. 

Hence for each particular value of A, sin A, cos A, tan A, 
etc. have definite numerical values. 

Example. We shall prove (Art. 92) that 
sin30°-J="-5, cos 30°-^- -8660..., tan 30°--^= -577... 

L. 4 
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86. In the following examples the student should 
notice 

(i) the angle referred to, 

(ii) that there is a right angle in the same triangle as 
the angle referred to, 

(iii) the perpendicular, which is opposite the angle 
referred to, and is perpendicular to one of the lines contain- 
ing the angle, 

(iv) the hypotenuse, which is opposite the right angle, 

(v) the base, the third side of the triangle. 

Example, In the second figure on the next page, in which 
BDA is a right angle, find sin DBA and cos DBA. 

In this case 

(i) DBA is the angle. 

(ii) BDA is a right angle in the same triangle as the 
angle DBA. 

(iii) DA is the perpendicular, for it is opposite DBA and 
is perpendicular to BD. 

(iv) BA is the hypotenuse. 

(v) BD is the base. 

rr.i i. . ^t» * i • i • perpendicular DA 

Therefore sin DBA. which is . . , ■=■ -bt j 

hypotenuse ' BA 7 

cos DBA. which is t r , » «-7 • 

hypotenuse ' BA 

EXAMPLES. Xn. 

(1) Let ABC be any triangle and let AD be drawn perpen- 
dicular to BC. Write down the perpendicular, and the base when 
the following angles are referred to : (i) the angle ABD, (ii) the 
angle BAD, (iii) the angle ACD, (iv) the angle DAC. 
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(2) Write down the following ratios in the above figure ; 
(i) sin BAD, (ii) cos ACD, (iii) tan DAG, (iv) sin ABD, 
(v) ton BAD, (vi) sin DAC, (vii) cos DC A, (viii) tan DCA, 
(ix) cos ABD, (x) sin ACD. 

(3) Let ACB be any angle and let ABC and BDC be right 
angles ; (see next figure). Write down two values for each of the 
following ratios; (i) sin ACB, (ii) cos ACB, (iii) ta,*ACB, 
(iv) sin BAC, (v)gohBAC, (vi) tan BAC. 




(4) In the accompanying figure BDC, CBA and EAC are 
right angles. Write down (i) sin DBA, (ii) sin BE A, (iii) sin CBD, 
(iv) cos BA E, (v) cos BAD, (vi) cos CBD, (vii) tan BCD, (viii) 
tan DBA, (ix) tan .&E4, (x) tan CBD, (xi) sin DAB, (xii) sin 5^. 

4—2 
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(5) Let ABC be a right-angled triangle such that AB=b ft, 
BC=Z ft., then AC will be 4 ft. 

B 




Find the sine, cosine and tangent of the angles at A and B 
respectively. 

In the above triangle if A stand for the angle at A and 
B for the angle at B, show that sin 2 ,4 + cos 2 J=l, and that 
sin 2 5 + cos 2 5=1. 

(6) If J2?C be any right-angled triangle with a right angle 
at C, and let A, B, and C stand for the angles at A, B and C 
respectively, and let a, b and c be the measures of the sides oppo- 
site the angles A f B and C respectively. 

Show that sin -4=-, cos -4=-, tan^= r . 

c c b 

Show also that sin 2 A + cos 2 -4=1. 

Show also that (i) a*=c . sin A, (ii) 6=c . sin B 9 (iii) a=c . cos 2?, 
(iv) b—c. cos -4, (v) sin A * cos 2?, (vi) cob A = sin 5, (vii) tan ^4 
=cotjB. 

(7) The sides of a right-angled triangle are in the ratio 
5 : 12 : 13. Find the sine, cosine and tangent of each acute 
angle of the triangle. 

(8) The sides of a right-angled triangle are in the ratio 
1:2: ^3. Find the sine, cosine and tangent of each acute angle 
of the triangle. 

(9) Prove that if A be either of the angles of the above two 
triangles sin 2 A + cos 2 -4=1. 
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CHAPTER VI. 
On the Trigonometrical Ratios of Certain Angles. 

87. The Trigonometrical Ratios of an angle are numeri- 
cal quantities simply, as their name ratio implies. They are 
in nearly all cases incommensurable numbers: 

Their practical value has been found for all angles 
between and 90°, which differ by 1' ; and a list of these 
values will be found in any volume of Mathematical Tables. 

The student is recommended to get a copy of Chambers* 
Mathematical Tables for instruction and reference. 

88. The finding the values of these Ratios has involved 
a large amount of labour; but, as the results have been 
published in Tables, the finding the Trigonometrical Ratios 
does not form any part of a student's work, except to ex- 
emplify the method employed. 

89. The general method of finding Trigonometrical 
Ratios belongs to a more advanced part of the subject than 
the present, but there are certain angles whose Ratios can 
be found in a simple manner. 

90. To find the sine, cosine and tangent of an angle of 
45°. 

If one angle of a right-angled triangle be 45°, that is, 
the half of a right angle, the third angle must also be 45°. 
Hence 45° is one angle of an isosceles right-angled triangle. 
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cos 45° = cos POM= 



Let POM bo an isosceles triangle such that PMO is a 
right angle, and 0M= MP. Then POM= OPM = 45°, 

Let the measures of OM and of MP each be m. Let 
the measure of OP be x. 

Then a>*=l»*-^m**=27» , ; 

,\ x=J2.m. 

Hence, sin 45° = sin POM- ^-^ = — th — = —m > 

1 OP J2.m J2 

OM _ m 1 

OP ~ J2.m~~ J2 9 

tan45° = tanP01f=^£=-=4 = 1. 

OM m 1 

91. To find the sine, cosine cmd tangent o/6(f. 

In an equilateral triangle, each of the equal angles is 
60°, because they are each one third of 180°. And if we 
draw a perpendicular from one of the angular points of the 
triangle to the opposite side, we get a right-angled triangle 
in which one angle is 60°. 

Let OPQ be an equilateral triangle. Draw PM per- 
pendicular to OQ. Then OQ is bisected in M. 

Let the measure of OM be m ; then that of OQ is 2v* 
and therefore that of OP is 2m. 
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. M 

Let the measure of MP be x. 
Then «* = (2m) 9 - m* = 4m* - m* = 3m*, 

.% of= ^/3 . m. 

Hence, sin 60° = sin POM =^fj = ^Al£ 



cos6O° = cosP0Jf= 



OP 

flif 

OP 



_>/ 3 



2m 

m 

2m 



2 ' 



tan6O« = tanP0Jf=^£ = Vlj? 



m 



1 
2' 

f - V3. 



92. To find the sine, cosine and tangent of 30°. 
With the same figure and construction as above, we have 
the angle 0PM = 30°, since it is a half of OPQ, i. e. of 60°. 

MO ml 

" 2' 



Hence, sin 30° = sin 0PM = 



PO 



2m 



COS 30°= COS CAT Jf =-n7> = ^ — = ^r , 

PO 2m 2 ' 



tan 30° = tan OPif = 



JfO 



m 



1 



i>Jf V 3 • m n/ 3 ' 
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93. To find the sine of 18°. 

In the 10th Prop, of Euclid IV. a triangle is described 
such that each of the angles at the base is double of the 
third angle. 






Let POQ be such a triangle, and let the vertical angle 
POQ contain n degrees ; then 

w + 2n + 2n = 180, 
»=36. 

Draw OM perpendicular to PQ, bisecting the angle POQ. 
Then since Q0P= 36°, MOP = 18°. Also PM = MQ. 

Let the measure of MP be m, and the measure of OP 
be x. From OP cut off OB = PQ. Then by Euclid IV. 10 

PO.PR^PQ?. 

,\ x (x - 2m) = (2m)*, 

.•. x 9 — 2mx + m* = 4m* + m* — 5m*, 
.\ a? — m = ,y5.m, 
, \ x — J 5 . m + m t 
MP m 1 J5-1 



.-.sin 18° = Bin MOP = 



OP J5.m + ni V 5 + 1 
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94. To find the sine, cosine and. tcmgent ofO°. 

By this is meant, — To find tlie values, if any, to which 
the Trigonometrical Ratios of a very small angle approach, 
as the angle is continually diminisJied. 




Let ROP be a small angle. Draw PM perpendicular to 
OR, and let OP be always of the same length, so that P lies 
on a circle whose centre is 0. 

Then if the angle ROP be diminished, we can see that 

MP 
MP is diminished also, and that consequently -yrf> > which 

is sin ROP, is diminished. And, by diminishing the angle 
ROP sufficiently, we can make MP as small as we please, 
and therefore we can make sin ROP smaller than any assign- 
able number however small that number may be. 

Thus we see that the value to which bid. ROP ap- 
proaches as the angle is diminished, is 0. 

This is expressed by saying, sin0° = i. 

Again, as the angle ROP diminishes, OM approaches 
OP in length; and cos ROP, which is -^-= , approaches in 

value to jYpf *•©• to 1. 

This is expressed by saying, cos0°= 1 ii. 

MP 
Also, tan ROP is jyn- ; and we have seen that MP ap- 
proaches 0, while OM does not \ .*. tan ROP approaches 0. 
This is expressed by saying, tan0° = ill. 
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95. To find the sine, cosine and tangent of 90°. 

By this is meant, — To find the values, if any, to which 
the Trigonometrical Ratios of an angle approach, as the angle 
approaches a right angle. 

Let ROU be a right angle = 90°. 



'^ 




i 
i 



M 



Draw ROP nearly a right angle ; draw PM perpen- 
dicular to OR, and let OP be always of the same length, so 
that P lies on a circle whose centre is 0. 

Then, as the angle ROP approaches to ROU, we can see 
that MP approaches OP, while OM continually diminishes. 

. MP 

OP' 



Hence when ROP approaches 90°, sin ROP, which is 

OP 1 

approaches in value to -y^ , that is to y , i.e. to 1. 

Hence we say, that sin90° = l i. 

Again, when ROP approaches 90°, cos ROP, which is 
■j-rj , approaches in value to j-^ , that is to 0. 

Hence we say, that cos 90° s ii. 
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MP 
Again, when BOP approaches 90°, tan HOP which is -p-^ 

approaches in value to -7- =-r^ r — k • 

a quantity which approaches 

But in any fraction whose numerator does not diminish, 
the smaller the denominator the greater is the value of that 
fraction ; and if the denominator continually diminishes the 
value of the fraction continually increases. 

Hence, tan HOP can be made larger than any assignable 
number by making the angle BOP approach 90° near enough. 

This is what we mean when we say, that 

tan 90° is infinity, or, tan 90° = 00 iii. 

96. The following table exhibits the results of this 
Chapter. 



angle 


0° 


1 



18° 


30° 

1 
2 

V3 
2 

1 
*/3 


45° 

1 

V2 

1 

V2 


60° 

V3 
2 

1 
2 


90° 
1 



00 


sine 


V5-1 
4 


cosine 




tangent 




1 


V3 



The student may notice that the sine increases with the 
angle, while the cosine diminishes as the angle increases. 

Also that the squares of the sines of 0°, 30°, 45°, 60° and 90° 
are respectively 0, £, £, J and f , and that the squares of the 
cosines of the same angles are £ , J, £ , £, and 0. 
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EXAMPLES. XIII. 

If A = 90°, i?= 60°, C«30°, 2)=: 45°, E= 18°, prove the following : 

(I) 2. sin 2). cos Z>= sin ^4. (2) 2. sin (7. cos C= sin 2?. 

(3) cos 2 B -sin 2 5=1 -2 sin 2 J?. 

(4) sin2?.cos(7+sin(7. cos2?=sin.4. 

(5) cos 2 Z)-sin 2 Z)=cos4. (6) 4.sin 2 ^+2.sinJF=l. 
(7) sin 2 B + cos 2 B=l. (8) oos 2 C+sin 2 C r =l. 

(9) cos 2 Zl-+sin 2 Z)=l. 

(10) sini?.cosC'--8inC f . cos2?=sin£ 

(II) 2 (cos 5. cos J9+sin2?.sin2)) 2 = l+cosC. 

(12) 2 (sin D . cos C- sin C. cos Z)) 2 = 1 - cos £ 

(13) sin 30°= -5. (14) sin 45°= -7071.... 
(15) sin 60°= -8660.... (16) tan 60°= 1 '7320508,... 
(17) tan30° = -5773.... (18) sin 18° ='3090.... 

97. The actual measurement of the line joining two 
points which are any considerable distance apart, is a very 
tedious and difficult operation, especially when great accu- 
racy is required; while the accurate measurement of an 
angle can, with proper instruments, be made with compara- 
tive ease and quickness. 

98. A Sextant is an instrument for measuring the angle 
between the two lines drawn from the observer's eye to each 
of two distant objects respectively. 

A Theodolite is an instrument for measuring angles in a 
horizontal plane ; also for measuring ' angles of elevation ' 
and ' angles of depression.' 

99. The angle made with the horizontal plane, by 
the line joining the observer's eye with a distant object, 
is called 
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(i) its angle of elevation, when the object is above 
the observer ; 

(ii) its angle of depression, when the object is below 
the observer. 

100. Trigonometry enables us by measuring certain 
angles, to deduce, from one known distance, the lengths of 
other distances : or, by the measurement of a convenient 
line, to deduce by the measurement of angles the lengths of 
other lines whose actual measurement is difficult or im- 
possible. 

[A noteworthy example is the Trigonometrical Survey of 
England, made by the Ordnance Department ; in the course of 
which the only distance actually measured was one of about 
seven miles on Salisbury Plain.] 

101. For this purpose we require the numerical values of 
the Trigonometrical Ratios of the angles observed. Ac- 
cordingly mathematical tables have been compiled, contain- 
ing lists of the values of these Ratios. These. Tables 
constitute a kind of numerical Dictionary, in which we can 
find the numerical value of the Trigonometrical Ratios of 
any required angle. 

Example 1. At a point 100 feet from the foot of a tower the 
angle of elevation of the top of the tower is observed to be 60°. 
Find the height above the point of observation of the top of the 
tower. 

P 
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Let be the point of observation ; let P be the top of the 
tower; let a horizontal line through meet the foot of the tower 
at the point M. Then 02f= 100* feet, and the angle MOP =60°. 
Let MP contain x feet 



Then 



MP 

^=tan Jf0P=tan 60°- V3 



x 
100 



V3. 



.: ,a?=100. ^3=100 x 17320 etc. 

=173-2. 
Therefore the required height is 173*2 feet. 

Example 2. A flagstaff, 25 feet high, stands on the top of a 
cliff, and from a point on the seashore the angles of elevation of 
the highest and lowest points of the flagstaff are observed to be 
47° 12' and 45° 13' respectively. Find the height of the cliff. 




Let be the point of observation, PQ the flagstaff. 

Let a horizontal line through meet the vertical line PQ 
produced in M. 

Then §P=25 feet, Jf0P=47° 12', Jf0§-45° 13'. 

Let MQ*=x feet ; let OM=y feet. 
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Then ^£=tan47° 12', .% ^t^=tan47° 12', 
OM ' y ' 

and ^?= tan 45° 13', .\ - = tan 45° 13'. 

OM ' y 

„ . ,. . . tf + 25 tan47°12' 

Hence, by division .-. -j— £inl5M3' ' 

In the Tables we find that 

tan47° 12'= 1*0799018, and tan 45° 13' =1-0075918, 

25^ 1-0799018 '0723100 

'" x 1*0075918 + 1-0075918' 

x ^ 1-0075918 100759 
25 -0723100 ™ 7231 * 

.*. d?=Sa ~723T~ == 348 nearlv - 
Therefore the cliff is 348 feet high. 



EXAMPLES. XIV. 

The answers are given correct to three significant figures. 

(1) At a point 179 feet in a horizontal line from the foot of 
a column, the angle of elevation of the top of the column is 
observed to be 45°. What is the height of the column ? 

(2) At a point 200 feet from, and on a level with the base of 
a tower, the angle of elevation of the top of the tower is observed 
to be 60° : what is the height of the tower? 

(3) From the top of a vertical cliff, the angle of depression 
of a point on the shore 150 feet from the base of the cliff, is ob- 
served to be 30° : find the height of the cliff. 

(4) From the top of a tower 117 feet high the angle of de- 
pression of the top of a house 37 feet high is observed to be 30° : 
how far is the top of the house from the tower? 
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(5) A man 6 ft. high stands at a distance of 4 ft. 9 in. from 
a lamp-post, and it is observed that his shadow is 19 ft. long. 
Find the height of the lamp. 

(6) The shadow of a tower in the sunlight is observed to be 
100 ft. long, and at the same time the shadow of a lamp-post 9 ft. 
high is observed to be 3^3 ft. long. Find the angle of elevation 
of the sun, and the height of the tower. 

(7) From a point P on the bank of a river, just opposite a 
post Q on the other bank, a man walks at right angles to PQ to 
a point R so that PR is 100 yards ; he then observes the angle 
PRQ to be 32° 17' : find the breadth of the river. 

tan32°17'--6317667. 

(8) A flagstaff 25 feet high stands on the top of a house ; 
from a point on the plain on which the house stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be 60° and 45° respectively : find the height of the house above 
the point of observation. 

(9) From the top of a cliff 100 feet high, the angles of depres- 
sion of two ships at sea are observed to be 45° and 30° respectively ; 
if the line joining the ships points directly to the foot of the cliff, 
find the distance between the ships. 

(10) A tower 100 feet high stands on the top of a cliff; from 
a point on the sand at the foot of the cliff the angles of elevation 
of the top and bottom of the tower are observed to be 75° and 
60° respectively ; find the height of the cliff. (Tan 75° = 2 + ^3). 

(11) A man walking along a straight road observes at one 
milestone a house in a direction making an angle 30° with the 
road, and that at the next milestone the angle is 60° : how far is 
the house from the road 1 

(12) A man stands at a point A on the bank AB of a straight 
river and observes that the line joining A to a post C on the 
opposite bank makes with AB an angle of 30°. He then goes 
400 yards along the bank to B and finds that BC makes with BA 
an angle of 60° ; find the breadth of the river. 



EXAMPLES. XIV. 65 

(13) A building on a square base A BCD has two of its sides, 
AB and CD, parallel to the bank of a river. An observer, stand- 
ing at E on the other side of the river so that DAE is a straight 
line, finds that AB subtends at his eye an angle of 45°. Having 
walked a yards parallel to the bank, he finds that DE subtends 

an angle whose tangent is */2. Show that DB=a yards. 

(14) From the top of a hill the angles of depression of the 
top and bottom of a flagstaff 25 feet high at the foot of the hill 
are observed to be 45° 13' and 47° 12* respectively ; find the height 
of the hilL 

tan 45° 13'= 1-0075918, 

tan47°12'=l-0799018. 

(15) From each of two stations, East and West of each other, 
the altitude of a balloon is observed to be 45°, and its bearings to 
be respectively N.W. and N.E. : if the stations be 1 mile apart, 
determine the height of the balloon. 

(16) The angle of elevation of a balloon from a station due 
south of it is 60°; and from another station due west of the 
former and distant a mile from it it is 45°. Find the height of 
the balloon. 

• (17) An isosceles triangle of wood is placed on the ground 
in a vertical position facing the sun. If 2a be the base of the 
triangle, b its height, and 30° the altitude of the sun, find the 
tangent of half the angle at the apex of the shadow. 

(18) The length of the shadow of a vertical stick is to the 

length of the stick as \^3 : 1. If the stick be turned about its 
lower extremity in a vertical plane) so that the shadow is always 
in the same direction, find what will be the angle of its inclina- 
tion to the horizon when the length of the shadow is the same as 
before. * 

(19) What distance in space is travelled in an hour in conse- 
quence of the earth's rotation, by a person situated in latitude 
60°? (Earth's radius =4000 miles.) 

l. 5 
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CHAPTER VII. 

On the Relations between the Trigonometrical 
Ratios of the Same Angle. 

102. The following relations are evident from the 
definitions : 



cosec = — 



sin0' 



sec = 



cos0' 



cot0 = 



1 



tan0 ' 



103. To prove tan = ^_? . 

r cos 




£««• 



_._ - . ^ perpendicular 

We nave sin = . L -, 

hypotenuse 



and cos = 



base 



hypotenuse ' 



sin perpendicular a 

• \ • j; = r — tan u. 

cos base 

1 04. We may prove similarly cot = - — ^ . 

1 cos 



Or thus, cot = 



tan sin ' 
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105. Euclid I. 47 gives us that in any right-angled 
triangle the square on the hypotenuse = the sum of the 
squares on the perpendicular and on the base, 

or, (hypotenuse) 8 = (perpendicular) 2 + (base) 2 . 

(i) Divide each side of this identity by 
(hypotenuse) 8 , and we get 

(hypotenusey _ /perpendicularx 2 / base \ 2 
hypotenuse/ \ hypotenuse / \hypotenuse/ ' 

that is, 1 = sin 8 + cos 8 0. 

(ii) Divide each side of the same identity by 
(base) 8 , and we get 

(hypotenuse\ 2 _ /perpendicularX 2 /base\ 8 
base / V base / \base/ ' 

that is, sec 8 = tan 2 + 1. 

(iii) Divide each side of the same identity by 
(perpendicular) 2 , and we get 

/ hypotenuse \ 2 /perpendicularX 2 / base 



/perpendicularX 2 / base \ 2 
"~ xperpendicular/ Vperpendicular/ ' 



Vperpendicular/ Vperpendicular/ Vperpendicular, 
that is, coseo 2 = 1 + cot 8 0. 

106. Thus the three results 

(i) cos 8 + sin 2 0=1 
(ii) 1 + tan 2 = sec 2 
(iii) 1 + cot 2 = cosec 2 
are each a statement in Trigonometrical language of Euc. L 47. 

5—2 
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107. We give the above proof in a different form. 

To prove that cof + sin* 0=1. 
Let ROE be any angle 0. 




In OE take any point P, and draw PM perpendicular 
to OR. Then with respect to 0, MP is the perpendicular, 
OP is the hypotenuse, and OM is the base ; 



.'. sin*0 = 



OF' "* OF' 



We have to prove that sin* + cos* 0=1, 

that is, that ^ + Qpi = 1, 

ifP 8 + Oif _ OP 8 
t. e. that pjT^ 777* ' 

t. e. that Jf 2* + OM* = 0i*. 
But this is true by Euclid I. 47. 

Therefore cos* + sin* = 1. 

Similarly we may prove that 

l+tan*0 = sec*0, 
and that 1 + cot* =cosec* 0. 
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108. The following is a List of Formula with which 
the student must make himself familiar : 

a 1 
cosec = —. — 2 > 



cosec = —. — a 
sine? 

1 

sec = 7j , 

coser 

cos0 



, n cos0 

cot0=^— - 

sin 

sin* + cos* 0=1, 

tan , 0+l=sec 8 0, 

cot* + 1 = cosec* ft 



109. In proving Trigonometrical identities it is often 
convenient to express the other Trigonometrical Ratios in 
terms of the sine and cosine. 

Example. Prove that tan A + cot A = sec A . cosec A. 

«. , . sin J. . cos J. 

Since tan .4= 7 , cot 4=- — - A , 

cos J. sin A 

Bee-is* j and cosec A=— — -. , 

cos .4 sin J.' 

we have to prove that 

sin A cos J. 1 1 
cosil sin 4 cosji'suTZ 9 
or that 

sin* ,4 -fees 2 ,4 1 

cos A . sin A cos A .Bin A' 

and this is true, because sin 2 ,4 + cos 2 ,4=1. 
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110. Sometimes it is more convenient to express all the 
other Trigonometrical Ratios in terms of the sine only, or in 
terms of the cosine only. 

Example. Prove that sin 4 + 2 sin 2 . cos 2 = 1 - cos 4 0. 

Now since sin 2 + cos 2 0= 1, 

therefore sin 2 = 1 - cos 2 0, 

and therefore sin 4 0= (1 - cos 2 0) 2 . 

Hence, putting 1 - cos 2 6> and (1 - cos 2 0) 2 for sin 2 and sin 4 
respectively, we have to prove that 

(1 - cos 2 $)*+2 . (1 - cos 2 0) . cos 2 0=1 - cos 4 0, 
or that 

l-2cos 2 0+cos 4 + 2cos 2 0-2cos 4 0=l-cos 4 0, 

or that 1 - cos 4 0=1- cos 4 0, 

which is true. 

This example may be proved directly, by reversing the steps 
of the above proof ; thus 

We have 1 - cos 4 0=1- cos 4 0> 

.-. (l-2cos 2 + cos 4 0) + 2co8 2 0-2cos 4 0=l-cos 4 0, 
.-. (l-cos 2 0) 2 + 2<»s 2 0(l-<5os 2 0)=l-cos 4 0, 

/. (sm 2 0) 2 + 2<5os 2 0.sin 2 0=l-cos 4 0. Q.B.D. 

» 

Note. (1 - cos 0) is called the versed sine of ; it is 
abbreviated thus versin 0. 
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EXAMPLES. XV. 

Prove the following statements. 

(1) cos -4. tan .4= sin .4, (2) cot A k tan A = 1. 

(3) cos^l=sin.4.cotjl. (4) sec J. cot .4= cosed. 

(5) cosec A . tan A = sec 4. 

(6) (tan A + cot -4) sin A. cos .4=1. 

(7) (tan A - cot -4) sin A . cos .4 = sin 2 .4 - cos 2 J. 

(8) cos 2 ^1 - sin 2 A = 2 cos 2 ^-1 = 1-2 sin 2 A. 

(9) (sin^L + cosul) 2 =l + 2sinul.cos A. 

(10) (sin J. - cos -4) 2 = 1 - 2 sin A . cos A. 
►(11) cos 4 5-sin*5=2cos 2 5-l. 

(12) (sin 2 5 + cos 2 5) 2 =1. 

(13) (sin 2 B - cos 2 5) 2 = 1-4 cos 2 £ + 4 cos 4 A 

(14) 1 - tan 4 5=2 sec 2 5 - sec 4 B. 

(15) (sec 5 - tan B) (sec 5 + tan B) = 1. 

(16) (cosec 6 - cot 6) (cosec + cot 0)=1. 

(17) sin 3 + cos 3 0=(sin 0+cos 6) (1 - sin 6 cos 0). 

(18) cos 8 6 - sin 3 0= (cos 6 - sin 0) (1+ sin 6 cos 0). 

(19) sin 6 d + cos«0=l-3sin 2 0.cos 2 0. 

(20) (sin 6 6 - cos 6 6) =(2 sin 2 - 1) (1 - sin 2 B + sin 4 d). 



(21) 



tanji+tani? , . . n n 
, A — -«=tan A . tan B. 
cot A + cot 5 



„»«* cota+tan£ . . a 

(22) i 7-7-=cota.tan0. 

K ' tana+cotjS ^ 

(23) J-"4^4=(sec^-tan^) 2 . 
v ' l + sin-4 

(24) - -. = (cosec A + cot .4) 2 . 

1 ~~ COS jo. 

(26) 2 versin - versin 2 6 = sin 2 0. 

(26) versin 6 (1 + cos 0) =sin 2 0. 
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111. All the Trigonometrical Ratios of an angle can be 

expressed in terms of any one of them. 

Example 1. To express all the trigonometrical ratios of an 
angle in terms of the sine. 




Let ROE be any angle A. 

We can take P anywhere in the line OE; bo that we can 
make one of the lines, OP, OM, or MP any length we please. 

Let us take OP so that its measure is 1, and let s be the 

MP x 
• measure of MP; so that sin A, which is jrp , =- ; or, *=sin A. 

Let x be the measure of OM. 
Then since 0M*= OP* - MP*, 

/. x*=l-s*, 



Hence 



.*. x* 

. OM sJ\Z? f, r-g-T 

©03-4=777, = — i — =vl-sin 2 ,4, 



tan-4=-r-rp = 



sin A 



OM Vl-* 2 Vl-sin 2 *' 
and so on. 

Note. The solution of the equation x*= 1 - a 2 , gives 

and therefore the ambiguity (**=) must stand before each of the 
root symbols in the above. This ambiguity, as will be explained 
later on, is of great use when the magnitude of the angle is not 
limited. When we limit A to be less than a right angle we have 
no use for the negative sign. 
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Example 2. To express all the other trigonometrical ratios 
of an angle in terms of the tangent. 




In this case tan 6= 



MP 
OM' 



Take P so that the measure of OM is 1, and let t be the 

MP t 
measure of MP ; so that tan 0, which is j^ , = t ; or, t= tan 0. 

Then we can show that the measure of OP is v 1 + * 2 . 



Hence, sin 0= 



MP 

OP 

OM 



tand 



COS0=77TT = 



Vl+* 2 
1 



Vl+tan*V 
1 



OP Vl+*2 s/i+tan 2 ^' 



and so on. 



112. The same results may be obtained by the use of the 
formulae on page 69. 

Example cos 2 + sin 2 0= 1, 

.*. cos 2 0=1- sin 2 B 7 

, .•. cos 0= Vl - sin 2 6. 

sin sin 6 



Again 
and so on. 



tan 0< 



"cos0 Vl-sin 2 ^ 
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(1) Express all the other Trigonometrical Ratios of A in 
terms of cos J. 

(2) Express all the other Trigonometrical Ratios of A in 
terms of cot A. 

(3) Express all the other Trigonometrical Ratios of A in 
terms of sec A. 

(4) Express all the other Trigonometrical Ratios of A in 
terms of cosec A. 

(5) Use the formulae of page 69 to express all the other 
Trigonometrical Ratios of A in terms of sin A. 

(6) Use the formulae of page 69 to express all the other 
Trigonometrical Ratios of A in terms of the tan A. 

113. Given one of the Trigonometrical Ratios of an 
angle lees than a right angle, we can find all the others. 

Since all the Trigonometrical Ratios of an angle can be 
expressed in terms of any one of them, it is clear that if the 
numerical value of any one of them be given, the numerical 
value of all the rest can be found. 

Example. Given sin0=f, find the other Trigonometrical 
Ratios of 6. 

Let ROE be the angle 6. 

Take P on OE so that the measure of OP is 4. Draw PM 
perpendicular to OR. 
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Then since sin 0= J f so that -^rp =f ) , and since the measure 

of OP is 4, therefore the measure of MP must be 3. 

Let x be the measure of OM; 
then OM 2 =0P*- MP 2 , 

.\ *2=4 2 -3 2 = 16 -9=7. 

Therefore the measure of OM is »J7. 

„ A OM J7 

Hence, cos 0= 7775 — ^hr > 

OP 4 

. *MP 3 3 a/7 

^"ap~V7 — r* 

EXAMPLES. ZVH. 

(1) Qiven that sin A ™ J, find tan J. and cosec J. 

(2) Qiven that cos -5= J, find sin B and cot 5. 

(3) Qiven that tan A = £, find sin -4 and sec -4. 

(4) Qiven that sec d±»4, find cot and sin 6. 

(5) Qiven that tan d=*/3, find sin and cos 0. 

2 

(6) Qiven that cot 0= -j= , find sin and sec 0. 

v5 

(7) Qiven that sin 6=- , find tan 0. 

c 

(8) Qiven that tan 0=t , find sin and cos 0. 

1 

(9) Qiven that cos 0=- , find sin and cot 0. 

(10) If sin0=a, and tan 0=b, prove that (1 - a 2 ) (1 + &*)=!. 

(11) If cos0=A, and tan 6—h, find the equation connecting 
A and it. 
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114. The following examples are important. 

Example 1. To trace the changes in the magnitude of sin it 
as A increases from 0° to 90°. 




M R 



Take a line OR, of any length ; and describe the quadrant 
RPU of the circle whose centre is and radius OR. 

Draw the right angle ROU, cutting the circle in U. 

Let OP make any angle ROP (=A) with OR ; draw PM per- 
pendicular to OR. 

MP 



Then 



sin^l=' 



OP' 



When the angle A is 0°, MP is zero, and when A is 90°, MP 
is equal to OP ; and as A continuously increases from 0° to 90°, 
MP increases continuously from zero to OP ; also OP is always 
equal to OR. 

MP 

Therefore, when -4=0°, the fraction jrp k ©qual to jrp, that 

MP OP 

is ; when .4=90° the fraction -yp is equal to yrp, that is 1 ; 

and as A continuously increases from 0° to 90°, the numerator of 

MP 

the fraction -^p continuously increases from zero to OP, while 

MP 
the denominator is unchanged, and therefore the fraction yrp > 

which is sin J, increases continuously from to 1. 
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Example 2. To trace the changes in the magnitude of tan A 
as A increases from 0° to 90°. 

With the same construction and figure as in the last article, 
we have 

* a MP 
tan^-^y. 

When the angle A is 0°, MP is zero ; when A is 90°, MP is 
equal to OP; and as the angle continuously increases from 0° to 
90°, MP increases continuously from zero to OP. 

When the angle A is 0°, OM is equal to OP ; when A is 90°, 
OM is zero; and as A continuously increases from 0° to 90°, 
OM continuously decreases from OP to zero. 

Hence, when A is 0°, the fraction 7^ is equal to 7775-, that is 

OM OM 

MP OP 

0; when A is 90°, the fraction 7^ is equal to — , that is 'in- 
finity' (see art. 95) ; and as A continuously increases from 0° to 
90°, the numerator continuously increases from zero to OP, 
while the denominator continuously diminishes from OP to zero ; 

MP 

bo that the fraction 77779 which is tan J., continuously increases 

from until it is greater than any assignable numerical quantity. 

EXAMPLES. XVm. 

(1) Show that as A continuously increases from 0° to 90°, 
oos A continuously diminishes from 1 to 0. 

(2) Trace the changes in the magnitude of sec 6 as 6 increases 
from to ^ . 

(3) Trace the changes in the magnitude of sin A as A dimin- 
ishes from 90° to 0°. 

(4) Trace the changes in the magnitude of cot 3 as increases 
from to |. 
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, 115. Since the hypotenuse is the greatest side in a right- 

angled triangle, it is clear 

/•\ xt_ j. • a i.- i. • perpendicular . 

(l) that sin A, which is S— , is never 

x ' hypotenuse 7 

greater than unity, 

(ii) that cos A. which is r . — = — . is never 

fyfufevuut / x ' porpondioular 

greater than unity, 

/■••\ xi_ j. a !.• T. • hypotenuse 

(ill) that cosecA, which is — — — rv— ,— , is never 

x ' perpendicular 

numerically less than unity (we shall see 

later on that it may be negative), 

r \ *i. * a i.- v • hypotenuse . 
(iv) that sec A 9 which is , , is never nume- 
rically less than unity (it may be negative). 

Hence such a question as ' Find an angle whose sine 
is £' has no solution, since there is no angle whose sine 
is greater than unity. 

And such a question as * Find an angle whose secant 
is | ' has no solution, because there is no angle whose secant 
is numerically less than unity. 

116. If A be small, the perpendicular is smaller than 

thebase; and tan A, which is Pedicular ^ 
' base 

small as we please (see figure in Art. 114). Also if the 

angle A be nearly a right angle, the perpendicular is greater 

than the base : and tan A* which is - — —. , can be made 

base 

as large as we please. 
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So that an angle whose tangent is a can always be found 
if a be positive ; that is, there is always an angle A between 
0° and 90°, such that tan A = a, if a be a positive number. 

[The student will find as he proceeds that the equation 
tan x-a can always be solved if a be any arithmetical 
quantity]. 

Example 1. To draw an angle A whose sine is f . 

Draw any line OR, and take R such that the measure of OR 
is unity ; describe the quadrant RPU of the circle whose centre is 
O and radius OR. 

In OU which is perpendicular to OR, take ON so that the 
measure of ON is £ . 




Draw NP parallel to OR cutting the quadrant in P. (The 
student should observe that if the measure of ON were greater 
than unity, N would be outside the circle altogether, and the line 
parallel to OR would not cut the circle at all.) 

Join OP, and draw PM perpendicular to OR. 

Then ROP is the angle required. 

v . D/1D MP ON , . , 
For amROP^-Qp^Qp^+l^i. 

« 

Therefore an angle POR has been drawn whose sine is J. 
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Example 2. To draw an angle whose cosine is b ; where b is a 
proper fraction and positive. 




Draw any line OR, and take OR so that its measure is unity. 

Describe the quadrant RPU of the circle whose centre is 
and radius OR. 

Take M in OR so that the measure of OM is b. OK will be 
less than OR because b is a proper fraction. 

Draw MP perpendicular to OR cutting the quadrant in P. 
(The student will observe that if b were an improper fraction, 
M would be outside the circle altogether.) 

Then the angle ROP is the angle required. 

For cos ROP 



OM_b. 

op~i~°- 



Therefore an angle ROP has been described such that the 
cos ROP=b. 

Example 3. To draw an angle A such that tan .4= a, where 
a is any positive numerical quantity. 




TRIGONOMETRICAL RATIOS OF THE SAME ANGLE. 81 

Draw any line OR, and take M in it so that the measure of 
OM is unity. 

Draw MP perpendicular to OM, and take P so that the 
measure of MP is a. Join OP. Then the angle ROP is the 
angle required. 

Fortan2*0P=^£ = ?=a. 

UM 1 

Thus an angle ROP has been drawn so that tan ROP=a. 

117. Definition. One angle is called the complement 
of another, when the two angles added together make up a 
right angle. 

Example 1. The complement of A is (90° - A). 

Example 2. The complement of 190° is (90° - 190°) = - 100°. 
For 190° + (90° - 190°) = 90°. 

Example 3. The complement of-^-isf^"" T ) = ~" T * 

118. To prove that the sine of an angle A is equal to 
the cosine of its complement (90° — A). 

[This is true whatever be the magnitude of A, as will be 
proved later on.] 

If A be less than 90°, let ROP be A (see last figure). 

Draw PM perpendicular to OR. 

Then since PMO = 90°, therefore POM + 0PM = 90° and 
therefore 0PM = (90° - A). 

MP 
New, sin A = ~p = cos 0PM m cos (90° - A), q.eld. 
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EXAMPLES. XIX. 

(1) Draw an angle whose sine is £. 

(2) Draw an angle whose cosecant is 2. 

(3) Draw an angle whose tangent is 2. 

(4) Can an angle be drawn whose tangent is 431 1 

(5) Can an angle be drawn whose cosine is J ? 

(6) Can an angle be drawn whose secant is 5 ? 

(7) Find the complements of 

(i) 30°. (ii) 190°. (iii) 90°. (iv) 350*. 

(v) -250. (vi ) _320<>. (yii)^. (viii) -^. 

(8) Prove that sin 70°=cos 20°. 

(9) Provethatcos47 16'=sin42°44\ 

(10) Prove that tan 79°= cot 11°. 

(11) Prove that sec 36°=*cosec 54°. 

(12) If A be less than 90°, prove 

(i) cos^=sin(90°-^). 
(ii) tan ^4= cot (90° -4). 
(iii) sec J.=cosec (90°— A). 
(iv) cot 4= tan (90° --4). 



On the Solution of Trigonometrical Equations. 

119. A Trigonometrical equation is an equation in 
which there is a letter, such as 0, which stands for an angle 
of unknown magnitude. 

The solviion of the equation is the process of finding an 
angle which, if it be substituted for 0, satisfies the equation. 
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Example 1. Solve cos 0=£. 

This is a Trigonometrical equation. To solve it we must 
find some angle such that its cosine is £. 

We know that cos 60*= £. 

Therefore if 60° be put for 6 the equation is satisfied. 
.*. 0=60° is a solution of the equation. 

Example 2. Solve sin 6 - cosec 6 + § = 0. 

The usual method of solution is to express all the Trigono- 
metrical Ratios in terms of one of them. 

Thus we put -r—h *° r cosec 0> B^di we S e * 

sin 6--. — }, + tl=0. 

This is an equation in which 6, and therefore sin 6 is unknown. 
It will be convenient if we put x for tin 6, and then solve the 
equation for x as an ordinary algebraical equation. Thus we get 

tf-i + f^O, 

x * ' 

« 3# - 

or, *3 + y = l, 

Whence x= - 2, or x=\. 

But # stands for sin Q. 

Thus we get sin 6= - 2, or sin 0= £. 

The value - 2 is inadmissible for sin 6, for there is no angle 
whose sine is numerically greater than 1 (Art. 115). 

.*. sin0=£. 

But sin30°=£. 

.-. sin0=sin3O°. 

Therefore one angle which satisfies this equation for 6 is 30°. 

6—2 
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Example 3. To solve the equation cosec - cot 2 + 1 =-0. 

We have 1 + cot 2 0= cosec 2 0. 

,\ cot 2 0=cosec 2 0-l. 
and we get cosec 0- cosec 2 + 2=0. 

Let x stand for cosec 0. Then 

#- < ff 2 + 2=0. 
.*. x*-x—+2. 

# 

or ,\ x 2 -^+J«+J+2=J, 

•*• j? — "j = ■« ■j. 
Whence #=2, or x= - 1, 

.*. cosec 0=2, 
but cosec 30°=2, 

.'. cosec 0= cosec 30°. 

therefore 30° is one angle which satisfies the equation for 0. 



Find one angle which satisfies each of the following equations. 

(I) Bin0=-i. 

(3) 2 cos 0= sec 0. 
(5) 4cce0-3sec0=O. 
(7) 3 sin 0-2 cos 2 0=0. 
(9) 2 cos 0=^3 cot 0. 

(II) tan + 3 cot 0=4. 
(13) 2 sin 2 + ^2 cos 0=2. 
(15) 3tan 2 0-4sin 2 0=l. 

(17) cos 2 0-V3cos0+}=O. 

(18) oos 2 + 2sin 2 0-}8in0=O. 



(2) 


4 sin 0= cosec 0. 


(4) 


4 sin - 3 cosec 0=0. 


(6) 


3tan0=cot0. 


(8) 


^2 sin 0=tan 0. 


(10) 


tan 0=3 cot 0. 


(12) 


tan + cot 0=2. 


(14) 


4 sin 2 0+2 sin 0=1. 


(16) 


2sin 2 + V2sin0=2. 
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MISCELLANEOUS EXAMPLES. XXI. 

J (1) Prove that 3 sin 60° -4 sin 3 60° =4 cos 8 30° -3 cos 30°. 
-(2) Prove that tan 30° (1 + cos 30° + cos 60°)= sin 30° + 8^60°. 

* (3) If 2 cos 2 - 7 cos + 3=0, show there is only one value 
of cos 0. 

S (4) Find cos 6 from the equation 8 cos 2 - 8 cos + 1 = 0. 

(5) Find sin0 from the equation 8 sin 2 0-10 sin + 3=0, 

IT 

and prove that one value of is ^ . 

•^(6) Find tan0 from the equation 12 tan 2 0- 13 tan + 3=0. 

(7) If 3 cos 2 0+2.^/3. cos =6J, show that there is only one 

value of cos 0, and that one value of is - . 

6 

(8) Prove that the value of sin 4 + cos 4 + 2 . sin 2 . cos 2 is 
always the same. 

(9) Simplify cos 4 A + 2 . sin 2 A . cos 2 A. 

(10) Express sin 6 A + cos 6 A in terms of sin 2 A and powers of 
sin 2 A 

(11) Express 1 +tan 4 in terms of cos and its powers. 

//,«\ ti_ xi_ j. cos A+cobB . sin J + sin 2? _ 

1/ (12) Prove that -. — . p + - A ==0. 

x ' sin J.- sin ZJ cosA-co&B 

(13) Express (sec -4 -tan .4 ) 2 in terms of sin A. 

(14) Trace the changes in the magnitude of cosec as in- 
creases from to - . 

(15) Trace the changes in the magnitude of cot as de- 
creases from s to 0. 

/(16) Solve sm(0+*)=^,cos(0-0)=^. 



( «6 ) 



CHAPTER VIH. 
On the Use of the Signs + and -. 

120. The student is probably aware' that, in the appli- 
cation of Algebra to Problems concerning distance, we some- 
times find that the solution of an equation gives the measure 
of a distance with the sign — before it. 

Example. Let M, N, be places in a straight line; let the 
distance from M to N be 3 miles, and the distance from iV to 0, 
3 miles. 

1 5! l 1 « 

One man A starting from 2/", rides towards at the rate of 
10 miles an hour, while another man B starting simultaneously 
from N, walks towards at the sate of 4 miles an hour ; 

If Q be the point at which they meet, how far is Q beyond ? 

Let P be any point beyond 0, and let or be the number of 
miles in OP. We wish to find x, i.e. the measure of OP, so that 
P may coincide with Q, the point at which A overtakes B. 

When A arrives at P, he has ridden 6+4? miles. The time 

6 •¥ X 

occupied at the rate of 10 miles an hour is -^— hours. 

When B arrives at P, he has walked 3 + x miles. The time 

3 4- X 

occupied at the rate of 4 miles an hour is —.- hours. 
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• When P is the point at which they meet, these times are 
equal, so that 

6+# 3 + x 
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whence x= - 1. 



Thus the required number of miles has the sign - before it ; 
and we have failed to find a point beyond at which A over- 
takes B. 

121. Such a result can generally be interpreted by 
altering the statement of the problem, thus : 

The line whose measure appears with the sign — before 
it, must be considered as drawn in the direction opposite to 
that in which it was drawn in the first statement of the 
problem. 

1 f p 9 — ? A 

Example, Taking the former example, let us alter the ques- 
tion as follows : 

If Q be the point at which A overtakes B, how far is $ to 

the left of ? 

Let P be any point to the left of 0, and let x be the number 
of miles in OP. 

We wish to find x (i.e. the measure of OP), so that P may 
coincide with §, the point at which A overtakes B. 

When A arrives at P, he has ridden 6 - x miles. 

When B arrives at P, he has walked 3 - x miles. 

Proceeding as before, we get 

6-x 3-# 



10 



; whence x*= + 1. 



Therefore if P is to coincide with Q (the point at which A 
overtakes B\ OP must be one mile to the left of 0. 
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122. The consideration of such examples as the above 
has suggested, that the sign - may be made use of, in 
the application of Algebra to Geometry, to represent a 
direction exactly opposite to that represented by the sign +. 

Accordingly the following Rule, or Convention, has been 
made. 

BULK Any straight line AB being given, then 
lines drawn parallel to AB in one direction shall be posi- 
tive; that is, shall be represented algebraically by their mea- 
sures with tlie sign + before them : 

lines drawn parallel to BA in the opposite direction 
shall be negative ; that is, shall be represented algebraically 
by their measures with the sign - be/ore them. 

123. We may choose for the positive direction in each 
case that direction which is most convenient. 

Example. Let LR be a straight line parallel to the printed 
lines in the page, 

L g £__* 

and let lines drawn in the direction from L to R in the figure, 
that is, from the left-hand .towards the right, be considered 
positive. Then by the above rule, lines drawn in the direction 
from R to Z, that is, from right to left, must be negative. 

124. In naming a line by the letters at its extremities, 
we can indicate by the order of the letters, the direction in 
which the line is supposed to be drawn. 

Example. Let and P be two points in the line LR as in 
the figure, and let the measure of the distance between them 
be a. 

Then OP, i.e. the line drawn from to P, which is in the 
positive direction, is represented algebraically by + a. 

While PO, Le. the line drawn from P to 0, which is in the 
negative direction, is represented algebraically by - a. 
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125. Hence in using the two letters at its extremities 
to represent a line, the student will find it advantageous 
always to pay careful attention to the order of the letters. 

Example. Let LR be a straight line parallel to the printed 
lines in the page. 

Let Ay B } C^ 2>, E be points in LR, such that the measures of 
ABy BCy CDy DEy are 1, 2, 3, 4 respectively. 

Find the algebraical representation of 

(i) AC+CB (ii) AD+DC-BC. 

1T+ * * ' -ft 

(i) The algebraical representation of AC is +3, 

. , i the algebraical representation of CB is - 2. 

Hence that of AC+ CB is +3-2; that is, +1* 

(ii) The algebraical representation of AD is* + 6, that of DC 
is -3, and that oiBCia +2. 

Therefore that of AD + DC-BC=6-3- 2= + 1. 

This is equivalent to that of AB. 

EXAMPLES. XXTT. 

In the above figure, find the algebraical representation of 

(1) AB + BC+ CD. (2) AB + BC+ CA. 

(3) BC + CD + DE+ EC. (4) AD - CD. 

(5) AD + DB+BE (6) BC-AC+AD-BD. 

(7) CD+DB + BE (8) CD-BD + BA+AC+CE 

* By AC+CB (attention being paid to direction), we mean 'Go 
from A to C and from C to B* The result is equivalent to starting 
from A and stopping at B, i.e. equivalent to AB. 
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CHAPTER IX. 
On the Use op the Signs + and - in Trigonometry. 

126. In Trigonometry in order conveniently to treat 
of angles of any magnitude, we proceed as follows. 

We take a fixed point 0, called the origin ; and a fixed 
straight line OR, called the initial line. 

The angle of which we" wish to treat is described by a 
line OP, called the revolving line. This line OP starts 
from the initial line OR, and turns about through an 
angle ROP of any proposed magnitude into the position OP. 
Pi 




Initial Line 



127. We have already said in Art 41 

(i) that, when an angle ROP is described by OP turning 
al>out in the direction contrary to that of the hands of a 
watch, the angle ROP is said to be positive ; that is, is re- 
2>re8ented algebraically by its measure with the sign + before it. 

(ii) that, when a*n angle ROP is described by OP turning 
about in the same direction as the hands of a watch, the 
angle is said to be negative; that is, is represented alge- 
braically by its measure with the sign - before it. 
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Example. (180° - A) indicates 

(i) the angle described by OP turning about from the 
position OR in the positive direction until it has described an 
angle of (180 - A) degrees. 




o\T 









Or, (ii) the angle described by OP turning about 0, from 
the position OR, in the positive direction until it has described 
an angle of 180° (when it has turned into the position OL), and 
then turning back from OL in the negative direction through, 
the angle - A into the position OP. 

Or, (iii) the angle described by OP turning about from 
the position OR, in the negative direction through the angle - A y 
and then turning back in the positive direction through the 
angle 180°, into the position OP. 

The student should observe that in each of these three ways 
of regarding the angle (180° - A\ the remUing angle ROP is the 
same. 



xxm. 



Draw a figure giving the position of the revolving line after it 
has turned through each of the following angles. 

(1) 270°. (2) 370°. (3) 425*. (4) 590°. 

(5) -30°. (6) -330°. (7) -480°. (8) -750°. 

(9) -f. (10) 2ror + j[. (11) (2» + l),r+f. 

(12) (2n+l),r-? (13) awr-|. (14) (2«+l) «- J 
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128. It is often convenient to keep the revolving line 
of the same length. 

U 




D& 



In this case the point P lies always on the circumference 
of a circle whose centre is 0. * 

Let this circle cut the lines LOR, UOD in the points 
Z, R, U, D respectively. 

The circle RULD is thus divided at the points R, U, Z, D 

into four Quadrants, of which 

RTJ is called the first Quadrant. 
UL is called the second Quadrant. 
LD is called the third Quadrant. 
DR is called the fourth Quadrant. 

Hence, in the figure, 

ROP l is an angle in the first Quadrant 
ROP a „ ,, second Quadrant. 

ROP m ,. .. third Quadrant. 



ROP. 



99 



19 






fourth Quadrant. 
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129. When we are told that an angle is in some parti- 
ticular Quadrant, say the third, we know that the position 
in which the revolving line stops is in the third Quadrant. 
Bat there is an unlimited number of angles having this same 
final position of OP. 

Example. 25° ; 385° i.e. 360° + 25° ; 745° i.e. 2 x 360° + 25° ; 
- 335 i.e. - 360^ + 25° are each an angle in the first Quadrant, and 
are all represented geometrically by the same final position 
of OP. ) 

130. Let A be an angle between 0° and 90°, and let n 
be any whole number, positive or negative. 

Then 

(i) 2nxl80° + -4 represents algebraically an angle in 

the first Quadrant. 

(ii) 2nxl80 u — A represents algebraically an angle in 

the Jour th Quadrant. 

[For 2n x 180° represents some number n of complete revolu- 
tions of OP ; so that after describing n x 360°, OP is again in the 
position OR.] 

(iii) (2n + 1) x 180° — A represents algebraically an angle 

in the second Quadrant. 

(iv) (2» + 1) x 180° + A represents algebraically an angle 

in the third Quadrant. 

[For after describing (2n + 1) x 180°, OP is in the position OL.] 
The corresponding expressions in circular measure are 

(i) 2»ir + 0; (ii) 2nir-fl; (iii) (2w+l)ir-tf; 

v (iv/ (2t*+1)it + & 
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EXAMPLES. XXIV. 



State in which Quadrant the revolving line will be after 
describing the following angles : 



(1) 120°. 
(4) -100°. 

(10) 2n 7T- 



(2) 340°. 
(5) -380°. 

(8) 10»r + 



4* 



(3) 490°. 
(6) -10000. 

(9) ftr-£. 



2tt 



(11) (2tt+l)ir + ^.(12) *Hr + |, 



131. The principal directions of lines with which we 
are concerned in Trigonometry are 

i. that parallel to the initial line OR (OR is usually 
drawn from towards the right hand, parallel to the 
printed lines in the page ; and RO is produced to L.) 

ii. that parallel to the line DOU, which is drawn through 
at right angles to LOR ; 

iii that parallel to the revolving line OP. 

U 



R 
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Accordingly we make the following rules : ' 

I. Any line drawn parallel to LR in the direction from 
left to right is to be positive; and consequently (Art 
112) any line drawn parallel to RL in the opposite direc- 
tion, Le. from right to left, is to be negative. 

II. Any line drawn parallel to DU in the direction 
from JD to U, upwards, is to be positive ; and consequently 
any line drawn parallel to UD in the opposite direction, 
Le. downwards, is to be negative. 

III. Any line drawn parallel to the revolving line in 
the direction from to P is to be positive, and consequently 
any line drawn in the direction from P to is to be 
negative. 

Note. The student must notice that the revolving line OP carries 
its positive direction round, with it, so that the line 'OP* is always 
positive. 



132. We said, in Art. 81, that the definitions of the 
Trigonometrical Ratios (on pp. 46, 47), apply to angles of 
any magnitude. We have only to remark that it is gene- 
rally convenient to take P on the revolving line; that 
PM is drawn perpendicular to the other line produced if 
necessary; and that the order of the letters in MP, 0P> 
OM is an essential part of the definition. 

MP 
The order of the letters P, M, in the expressions^-, 

«tc., is therefore of great importance. 
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133. We proceed to show that the Trigonometrical 
Ratios of an angle vary in Sign according to the Quadrant 
in which the angle happens to be. 

From the definition we have, with the usual letters, 

* 

. MP pnp OM _ n £ MP 

sin ROP= Qp, cos EOP = ^, tan ROP= jj^. 



Fig.h 




Fig.1h 




I. ' When BOP lies in the first Quadrant (Fig. I.). 

* 

MP is positive because from Jf to P is upwards 

(Rule i. p. 95.) 

OM is positive because from to if is towards the right 

(Rule ii.) 

OP is positive (Rule in.) 
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Hence, if A be any angle in the first Quadrant, 

. MP 

sin A, which is pr^y is positive ; 

cos A y which is ^ , is positive ; 

MP 
tan A y which is -p-^ , is positive. 

II. When 220P lies in the second Quadrant, (Fig. il). 

MP is positive, because from M to P is upwards, 

OM is negative, because from to Jf is towards the left. 

OP is positive. 

Hence, if A be any angle in the second Quadrant, 

MP 

sin Ay which is -p-^ , is positive ; 

cos J, which is —-^ , is negative ; 

MP 
tan A, which is ttttj is negative, 

UM 

III. When ROP lies in the third Quadrant (Fig. in.) 
MP is negative, OM is negative, OP is positive. 

So that, if -4 be any angle in the l/ttr<£ Quadrant, 
sin A is negative, cos -4 is negative, tan -4 is positive, 

IV. When £0P lies in the fourth Quadrant (Fig. iv) 
MP is negative, OM is positive, OP is positive. 

So that, if -4 be any angle in the fourth Quadrant, 
sin A is negative, cos -4 is positive, tan .4 is negative. 

L. 7 
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134. The table given below exhibits the results of the 
last article. 



Quadrant ... 


I. 


ii. 


in. 


IV. 


Sine 


+ 


+ 


— 


— 




+ 


— 


— 


+ 


Tangent ... 


+ 


— 


+ 


— 



The student should notice that in any particular Quadrant 
the three signs of sine, cosine, and tangent are unlike their signs 
in any other Quadrant. 



EXAMPLES. XXV. 

State the sign of the sine, cosine, and tangent of each of the 
following angles : 



(1) 60°. 

(4) 275°. 

(7) -193°. 

(10) 2wtt+^. 



(2) 135°. 
(5) - 10°. 

(8) -350°. 

(11) 2»ir + ^ 



(3) 265°. 

(6) - 91°. 

(9) -1000°. 

(12) 2nir-|. 



135. The numerical values through which the Trigo- 
nometrical Ratios pass, as the angle BOP moves through the 
first Quadrant, are repeated as the angle BOP moves 
through each of the other Quadrants. 

Thus as P moves through the second Quadrant from U to 
X, Fig. ii, {OP being always of the same length) MP and OM 
pass through the same succession of numerical values through 
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which they pass, as P moves through the first Quadrant in the 
opposite direction from Uto R. 

Example 1. Find the sine, cosine and tangent of 120°. 

120° is an angle in the second Quadrant. 

Let the angle ROP be 120° (Fig. n. p. 96.) 

Then the angle POL = 180° - 120° = 60°. 

MP 
Hence, sin 120°= ^ p =sin 60° numerically, and in the second 

Quadrant the sine is positive. 

Therefore sinl20o=^ (i). 

Again, cos 120°= jyp= coa 60°, numerically, and in the second 
Quadrant the cosine is negative. 

Therefore cos 120°= -5 (ii). 

Similarly, tan 120°= - ^3 (iii). 

Example 2. Find the sine, cosine and tangent of 225°. 

225° is an angle in the third Quadrant. 

Let the angle ROP be 225° (Fig. m.) 

Here the angle POZ=225° - 180°=45°. 

Therefore the Trigonometrical Ratios of 225°= those of 45° 
numerically ; and in the third Quadrant the sine and cosine are 
each negative and the tangent is positive. 

Hence, sin 225°= - -^ ; cos 225°= - i ; tan 225°= 1. 

136. The cosecant, secant and cotangent of an angle A 
have the same sign as the sine, cosine, and tangent of A 
respectively. 

7-2 
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EXAMPLES. ZZVL 

Find the algebraical value of the sine, cosine and tangent of 
the following angles : 

(1) 150°. (2) 135°. (3) -2400. (4) 330°. 

(5) - 45°. (6) -300°. (7) 225°. (8) -135°. 

(9) 390°. (10) 750°. (11) -840°. (12) 1020°. 

(13)2nir + j. (14) (2n+l) w-^. (15) (2»-l)ir + £. 

Example. To trace the changes in the magnitude and sign of 
sin A, as A increases from 0° to 360°. 

Take the figure and construction of page 96. 

As A increases from 0° to 90°, MP increases from zero to 0P> 
and is positive. 

Therefore sin A increases from to 1 and is positive. 

As A increases from 90° to 180°, MP decreases from OP to 
zero, and is positive. 

Therefore sin A decreases from 1 to and is positive. 

As A increases from 180° to 270°, MP increases from zero to 
OP, and is negative. 

Therefore sin A increases numerically from to 1 and is 
negative. 

As A increases from 270° to 360°, MP decreases from OP to 
zero, and is negative. 

Therefore sin A decreases numerically from 1 to and is 
negative. 

EXAMPLES. XXVH. 

Trace the changes in sign and magnitude as A increases from 
0° to 360° of 

(1) cos A. (2) tan A. (3) cot A. (4) sec A. 

(5) cosecA (6) 1-siniL (7) sin 8 A. (8) sin -4. cos .4. 

(9) sin ,4+ cos ,4. (10) tan ,4+ cot ,4. (11) sin ,4 -cos J. 
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CHAPTER X* 
On Angles Unlimited in Magnitude. 

137. Just as the definitions of the Trigonometrical 
Ratios apply to angles of any magnitude whatever, so every 
general Formula involving these Ratios is true for angles 
of any magnitude whatever. 

It is most important that the student should examine 
for himself into the truth of this statement. 

138. The formulae 
cosec A = - A , 860-4 = : . cot-4 = 



sin.4 ' cos-4 ' tan .4 ' 

are really definitions ; and since the definitions apply, there- 
fore these formulae are true, whatever be the magnitude 
of ii. 

The formulas tan A = . , cot A — - — . , 

cos A sin it 

are deduced immediately from the definitions, and therefore 
they are true whatever be the magnitude of A. 

139. The formulae sin*-4 + cos* A = 1, 

1 +tanM =sec*-4, 
1 + cotM = cosec'-i, 

are each a trigonometrical statement of Euc. i. 47, and 
depend only on the fact that MP, OAf, and OP are the sides 
of a rigid-angled triangle. That this is the case, whatever 
be the magnitude of the angle A 9 is evident from the figures 
on page 96. 

* May be omitted on a first reading, except pp. 104, 105. 
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140. In Art. 118 we proved that the sine of an angle 
is equal to the cosine of its complement, provided the angle 
lies between 0° and 90°. 

We now give some examples of a method of proving the 
truth of this and other like formulae, whatever be the 
magnitude of the angle concerned. 

Example 1. To prove that the sine of an angle— ike cosine of 
its complement 

That is, to prove sin A = cos (90° — -4) 

and cos A = sin (90° - A). 

We take two revolving lines OP and OP'. OP starting 
from OR is to describe the angle A ; OF starting from OR is to 
describe (90° - A). 

As usual, PM, FM' are perpendiculars on OR and FN' is a 
perpendicular onOU. 

In describing (90° -A) we shall consider that OF starting 
from OR, turns first through 90° into the position 0U y and then 
turns back from OU through the angle UQF=(- A). 




So that ROP, the angle which OP describes from OR, is 
always equal to U0F 9 the angle which OF describes from OUia 
the opposite direction. 
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Hence, N'P*, that is OM ', is always equal to MP in magni- 
tude. 

* 

Also it will be seen that when P is above LOR, P is to the 
rigU of *70Z); when P is fo&w Z072, 2* is to the left of UOD. 

Hence, OM' and 2/P have always the same *^n. 

rru c MP OM' . 

Therefore ^p = ^r always, 

or, sin A = cos (90° - A), for all values of A. 

Again, 0N\ that is M 'i y , is always equal to OJ/ in magnitude. 

And 2* is above or below Z&R according as P is to the right 
or to the left of UOD. 

So that M'P 1 and 0Jfhave always the aanw *t^w. 

m, * Oif M'F , 

Therefore ^ = -^ always, 

or, cos .4 =sin (90° - A) for all values of A. 



EXAMPLES. XXVIH. 

Prove, drawing a separate figure for each example, that 
(1) sin 30°= cos 60°. (2) sin 65°= cos 25°. 

(3) sinl95 =cos(-105°). (4) cos275=sin(-185°). 
(5) cos(-27 )=sinll7 . (6) cos300°=sin(-210°). 

If A, By Che the angles of a triangle, so that A+B + C= 180°, 
prove 

/t7 . A . B+C /ox B . A+C 

(7) coBg-sin-^-. (8) cos-^sm ^- . 

/o\ «• G A+B ,_ AX .A B + C 

(9) sin g -cos — 2~. (10) sin-^cos-g— . 
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141. Def. Two angles are said to be the Supplements 
the one of the other when their sum is two right angles. 

Thus (180° --4) is the supplement of A. 

If A y B, C be the angles of a triangle, (A+£+C)=18Qf>, so 
that (B+C)m the supplement of A. 

Example 2. To prove that the sine of an angle = the sine of its 
supplement; and that the cosine of an angle = -(the cosine of its 
supplement). 

That is, to prove sin A =sin (180° - A) 

and cos A = - cos (180° - A). 

We take two revolving lines OP and OP*. OP starting 
from OR describes the angle A ; OP* starting from OR describes 
the angle (180° --4). 

In describing (180° -.4) we consider that OF starting from 
OR turns first through 180° into the position OZ, and then back 
from OL through the angle L0F=(-A). 




So that ROP, the angle which OP describes from OR, is 
always equal to LOF, the angle which OF describes from OL in 
the opposite direction. 
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Hence, MP and M'P* are always equal in magnitude. 
Also, P and F are always both above, or both below LOR. 
So that J/P and M'F are always of the «am« «$ti. 

Therefore =rp- =± -777* always, 

or, sin A = sin (180° - A ), for all values of A. 

Again, OM and OM' are always equal in magnitude. 

Also it will be seen* that when P is on the right of £702), P 
is on the fe/S of UOD ; when P is on the left of £707), P 7 is on 
right of *70/>. 

So that OM and J/ 7 are always of opposite sign. 
Therefore — = - -^p always, 

or, cos A = - cos (180° - -4), for all values of A . 



EXAMPLES. XXTX, 

Prove, drawing a separate figure in each case, that 

•(1) Bin60°=8inl20°. (2) sin340°=sin(-160°). 

(3) sin (-40<>)= sin 220°. (4) cos 320°= -cos (-140°). 
(5) cos ( - 380°) = - cos 560°. (6) cos 195° = - cos ( - 15°). 

If A f B y C be the angles of a triangle, prove 

(1) sin4=sin(J?+0). (2) BmC=ain(A + B). 

(3) cos £=- cos (4 + 0- (4) cos A => - cos (<7+ B). 
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Example 3. To prove sin A = - sin (180° + A), 
and cos A = - cos (180° + A). 

As before, we take two revolving lines OP and OF. OP 
starting from OR describes the angle A ; OP* starting from OB 
describes the angle (180°+ii). 

In describing (180° + A) we consider that OP" starting from 
OR turns first through 180° into the position OL, and then on 
from OL through the angle A. 

JJ 




So that ROP, the angle which OP describes from OR, is 
always equal to LOF, the angle which OF describes from OL 
in the same direction. 

Hence, M'F always = MP in magnitude. 
Also it will be seen that when P is above LOR, F is below 
LOR', and vice versd*. 

So that MP and M'F are always of opposite sign. 

MP M'F 



Hence, 



OP 



OP 



always, 



or, sin A *- - sin (180° + A), for all values of A. 

Similarly, OM always— OM' in magnitude. 

And F is to the left or to the right of UOD according as P is 
to the right or to the left of UOD. 

* This will be more clear if the student observes that POP* is 
always a straight line. 
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Hence, 



or. 



0M_ OM' 

qp Qp always, 

cos A — - cos (180° + -4), for all values of A, ., 



Example 4. To prove sin A =- - cos (90° + A), 
and cos ^l=sin (90°+-4). 

As before, we take two revolving lines OP and OF. OP 
starting from OR describes the angle A ; OP starting from OR 
describes the angle 90° + A. 

In describing (90° +A) we consider that 07* starting from OR 
turns first through 90° into the position OU, and then on from 
OU through the angle A. 




So that ROP, the angle which OP describes from OR, is 
always equal to U0F y the angle which OP* describes from OU in 
the same direction. 

Hence, N'F y that is 0M\ always=MP in magnUvde. 

Also, F is to the left or to the right of UOD according as P 
is above or below LOR. 

So that MP and OM' are always of opposite sign. 



Hence, 



or. 



MP OM' . 
OP**" OF alwa y B i 

sin A — - cos (90°+ A) t for all values of *A. 
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Similarly, OM always=M'F in magnitude. 

And F is above or below LOR according as P is to the right 
or to the left of UOD. 

So that OM and M'F are always of the same sign. 

Hence, ^ = -^ always, 

or, cos A =sin (90° + -4), for all values of A. 



MISCELLANEOUS EXAMPLES. XXX. 

Prove, drawing a separate figure in each case, that 

(I) sin 60°= - sin 240°. (2) sin 170°= - sin 350°. 
(3) sin ( - 20°) = - sin 160°. (4) cos 380°= - cos 560°. 
(5) cos ( - 225) = - cos ( - 45°). (6) cos 1005°= - cos 1 185°. 
(7) sin 60°= - cos 150°. (8) cos 60°=sin 150°. 

(9) sin 225= -cos 315°. (10) cos (-60°)= sin 30°. 

If A +B+ C be the angles of a triangle, prove that 

(II) sinA=*-Bin(2A+B + C). 

/io\ • a SA+B+ C 

(12) sm-4 = -cos 5 . 

/10 . „ . 4 + 35 + C 

(13) cosi?=sin . 

(14) cos C= - cos (A + B + 2(7). 

/iKN B ~ c • A + 2B 

(15) cos -g— =sin — 2 — . 

na . . C-A B + 2C 

(16) sin -£-= -cos — 2 - . 
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Prove the following statements for all values of A and of a. 



(17 

(19 
(21 

(22 

(23 
(24 
(25 



(27 
(29 

(31 



sin 



sin a = - cos 



sin A— -sin(-ul). (18) cos A=cos(-A). 
sin A = cos (4 - 90°). (20) cos A = - sin (A - 90°). 

in a = cos (— +a) . 

. /3»r \ 
cos a = - sin ( — + a) . 

ft-)- 

. /3tt \ 
cos a = - sin ( — -aj. 

sin(|-a)=sin(| + a). 

cos (w + a) = cos (ir - a). 

tan (90°-^)= cot A. (28) tan^= -tan(-^l). 

tan (90° + A) = - cot (4). (30) tan a= - tan (it - a). 

tan .4 = tan (180° + A). (32) cot (~ - o^tano. 



142. We have seen (Art 135) that there are many 
angles of different magnitude which have the same sine. 

If two such angles are in the same Quadrant they are 
represented geometrically by the same position of OP, so 
that they differ by some multiple of four right angles. 

143. If we are given the value of the sine of an angle 
it is important to be able to find, Geometrically and Alge- 
braically, all angles which have that value for their sine. 



no 
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. 144. To find ike complete Geometrical Solution of the 
equation sin = a. 

With the usual construction, let the radius of the circle 
RULD be the unit of length ; then the measure of OP is 1. 



Fig.1. 
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fig.11.. 
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From draw on 0U a, line ON so that its measure is a. 

\0N will be drawn upwards (Fig. I.) or downwards (Fig. 
II.) from according as a is positive or negative.] 

Through N" draw P X P M parallel to LOR to cut the circle 
in P x and P*. Join OP x , 0P a . Draw P X M X , P a M a per- 
pendicular to LOR, 

Then M^ = ON = M,P„ and ^& = " = %& . 

Hence any angle described by the revolving line OP, 
when OP, starting from OR, stops either in the position 0P X , 
or in the position OP % , is an angle whose sine is a. 

And no other angle has its sine equal to a, for there is 
no other possible position of jV. 

145. To find the complete Algebraical Solution of the 

equation sin m a. 

* If a were greater than unity, ON would be greater than OU, and 
the construction would fail. 
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With the figure and construction of the last article; 
let a be the least angle whose sine — a. 

Then in the figure ROP x = a and PjOL = a. 

Every angle whose sine = a is included among those 
described by the revolving line OP when, starting from OR, 
OP stops in one or the other of the positions 0P X or OP a . 

If OP, starting from OR, stop in the position 0P X , the 
angle described is one of those included in the expression 

2m7T + a, 

where m is some integer, positive or negative. [Art. 130.] 

If OP, starting from OR, stop in the position OP a> the 
angle described is one of those included in the expression 

(2r + l)7r-a, 4v7i +■*- a 
where r is some integer, positive or negative*. 

Both of these expressions are included in 

W7T + (-l)"a, 
where n is some integer, positive or negative*. 

Thus the solution of the equation sin 6 = sin a is 

0=rnr + (-1)" a. 

Example. Find six angles between - 4 right angles and + 8 
right angles which satisfy the equation sin A = 8in 18°. 

Wehaved=WTr+(-l) w ^,or^=nxl80P+(-l)"18°. 

Put for n the values -2,-1, 0, 1, 2, 3, 4 successively and we 
get the six angles 
-360°+18°, -180°-18°, 18°, 180°-18°, 360°+18°, 540°-18°, 
i.e. -342°, -198°, 18°, 162°, 378°, 522°. 

• For if n be even, let it be 2m, when (- 1) 2TO = +1; if n be odd, 
let it be 2r + 1, when ( - 1) 8 *" 1 - - 1. 
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The student is recommended to draw a figure in the above 
example. Also to draw a figure in each example of this kind 
which he works for exercise. 

EXAMPLES. XXXI. 

(1) Find the four smallest angles which satisfy the equations 

(i) sinii =£. (ii) sin J. « -^ • (iii) sin A =^- . (iv) sin A = - £. 

(2) Find four angles between zero and +8 right angles 
which satisfy the equations 

(i) sin A =sin 20°. (ii) sin 0= - -. ■ . (iii) sin 0= - sin -^ . 

(3) Find the complete algebraical solution of 

(i) sin0«-i. (ii) 2 sin 2 0+3 sin 0=2. (iii) sin a 0=cos 2 0. 

(4) Prove that 30°, 150°, - 330°, 390°, - 210° have all the 
same sine. 

146. To find the complete Geometrical Solution of the 
equation COS Q — Q*. 

With the usual construction, let the radius of the circle 
RULD be the unit of length, so that the measure of OP is 1. 




From draw on OR a line OM, such that its measure 



is a* 



0M X will be drawn towards the right or towards the 
ljft according as a is positive or negative. 
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Through M x draw P l M l P Q perpendicular to OR to cut 
the circle in P l% P a . Join 0P l9 0P a . 
_. 0M X a 0M l 

^ OP 1 l = T =s 'op a - 

Hence any angle described when 0P 9 starting from OR 9 
stops in the position 0P l9 or in the position 0P a , is an 
angle whose cosine is a. 

And no other angle has its cosine = a, for there is no 
other possible position of M r 

147. To find the complete Algebraical Solution of the 
equation COS = a. 

With the figure and construction of the last article; 
let a be the least angle whose cosine = a. 

Then in the figure ROP x = a and PfiR = a. 

Every angle whose cosine = a is included among those 
described when OP, starting from OR, stops in one or the 
other of the positions OP x or 0P % . 

If OP starting from OR stop in the position 0P l7 the 
angle described is one of those included in the expression 

2m7T + a. [Art. 130.] 

If OP starting from OR stop in the position OP 9 , the 
angle described is one of those included in the expression 

2r7r-a. 

Both of these expressions are included in 

2mr+a. 
Thus the solution of the equation cos $ = cos a is 

0=2ft7r*a, 

U 8 
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148. To find the complete Geometrical Solution of the 
equation tan 6 = d. 

From draw on the line OR two lines OM Jf OM a , 
whose measures are + 1 and - 1 respectively. 

Pi 




And draw perpendicular to LOR from M x a line M X P X 
whose measure is a, and from M a a line M % P a whose measure 
is -«. Join OP,, OP,. 






= a. 



Hence any angle described when OP, starting from OR, 
stops in one or the other of the positions 0P X or OP 9 , is an 
angle whose tangent is a. 

And no other angle has its tangent = a. 

149. To find the complete Algebraical Solution of tlte 
equation tan = a. 

With the figure and construction of the last article; 
let a be the least angle whose tangent is a. 
Then in the figure ROP t = a and LOP a = a. 

Every angle whose tangent is a is included among those 
described by OP, starting from OR and stopping in one or 
the other of the positions 0P X or OP % . 
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If OP starting from OR stop in the position 0P V the 
angle described is one of those included in the expression 

2m7T+a. [Art. 130.] 

If OP starting from OR stop in the position 0P a , the 
angle described is one of those included in. the expression 

(2r+l)7r + a. 

Both of these expressions are included in. 

Mr + a*. 

Thus the solution of the equation tan = tan a is 



EXAMPLES. 



:•:♦:« i 



(1) Write down the complete Algebraical Solution of each of 
the following equations : 

(i) cos0=£. (ii) tan 0=1. (iii) tan0=-l. 

(iv) tand= -JZ. (v) oos0=cos — . (vi) tan0=tan-j. 

(2) Show that each of the following angles has the same 

cosine : 

-120°, 240°, 480°, -480°. 

(3) The angles 60° and -120° have one of the Trigono- 
metrical Ratios the same for both ; which of the ratios is it ? 

(4) Can the following angles have any one of their Trigono- 
metrical Ratios the same for all ? 

- 23°, - 157° and 157°. 

(5) Find four angles which satisfy each of the equations 
in (1). 

# For if n be even, this is the first formula ; if n be odd it is the 
second. 

8—2 
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150. We can now point out the use of the ambiguous 
sign * in the formula cos = * J\ - sin 8 0. 

If we know the numerical value of the sine of an 
angle 0, without knowing the magnitude of the angle, we 
cannot from the identity, cos 8 0=1- sin 8 0, completely de- 
termine cos 0, for we get cos0 = * J 1 - sin*0. 

This is a general formula, and we shall find that it 
represents an important Geometrical truth. 

151. Given sin0 = a, we can say that is one of the 
angles represented by one or the other of the positions 0P X , 
OP i of the revolving line in Fig. I. on page 110. 

If we attempt to find the cosine of these angles we get 
two different values for the cosine; for -y— and -ynr 

although equal in magnitude, are opposite in sign. Hence, 
if a be the least angle whose sine is equal to a, we have 

cos0 = * cos a = * ,y 1 - sin 8 a. 

152. The same result may be obtained from the formula 
= nir + ( - l)"cu For cos {mr + ( - l)"a} is of opposite sign 
according as n is even or odd. 

EXAMPLES. XXXIJU, 

(1) If be found from the equation cos0=a, show geo- 
metrically that there are two values of sin and of tan 0. 

(2) If be found from the equation tan0«a, show geo- 
metrically that there are two values of sin and of cos 0. 

(3) If A be the least angle without regard to sign such that 
sin A=a, show that cos A ■» +*Jl-sin s A. 

(4) If A be the least positive angle such that cos A — a, prove 
that sin A=* +Vl-cos a il, 
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CHAPTER XI. 
On the Trigonometrical Ratios of Two Angles. 

153. We proceed to establish the following fundamental 
formulae : 



sin (A + B) = sin A . cos B + cos A . sin B 
cos (-4 + B) = cos A . cos B - sin A . sin B 
sin {A — B)- sin -4 . cos B - cos A . sin B 
cos (-4 — 2?) = cos A . cos B + sin -4 . sin B 



, ... (i). 



Here, A and 2? are angles; so that (A +B) and (A — B) 
are also angles. 

Hence, sin (-4 + B) is the sine of an angle, and must not 
be confounded with sin A + sin 2?. 

Sin (-4 + B) is a single fraction. 

Sin A + sin B is the sum of two fractions. 

154. The proof 8 given in the next two pages are per- 
fectly general, as will be explained below (cf. Art. 169) ; but 
the figures are drawn for the simplest case in each. 

The student should notice that the words of the two 
proofs are very nearly the same. 
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To prove that sm(4+2?)=smu4.cos2?+cosii.sin2?, 
and that cos (4 +2?)= cos 4. cos 2? -sin -4. sin 2J. 

JF 




Let ROE be the angle A, and EOF the angle B. Then in th« 
figure, ROF is the angle (A + B). 

In OF, the line which bounds the compound angle (A +23), take 
any point P, and from P draw PM, PN at right angles to OR 
and OE respectively. Draw NH, NK at right angles to MP 
and OR respectively. Then the angle 

NPH=W> - HNP=HNO=ROE=A*. 

.OT. ON iTP.NP JTJV ON HP NP 
~ON.0P + NP.OP"~0i\r OP + NP* OP 

= sin 220-tf . cos j£02P+ cos 5PiV . sin EOF 

=sin -4 . cos B + cos A . sin B. 

fA^n\ vnjp 0M OK-MK OK HN 

Also cos (A +B)= cos ROF= ^^ — ^ — = qp" -Qp 

OK. OK HN.TTP OK ON HN NP 
~ON.0P~ XF.OP~ON' OP" NP' OP 
=co&ROE. cos EOF-BinHPN. sin EOF 
=cos J. . cos JB — sin A . sin 2?. 

* Or thus. A circle goes round OMNP, because the angles OMP 
and ONP are right angles ; therefore MPN and HON are angles 
in the same segment; so that MPN=MON=*A. 
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To prove that sin (4 -2?)= sin 4. cos 2? -cos -4. sin 2?, 
and that cos (4 -2?)= cos .4. cos 2?+ sin .4. sin 2?. 




Let ROE be the angle A, and FOB the angle B. Then in the 
figure, ROF is the angle (4 - B). 

In OF, the line which bounds the compound angle (A - B), take 
any point P, and from P draw PM 9 PN at right angles to OR 
and OE respectively. Draw NH, NK at right angles to MP and 
OR respectively. Then the angle 

NPH=W - HNP=HNE=ROE=A*. 

w • fA m • ™* ^ MH-PH KN PH 
Now sin (4 - 5) =sin ROF= jrp = - 



,0\ ON PH. NP .Or 



02> OP 

ON PH NP 



OP 



"■"ON.0P NP.0P" ON' OP NP'OP 
=sin 220^. cos 2^0^- cos ZTP^T. sin FOE 
=sin A . cos B - cos J. . sin B. 

ai /j pn j>nv 0M OK+KM OK NH 

j^caa(A-B)=coaROF=^=— U j^=- - p +^ p -- 

_0iT.ON NH.XP OK ON NH NP 
""ON . 0P + NP. 02> ~" 0iT 0P + NP' OP 
=cos 2?0.£\ cos FOE+amHPN. sin ^0^T 
=cos -4 . cos B+smA . sin 2?. 

* Or thug. A circle goes round OMPN t because the angles OMP 
and ONP are right angles ; therefore MPN and MON together make 
up two right angles; so that HPN=MON=A. * 
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Example. Find the value of sin 75°. 
sin75 =sin(45 +30°) 

=sin 45°. cos 30°+ cos 45°. sin 30° 

jl ^k _l i 

^^2' 2 + V2'2 
^"272" 4 



EXAMPLES. XXXIV. 

(1) Show that cos 75°=^|^. 

(2) Show that sin 15°=^^ • 

(3) Show that cos 15°=^-±T • 

(4) Show that tan 75°»2 + \fo 

(5) If sin A =£ and sin 2?— }, find a value for sin (A + B) and 

for cos (A - 2?). 

(6) If sin<4a*6 and sin 5=^ find a value for sin(j4- 2?) 
and for cos ( A + B). 

(7) If sin^l=-^ and sin 2?=-^, 8how that one value of 

(A + B) is 45°. 

(8) Prove that sin 75°= -9659. . . 

(9) Prove that sin 15°=-2588... 

(10) Prove that tan 15°= -2679... 

155. It is important that the student should become 
thoroughly familiar with the formulae proved on the last 
two pages, and that he should be able to work examples 
involving their use. 



EXAMPLES. 
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EXAMPLES. XXXV. 

Prove the following statements. 

1) sin(^L+J5) + sin(J-^)=2sin^l.cos^. 

2) Bm(A + B)-mn(A-B)=*2GoaA.amB. 

3) cos {A +2?)+cos (A - j?)=2 cos4 . cos B. 

A) cos (A - B) - cos (4 +2?)=2sin A . sin JR. 

sin(ii+i?) + sin(^-i ?)_ 
0; cos(J + £)+cos(4-J?)""' Xani1- 

6) tana4-tang^ sin(a+g ) 
7 cos a. cos £ 

7) tana-tang- ""fr-fl 
7 cosa. cos/3 

o\ 4. . i. a cos ( a "" £) 

8) cota+tanda— — i, — zL m 

sin a. cos j3 



9) cot a - tan 0= 



cos(a + j3) 



sin a . cos |3 * 



10) tana + cot0=s * — r^' 

1 ^ cos a . sin /3 



12) 
13) 
14) 
15) 

16) 
") 



ta nfl+tan0 _ sin(fl + ^ ) 
tan 6 - tan <f> ~~ sin (0 - $) " 

tanl.tan^ + l_ coB(fl-<ft) 
1 - tan . tan <£ ~ cos {6 + <{>) * 

tan0 + cot<6 /A ,. //»,.> 

cot^-tantf - 008 ^-^- 860 ^^ 

cotfl+cot^ sin(fl + ^» ) 
cot 0- cot <f> ein(6—<l>)' 

tan . cot <t> + 1 _ sin (0 + 0) 
tan . cot - 1 ~~ sin (0 - ) * 

1 + coty.tand , v . %\ 

— 7 — 4 — ]r =tan(y + d). 

cot y — tan 8 w ' 

l-coty.tan& . . %N 
— i — -r — *- ^tan (y - &). 
coty+tand Vf ' 
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/1QN tan y. cot £-1 

(18) tan 7 + cot a -*"*<?-»)• 

,. ftX tan v. cot 5 + 1 , . " 

(19) cota-tany -*"(*+«>■ 

(20) ? t8 ~n ty , °tan( Y -8). 

N ' COty.COtd + 1 W ' 

(21) tan»«-tan»fr- ™ (a ^ ) -' dp /r /?) . 

COS CI • COS pp 

/oo\ xs i. fio cos(a+j8).cos(a-0) 

(22) cot 2 a-tan 2 0=> v . ., rs— - '. 

x ' sin^a.cos 2 /3 

? (24) sin (a + 0). sin (a- 0)= sin 2 a -sin 2 0= cos 2 -cos 2 a. 

t(25) cos(a+0).cos(o-/3)==cos 2 a-sin 2 3==cos 2 0-sin 2 a. 

/aa\ • / >i 4 RON Sin -4 - COS J. 

. (26) sui (A - 45°) «■ jz . 

•(27) V2.sin(u4 + 45°)=sinil+cosA 

»(28) cos A -sin 4=^2 . cos (4+45°). 

. -(29) cos(4 + 45°)+sin(4-45°)=0. 

-(30) cos (4 - 45°)=sin (A +45°). 

. (31) sin (6 + c£) . cos B— cos (0 + c£) . sin t?«sin <£. 

<(32) sin (6 - ^). cos <f> + cos (0-0). sin 0= sine?. 

,(33) cos(c? + c/>).cc*0 + sin(c?+c£).sinc?*cosc£. 

. (34 ) *^^a+*^L_ tanA 

v ' 1— tan (0 - <£) . tan c£ 

/OR . tan (c? + <(>)- tan c? . . 

Y (36) 2sinra + jycosf^-^«cos(o-3)+sin(a+/3). 

(( % (37) 2sing-a).cosg+^-cos(a-»-flin(«+/3). 

H" (38) cos(a+^)+sin(o-^)«2sinr|+aycoflr|+^J. 

^ (39) cos(a+ft-sin(a-p)-2sin^-aycos^-^y 



EXAMPLES. XXXV. 
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(40) amnA.co&A + coanA.am -4=sin(ft+l) A. 

(41) cos (n - 1) A . cos A - sin (ft - 1) A . sin J =cos tl4. 

(42) sin ?l4 . cos (ft - 1) A - cos ftJ. . sin (n - 1) .4 =sin A. 

(43) cos (ft— 1) -4 . cos (w + 1) -4 -sin (ft- 1) -4 . sin (n + l)A 

= cos 2ft A. 



156. The following formulae are important : 

* ' " 1 — tan A . tan B 



(u). 




student 

third 

j putting 



tanH jg\ = te 11 ^-**" 1 ^ 
* ' l+tan-4.tan2? 

tan (A - 45) = ■= — 7 . 

v ' 1 + tan-4 

The proof of the first is given below, 
should prove the second in a similar manne 
and fourth follow at once from the first two 
45° for B. 

Example. To prove tan (A +*)= I ^^S r 

(i) By using the results of Art. 144, we have 

x / a . »\ sin (A+B) sin A . cos 2?+cos A . sin B 
cos (-4+2?) cos-4.cos5-smul.sm2; 

Divide the numerator and the denominator of this fraction 
each by cos A . cos B f and we get 

. sin A. cos B cos A. sin B 

x /^ ™ c °s -4 . cos 2? cos A . cos 2? 

tan(4 + i3)= i t i b 

N ' cos .4. cos 2? sin A . sin B 

cos .4 . cos B cos .4 . cos B 
tan J + tan J? 



l-tan<4.tan2T 



Q.E.D. 
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(ii)* By Geometry. Make the construction of page 118 ; 




Thentan(^=tanW=^-g±g 



KIT HP KN HP 
OK* O K OK* OK 

- M y JIM 



* a SP 
** A + 0K 



l-tan.4. 



TP- 



OK~~OK *~ HP. OK * OS 

Now the triangles NOK and NPH are similar, 

HP_NP. p 
•"• OK" ON" XSSiJ5i 

, i t»x tan^+tani? 
•'• tan ^ + ^ l-tan,l.tan/r Q ' K ' D - 



EXAMPLES. XXXVI 

' (1) If tan A =i and tan 5= J, prove that tan (A + J5) »$, and 
tan(4-JB)=f. 

% (2) If tan A— I and tan 2?=-^ , prove that 

tan(4+5)=2+V3. 
, (3) Prove that tan 15°=2 - ^3. 

• (4) If tan J=£ and tani*™^, prove that tan(4+J3)»l. 
What is (A + B) in this case ? 

* Should be omitted on the first reading. 
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(5) If tan4=m and tan £=- , prove that tan (A+B)=cc . 
What is (4 +B) in this case ? 

Prove the following statements : 

/r.x j./* . »\ cot4.coti?-l 

(6) cot^+J)- wtA+coiB • 

(7) «*U-?)— sf^-oSQ-' 



... .A ir\ cot 0+1 
(8) oot^-^-j^^^. 

,„* cot B - 1 . ( A , ir\ 

(10) tanfd-^+cotfd + jVo. 

(11) cot^-^+tanfd+jj-O. 



(12) If tan a-j^ and tan 0= g—, P™ve that 



(13) 



(14) 



tan(a + )3)=l. 

tan(n + l)fl-*tann0 _ tan . 
l+tan(w + l)<£.tann<£ v ' 

tan(n+l)fl+tan(l-n)0 _ t&n g . 
1 - tan (n+1) <£ . tan (1 - n) <f> v * 



(15) If tano=mand tan)3=fl, prove that j 

(16) Iftano=(a + l)andtan^=(a-l) l then2cot(o-P)«a*. 

(17) Ifa+j3+y«90°,then 

. 1-tan atanfl 

. *«*- tana+tan/3 f 
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157. From pages 118 and 119 we have 

sin (A + B) = sin A . cos B + cos A . sin B 
sin (A — B) = sin A . cos B - cos .4 . sin B I 
cos (-1 + B) = cos .4 . cos B - sin A . sin 2? 
cos (A - 2?) = cos .4 . cos J? + sin A . sin J? a 

From these by addition and subtraction we get 

• 

sin (A + B) + sin (A - B) = 2 sin -4 . cos2? 
sin (4 + J5) -sin (A - jB) = 2 cos J. . sin B 
cos (A + B) + cos (-4 — 2?) = 2 cos A . cos 2? 
cos (-4 - B) - cos (4 + 2?) = 2 sin -4 . sin B 

Now put /Sf for (A + jB), 
and put T for (4 - J5). 

Then S+T=2A, and # - T * 25, 
so that A = ~s— , and zf =- — - — . 



Hence the above results may be written 

. Q . _ Q . S+T S-T -\ 
sin S + sin T = 2 sin — ^ — . cos — 5— 

• c» • m o S+T . S—T 
sin o — sin z 7 = 2 cos — ^ — . sin 



S+T 
co&S + coaT=2 cos — -^ — . cos 



2 



« m a o • S+T. . S—T 

*cos T- cos tf as 2 sin — =— . sin — - — 



..(iii). 



* If A and B are each less than 90°, then S, which is their, turn, is 
greater than T, their difference. Therefore^ 5 be less than 90°, 00s 8 
is less than cos T ; so that cos T - cos £ is positive. 
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158. The formulae (iii) are most important, and the 
student is recommended to get .thoroughly familiar with 
them in words, thus : 

(1) The sum of the sines of two angles is equal to twice 

the sine of half their sum multiplied by the cosine 
of half their difference. 

(2) Tlie sine of the greater of two angles minus the sine 

of the lesser is equal to twice the cosine of half 
their sum multiplied by the sine of half tlmr dif- 
ference. 

(3) The sum of the cosines of two angles is equal to 

twice the cosine of Jwdf their sum multiplied by 
the cosine of half their difference. 

(4) The cosine of the lesser of two angles minus the cosine 

of the greater is equal to twice the sine of half 
their sum multiplied by the sine of half their 
difference. 

159. It will be convenient to refer to the formulae (i) 
as the '.4,2?' formulae, and to the formulae (iii) as the t S,T } 
formulae. 

160. The 'SyT' formulae can be proved directly from 
a figure. 

We give the proof for the case in which S and T are 
each less than 90°. 

On first reading the subject however the student should 
omit the next two pages, and all other alternative proofs. 
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(1) To prove thai 



sin S + sin z 7 ^ sin — =— . cos ■ ^ , 




In the figure, let ROE be the angle S, EOF the angle T\ 
then 2>U# is the angle S-T. Let OG bisect the angle j£OF, 

FOE S- T 



Then the angle FOG= 



2 



2 



Also the angle ROG=ROF+FOG=*T+ 



S-T S+T 



2 2 • 

In 0j£ take any point P, and from OF cut off 0§ equal to OP. 
Join P§, cutting OG in J5T . Then OG which bisects the vertical 
angle of the isosceles triangle POQ, bisects PQ at right angles. 
Draw PM, EL, QN at right angles to OR, and draw QVW 
and EH parallel to NLM. 

Then by parallels, since PE=EQ, therefore PH^HW and 
WV=VQ. Hence, 

. e . - MP NQ MP + NQ 

sin^ + sinr=-^ + ^= - w — 

t= (LE-hHP)+(LE- WH) 2LE 
OQ 0<$ 

2LE . 0K =2 ^ ^ ojr oog q QK 



OK. OQ 

a . S+T S-T 
»2 sin ■ - . cos — =— ■ 



Q.E.D, 
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(2) To prove 

„ m Q S+T S-T 

COS tf+ COS IT = 2 COS — — . COS — — . 

With the same figure and construction, we have 

0t m OM ON OM+ON 
cos £+cos ^=aP+QQ= 0Q > 

_ (0L-ML) + (0L+LN) ^20L 
OQ OQ ' 

= ^j^f = 2 cos ROK. cos QOK, 



(3) To prove 



= 2 COS — 5— , COS —=— . Q.E.D. 
^ A 



sin #- sin T=2 sm — — . cos — ^r— . 

A A 

In the above figure the angles VKQ, ROK are each the com- 
plement of LKO .-. VKQ=ROK=^±^. Hence 

A 

. e . m MP NQ MP-NQ 

(LK+HP) - (Z/f - JTff) _ 2VK 
OQ ~ 0Q> 

2VK.KQ 



K.Q.OQ 



=2 coa VKQ. sin QOK, 



(4) To prove 



a . S-T S+T 

=2 sm — — . COS — — . Q.E.D. 
A A 



cos z 7 - cos S=2 sin . sin — ^— . 

With the same figure and construction, we have 

ON OM ON- OM 



COB T- COB S = 



OQ OP" OQ ' 
_ (OL+LN) - (PL - ML) _ 2LN 
OQ OQ ' 

2F§.KQ 



KQ.OQ 



=2 sin VKQ. sin QOK, 



. S+T . £-2* 
= 2 sm — — . sm — ^— . q.e.d. 

A A 
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EXAMPLES. XXXVIL 

Prove the following statements : 

(1) sin60° + sin30°=2sin45 .cosl5^ 

(2) 8in60°+sin20 =2sin40 .cos20 . 

(3) sin40^-8inl0°=2cos25 .sinl5°. 

/.» if . it rt Sir w 

(4) cos^+cos-^cos— .coe^. 

(5) COS^-COS^ =28*1^.8^1—. 

(6) sin 3-4 + sin 5-4=2 sin 4 J. . cos A. 

(7) sin7-4-sin5-4==2cos6-4.sin-4. 

(8) cos 5-4 + cos 9-4 =2 cos 7 J. . cos 2 J. 

(9) oos5J-cos44=-2sin-Q-.sin^-. 

3-4 A 

(10) cos -4 -cos 2-4 ==2 sin -tt-. sin -_ . 

„,. sin20+sind , 36 

(11) * S7i=tan- S -. 

N ' cos0 + cos20 2 

sin 20 - sin 6 _ 30 

(12) cos^-cos2<9" COt 2 * 

, . sin30 + sin20__ 6 

(13) cos^-cosS^*" 00 ^- 

- . sin04-sin0__cos0 + cos<£ 
* ' cos - cos <£ """ sin0 - sin 6 " 

(15) cos (60° + A)+ cos (60° -^1)= cos A. 

(16) cos (45° + A) + cos (45°- -4) =^2. cos J. 

(17) sin (45° + 4) - sin (45* - ^1) =^2. sin ^. 

(18) cos(30 -u4)-cos(30° + j4)=sinA 
., AV sind-sin6 .6 + <b 

(IS) 3 ^^COt —zr? . 

x ' cos<£-cos0 2 

v ' siu0 + sin<£ \ 2 / \ 2 / 
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161. It is important that the student should be thoroughly- 
familiar with the second set of formulas on p. 126. 

Written as follows, they may be regarded as the inverse 
of the % T' formulae. 

2 sin .4. cos 2? = sin (A + B) + sin (A - B), ' 

2 cos A . sin B = sin (A + B) — sin (A - B), 

Y iv. 
2 cos A . cos B = cos (A + B) + cos (A — J5), 

2 sin -4 . sin 2? = cos (A — 2?) - cos (-4 + 2?). 



EXAMPLES. XXX VIII, 

Express as the sum or as the difference of two trigonometrical 
ratios the ten following expressions : 

(I) 2sin0.cos<£. (2) 2 cos a. cos 0. 

(3) 2 sin 2a . cos 30. (4) 2 cos (a +0). cos (a -0). 

30 

(5) 2 sin 30. cos 50. (6) 2 cos— .cos-. 

(7) sin40.sin0. (8) cos -^ . sin -^- . 

(9) 2 cos 10°. sin 50°. (10) cos45°.sinl5°. 

(II) Simplify 2 cos 20 . cos - 2 sin 40. sin 0. 

(12) Simplify sin-s-'Cos^-sm-g-' 008 -^- 

30 

(13) Simplify sin 30+ sin 20+2 sin -5-. cos 5 . 

(14) Prove that sin— 7- .sin -r + sin-r- . sin -7- «* sin 20. sin 0. 
\ / 4 4 4 4 

9—2 
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MISCELLANEOUS TiXAMPLTifl. XXXIX. 

* (1) Iftano=Jand tan)3=J, prove that tan(a+)3)=l. 

« (2) If tan a = J and tanj3=}, prove that one of the values 

of a+0is -. 

. (3) If tan o= and tan S== - , shew that one value 

of(«+j3)is^. 

/^\ ci« i«* cos a — cos 5a 

« (4) Simplify -. — - — — _- . 

v ' r ' sin a + sin 5a 

Sim lif sin5 *- sin3 * 
'* ' " ^ cos5# + cos3.r" 

p +h f cos 4 + cos 34 cos 24 
•*' cos34+cos54~ cos 44" 

/h . ~. ..„ sin 3a; -sin x , sin3#+sin# 

(7) Simplify — .— + = . 

v ' r * cos3#+cos# cos 3# -cos a; 

Q . , . f (sin 44 — sin 24) (cos 4 - cos 34) 

(8) bimpniy ( cos ^ + COB 24)~(s^Tiin 34) * 

(9) Prove that 

2 sin 2a . cos a+ 2 cos 4a . sin a = sin 5a + sin a. 

(10) Prove that 

cos 2a . cos a - sin 4a . sin a=cos 3a . cos 2a. 

(11) tan 24 . tan 34 . tan 54 =tan 54 - tan 34 - tan 24. 

(12) Solve 4sin(0+0).cos(d-0)=3l 



4cos(0+<£),sin(0 

(13) Prove that 

sin 4 . sin 24 + sin 24 . sin 54 + sin 34 . sin 104 
cos 4 . sin 24 + sin 24 . cos 54 - cos 34 . sin 104 

„, x . A + B . 4-2? 2sinJ5 

(14) tan--„- tan _-« j-, «. 

v ' 2 2 cos4+cosjS 



= - tan 74. 



(133) 



CHAPTER XII. 

On the Trigonometrical Ratios op Multiple 

Angles. 

162. To express the Trigonometrical Ratios of the 
angle 2 A in terms of those of the angle A. 

Since sin (A + B) = sin A . cos B + cos A . sin B ; 
.*. sin (A + A) = sin A . cos -4 + cos A . sin A ; 

,\ sin2-4 = 2sin-4.cos-4 (1). 

Also, since cos (A + B) = cos -4 . cos 2? - sin A . sin 2? ; 

,\ cos (A + A) = cos A . cos A — sin -4 . sin -4 ; * 
,\ cos 2-4 = cos 2 A — sin 9 A (2). 

But 1 = cos 8 A + sin* A ; 

.*. 1 + cos 2A = 2 cos 8 -4, 
and 1 — cos 2-4 = 2 sin 8 <4. 

The last two results are usually written 

cos 21 = 2 cosM - 1 (3), 

and cos 21 = 1-2 sin 8 ! (4). 

. . i A d\ tan 1 + tan 5 
Agam, tan (A + B)= 1 _ t&nA ^ n£ J 

, . AX tan A + tan A 
••• tan ^ + ^> = l-ta n ^.t aO ; 

, ft - 2 tan -4 /KX 

••••""-T^tM (5) - 
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163.* To prove the ' 2A ' formula* geometrically. 

P 




Let ROP be the angle 2 J.. With centre and any radius 
describe the semicircle RPL. Draw Pi/" perpendicular to OR. 
Join UP . PL. 

Then the angle RPL in a semicircle is a right angle. The 
angle R0P=0LP+0PL=2 0LP [since OL=OP]. .'. OLP= 
a half of ROP=A. Also MPR and 0£P are each the comple- 
ment of J/Pi^. .-. MPR=OLP=A. 



Hence 



(1) sin2il= 7r = = 



J/P 22/P 22/P 22/P.PR 



(3) cos 2^ = ^ = 



OP ~ 20R LR PR . LR 

2 cos 2/P2£. sinPZ^=2sin-4 . cos -4. 

OM LM-L0 2LM LP 

OP 



OP 



OP 



20P 



2Z2/\LP OP „ T1 > DrD . 

- tt7\=2 cobMLP . cos PLR- 1 



(2) 



Then 



LP . ZJB OP 
=2cos 2 4-l. 

Let 02T=02f. 

ZOM=M'M=LM-LM'=LM-MR. Hence, 
a A 20M LM-MR LM MR 

0011 """20? LR~-LR~LR' 



Z2/\ LP MR.VR 



(5) tan 24= 



LP . Zi2 PR . Zi2 
22/P 22/P 



=cos 2 <4-sin*<4. 



202^ LM-MR* 
2MP 

LM 2 tan J. 2tan4 

"ZTTg 88 J/jngP ^l-tanM' 

LM" LM l "MP.LM 

* Should be omitted on a first reading. 
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164. These five formulae are very important, 

sin 2A — 2 sin A, . cos A (1), 

cos 2A = cos* A — sin* A \ (2), 

cos 2A = 2 cos* A - 1 I (3), 

cos 24 = 1 - 2 sinM j_ (4) ? 

, 2 tan -4 
ta,2i = NWi • "-&' 

165. The following result is important, 

sin 2 A 2 sin A . cos A 



r v. 



1 + cos 2 A 2 cos* A 



= tan4. 



166. The student must notice that A is any angle, and 
therefore these formulas will be true whatever we put for A. 

Example. Write -^ instead of A, and we. get 

JU 

sin4 — 2sin g-.cos -^ (1), 



cos-4=cos 2 -g -sin 2 -x. (2), 



and so on. 



EXAMPLES. XL. 

Prove the following statements : 

•(1) 2oosec24=sec J..cosec-4. 

/ax cosec 2 4 _ . 

' ( 2 ) » A *=sec2JL 

v ' cosecM-2 

/»\ 2 -sec 2 -4 .. 

•< 3) -5e?n- =coa2X 

• (4) cos 2 4(l-tan 2 4)=cos24. 
... , _ . cot 2 4-1 
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itg . 2tani? . 

• (7) tanJ5 + cotJ5=2cosec2J?. 

* l+tan 2 2J 

• (9) cot B- tan 5=2 cot 22?. 
, 1AX co^B + 1 OJ? 

♦(11) rsin- + cos2J =l + sin0. 

. (12) fsin---cos5j =l-sin0. 

• (13) cos 2 |A + tan|y=l+sinA 

.(14) «ii*|fort|-lY»l-8inA 



• (15) 






. (16) ^_ tanf. 
* ' l+cos/9 2 

. (17) ««i^.ootf . 
x ' l-cosj3 2 

. ' l + cosj8 2 

« (19) s ~ =2 cos 2 £ . 

x sec£ 2 

. (20) cosec0-cot0:=tanf . 
(9\\ cos 2j!r _ 1 - tan a? 

l + tan s 
.(88) «!£_.. 2. 

1 - tan 5 
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/(23) 


• x 
cot--l 
cos ^ 2 


1 + sin x , a? . , * 
cot 5 + 1 


Am 


COt^ + l 

cosa? 2 

1 - sin # — ,# ' 
cot^-l 


(25) 


1 + sin^ + cosj? ,x 

- : =COtjL. 

l+sin#-cos# 2 


/ 


cos 3 o ■+■ sin 3 a 2 - sin 2a 



(26) 
A27) 



cos a + sin a 2 

cos 3 a - sin 3 a 2 + sin 2a 



cos a - sin a 2 

«/ (28) cos 4 a -sin 4 a = cos 2a. 

/o*\ ft • ft 1 + 3 cos * 2° 

(29) cos 6 a + sin 6 a= ^ . 

(30) co*.--W.-2±^^. 

/ ( 3l) ^_ £2if =2 . 

x ' sin 3 cos/3 

j (38) ^ + 5E_ 3 <* 2cO t20. 
v v ' sin3 cos/3 

/(SB) ^=2cos2;3. 
x ' sin 23 

/,_.. sin 53 cos 53 . 

1/(34) -^-f £=4cos23. 

v v ' sin 3 cos 3 

. 5ir 5tt 

sin-- COSr^ 

(35) — — -=2^3. 

. IT 7T 

sin— cosj- 

»/(36) tan (45° + 4) -tan (45° -4) =2 tan 2 J. 
(37) tan (45° - J) + cot (45°-^) =2 sec 24. 



/ 
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tan2(450+^)-l_ 
tan«(450 + ^)Tl" 8in2 " 1 - 



(38) 

»S££a--(—i)- , (" , -i)- 



(40) 



cos (4 + 45°) , . », 

V-j — 7^n( =sec 24 - tan 2A. 

cos (4 -45°) 



/,«i\ x » sin2?+sm22? 

(41) 10115=-— g- j^. I 

X ' 1 + COSjD + COS22J \ 

iac^ j. » sm 2B- sin B 

(42) tanJ3=- 5 ^5. 

v ' 1-cosjB+cos22* 



167. The following two formulae should be remem- 
bered : 

sin SA = 3 sin A — 4 sin' A \ ... 

cos 3A = 4 cos* .4 -3 cos .4 j"* - * — —\ /• 

Note. The similarity of these two results is apt to cause 

confusion. This may be avoided by observing that the second 

/ formula must be true when .4=0°; and then coe3-4=cos0°=l. 

In which case the formula gives cos0°=4cos0 -3cos0°, or 

1=4-3, which is true. 

The first formula may be proved thus : 

sin 3A=aui(2A + J)=sin 2A.co&A +cos 2A . sin A 
a= (2 sin A . cos A) cos A + (1 - 2 sin 2 A) sin A 
=2 sin -4 .cos 2 -4+ sin -4 -2 sin 3 -4 
=s 2 sin A (1 - sinM) + sin A - 2 sin 8 A 
= 2 sin A - 2 sin 8 A +sin A - 2 sin 8 A 
=3 sin -4 -4 sin 3 J.. 

The second formula may be proved in a similar manner. 
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St mA-taxPA 
Example. Prove that tan 3 A = 1 _3tan 2 "X~ ' 

sin34 3sin4-4sin 3 JL 
tan 3A ~~ c^s32 " 4 cos 3 JL - 3 cos A 

3 sin A (sin 2 .4 + cos 2 JL) -4sin 3 J. 
""4cos 3 J.-3cosul(sin 2 J. + cos :s ^l) 

3sin.i.cos 2 .i-sin 3 J. 
"~cos 3 J.-3cosJ..sin 2 J. 

3 si n A. cos 2 A _ sin 3 J. 

cos z A cos 3 J. 3tsjiA-taxL*A 



: cos s i 3 cos 4 . sin *^l ~ l-3tanM 
cosTZ cos 3 J. 



EXAMPLES. XLL 

Prove the following statements : 

sm3^ ==2cos2 ^ + L 
v ' sin J. 

(2 ) "-^-gCOBli-l. 

v ' cos J. 

v ' cos3il+3cosjl 

x«^ cot' .i - 3 cot 4 
(4) cot 2A= 3cot M-l ' 

sin 3^- Bin A A 




C08 3J. + COSJ. 

tin 3,4 - cos 3i 
sin^l+cos A 



(6) 8in3^-cos3,l =2sin2 ^, lw 



sin3^+cos3^ =2siii2 ^ +1< 
v ' cos A -sin J. 

/q\ i 1 — ; rrr-r=cot 2A . 

w tan 3^4 -tan A cot J. -cot 3A 

/ 3 sin A - sin 3^\ 2 _ /aeoj^j \» 

W \£ cos 4+ cos 3.1/ \sec 24 + 1/ " 
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MISCELLANEOUS EXAMPLES. XLH 

Prove the following statements : 



/ 



/ 



./ 



y 



f\A 



i) 



sin A + cos A 
cos A - sin A 



= tan 2.4+ sec 2A. 



tan — + 1 

2) A =ianA + seoA. 
1-tan -£ 

3) sin (n + 1) a. cos (n - 1) a - sin 2a= sin (n - 1) a. cos (w + 1) a. 
4) 



5) 



7) 



12 

13; 

14 
15 
16 

17 



sina + sin/5 , a + 8 

- =tan — — . 

cos a + cos/3 2 

cos 2a + cos 12a cos 7a - cos 3a sin 4a __ ft 
cos 6a + cos 8a cos a -cos 3a sin 2a 



6) If A = 18°, prove that sin 2 A =cos 34 ; hence prove that 

Binl8 = ^. 



sin a + sin /3 + sin (a + /3) ,a , fl 
^ v ' '=cot 5 . cot^. 



sin a + sin /3 - sin (a + 0) 

8) sin 2 A . sin 22? = sin 2 (A + B)- sin 2 ( A - 2?). 

9) cos 4 A = 8 cos 4 4-8 cos 2 4 + 1. 

10) tan 50° + cot 50° = 2 sec 10°. 

11) sin 34 =4 sin A. sin (60° + -4) sin (60° -A). 



/ J. 4\ 2 

(cot — -tan — J (cot A -2 cot 24) =4 cot 4. 



cos 3a - sin j3. sin 5a - cos 7a . 



sin 3a + sin/S . cos 5a - sin 7a 



is independent of £. 



* x ~~ v 
(cos x + cos yf + (sin x + sin y) 2 = 4 cos 2 — - . 

2 cos 2 A . cos 2 5 + 2 sin 2 A . sin 2 5= 1 + cos 24 . cos 22?. 

cot --tan- — 2. 
o o 



tan 40= 



4tan0 (1 -tan 2 0) 
l-6tan 2 + tan*0* 



(18 

(19 

. (20 

(21 

(22 
(23 

(24 

(25 
(26 
(27 



MISCELLANEOUS EXAMPLES. XLII. 1^1 

2coSg=V2+V2. 

2 cos 11° 15'=v 2 + V2 + J2. 

sin ,4 . sin 2,4 + sin A . sin 4J. 4- sin 2^1 . sin 7,4 _ , , 

sin .4 . cos 2 A 4- sin 2A . cos 5 J. 4- sin A . cos8 J. ~~ 

sin S 4- sin {6 4- 0) 4- sin (fl + 2(fr) . . 

cos 6 + cos (0 4- 4>) + cos (0 + 20) ~ ^ + *'' 

2 cos 8 .4-2 sin 8 A = cos 2.4 (1 + cos* 2.4). 

(3 sin A - 4 sin 3 A) 2 + (4 cos 3 A-% cos A) 2 = 1. 

sin 2a . cos a , a 

=tan - . 



(1 4- cos 2a) (1 4- cos a) 2 

_ cot (n - 2) a . cot na + 1 

2 — jS £r 7 =cot a - tan a. 

cot (ra - 2) a - cot /ia 

If tan a = } and tan @=&, prove tan (2a 4- £) = J. 

Prove that tan — and cot - are the roots of the equation 
a?-2x. cosec .4 4-1=0. 

/oo\ ti»x t> & j.u 4. /a + b /a-b 2 cos 2? 

(28) If tan 2?=-, prove that. / 7 + A / — r = , -. 

x ' a 9 * \J a-b \t a + b Vcos2.fi 



168. The following examples are symmetrical, and each 
involve more than two angles : 

Example 1. Prove that 
sin(a4-j34-y)=sina. cos )3.cosy4- sin £. cosy, cosa 

4- sin y . cos a . cos )3 - sin a . sin ft . sin y. 
sin (a 4-/3 4- y)=sin (a 4- j3) . cos y 4- cos (a 4- j3) sin y 

=sin a . cos £ . cos y 4- cos a • sin )3 • cos y 

4- cos a . cos p . sin y - sin a . sin )3 . sin y 
*sin a . cos j3 . cos y 4- sin /3 . cos y . cos a 

4-siny . cosa. cos/3-sina.sin/3.siny. 
** • Q.E.D. 
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Example 2. Prove that 

sin a + sin /3 + sin y - sin (a + j3 + y) 

. . 8 + y . y + a . a + B 
=4. sin- — -.sin-^r — .sin — ~ • 
2 2 2 

xt • • / . a . \ o 2a+/3 + y . )3+y 
Now sina-sin(a+)3+y) = -2cos. £ — ^.sin^-^. 

And sinj3+siny=2sin5-^.cos'- 5 ^, [Art. 158] 

.\ sina + sin/3 + siny-sin(a + )3+y) 

a . )3+y /3-y ft 2a + j3 + y . )3 + y 
=2 sin z^i . co S ?r_£. - 2 cos £ — t , smd—? 

. . )3 + yf /3-y 2a + /3+yl 

=2sm^|cos^-oos — ^— TJ 

= 2sin^.2sin^.sin a -t^ [Art 158] 

. . j3 + y . y + a . a + /3 
=4 sm ^-g-f . sin , - 5 — . sin — - . Q.E.D. 

/t * A 

EXAMPLES. XTiTTT. 

Prove the following statements : 

(1) cos(a+j3+y)=cosa.cosj3. cosy-cosa. sin/3, sin y 

- cos j3 . sin y . sin a - cos y . sin a . sin /3 . 

(2) sin(a+/3-y)=sma. cos/3. cosy + sin/S. cosy. cosa 

- sin y . cos a . cos )3 + sin a sin /3 sin y. 

(3) (»s(a-/3 + y)=cosa. cos/3, cosy + cosa. sin/3. sin y 

- cos/} . sin a . siny +oos y . sin /3 . sin a. 

(4) sina + sin/3-siny-sin(a+/3-y) 

. . a-y . /3-y . n + /3 
=4 sin —^- . sin —5-* . sin —^- . 

(5) sin(a-/3-y)-sina + sin/3 + siny 

. . a-/3 . a-y . /3+y 
= 4 sin -3^. sin -^ . sin ^-—^ . 

(6) sin2a+sin2/3+sin2y-sin2(a+/3+y) 

— 4sin(/3+y).sin(y + a).sin(a+/3). 



EXAMPLES. XLIII. 1^3 

(7) sin(/3-y)+sin(y-a) + sin(a-|3) 

+4sin VM f/ .sm ■ ' 7 . sin v Q =0. 

(8) sin(/3+y-a)+sin(y + a-|3) + sin(a+j3-y) 

-sin (a+# + y)=4sina.sin/3.siny. 

(9) sin(a+j9 + y) + sin(/3 + y-a) + sin(y + a-j9) 

- sin (a + fi - y) =4 cos a . cos £ . sin y. 

(10) cos ar+ cosy + cos s + cos (#+y+s) 

=4003^-^- .cos — r-.cos— =-^ • 
2 2 2 

(11) cos2# + cos2y + cos2s + cos2(#+y+;&) 

=4 cos (y + s) . cos (z+x) . cos (# +y). 

(12) cos(y+s-a?)+cos(js+#-y)-Fcos(;r+y-;s) 

+ cos (x +y + s)=4 cos # . cosy . cos z. 

(13) cos 2 #+<50s 2 y+cos 2 JS + cos 2 (#+y+*) 

=2 {1 + cos (y +s) . cos (z+x) . cos (#+y)}. 

(14) sin 2 a?+sin 2 y+sin 2 «+sin 2 (ar+y+«) 

=2 {l - cos (y + s) . cos (2+0?) . cos (x+y)}. 

(15) cos 2 a? + cos 2 y + cos 2 z + cos 2 (x + y - j?) 

=2 {1 + cos (x - z) . cos (y - s) . cos (x +y)). 

(16) coso.sin()3-y)+cos/3.sin(y-a) + cosy.sin(a-j3)=0. 

(17) sina.sin(/3-y) + sin/9.sin (y-a)+siny.sin(a-/3)=0. 

(18) cos(a+j3).cos(a-i3) + sin(/3 + y)sin03-y) 

- cos (a + y) . cos (a - y) =0. 

(19) cos(d-a).sin(/3-y) + c<w(a-£).sin(y-a) 

- cos (8 - y) . sin (/3 - a)=0. 

/«/>\ o 3+<b + x <t>+x-0 x + 6-<t> 0+4>-x 

(20) 8cos —- i.cos^— £ — .cos * y .cos — £— * 

■cos 20 + cos 2</>+cos 2^ + 4 cos $ . cos <f> . cosx + 1. 



(1*4) 



CHAPTER XIIL* 
On Angles Unlimited in Magnitude. II. 



169. The words of the proofs (on pages 118, 119) of 
the 'A, B 1 formulae apply to angles of any magnitude. 
The figures will be different for angles of different mag- 
nitude. 

170. The figure for the ( A-B* formulae on page 119 
is the same for all cases in which A and B are each less 
than 90°. 

The figure given below is for the proof of the ( A + B' 
formulae, when, A and B being each less than 90°, their sum 
is greater than 90°. 




The words of the proof are precisely those of page 118. 
We may notice however that 

OMY -MO~\ -MK+OK OK MK 

"OP OP y 



/A m OMV -MOl 
and the rest follows as on page 118. 



Should be omitted on a first reading. 
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171. Thus we have proved that the C A, 2?' formulae 
are true provided A and B each lie between 0° and 90°. 

The student can prove them for any other values by 
drawing the proper figure. 

The 'A, B' formulae are therefore true for any values 
whatever of the angles A and B. 

172. By the aid of the *A, B' formulae we can prove 
the formulae of Art. 140. 

Example. Prove that sin (90° + A) — cos A. 

sin(90°+^l)=sin 90° cos ^4 + cos 90° sin A, 
=lx cos A +0 x sin A, 
=cos A. Q. E. D. 

EXAMPLES. XUV. 

Draw the figures for the first four of the following examples. 

(1) For the (A + B) formulae, when A is greater than 90° 
and (A + B) less than 180°. 

(2) For the (A-B) formulae, when A and B each lie 
between 90° and 180°. 

(3) For the (A+B) formulae, when A lies between 90° and 
180°, and (A + B) lies between 180° and 270°. 

(4) For the (A - B) formulae, when A lies between 180° and 
270°, and (A - B) lies between 180° and A. 

Deduce the six following formulae from the 'A, B' formulae. 

(5) cos (90°+^)= -sin A (6) sin (90°-^) = cos A. 

(7) cos(90°-^)=sin^. (8) sin(180°-^)=sin^. 

(9) cos (180° -A)=- cos A. (10) sin (180°+^)= -sin A. 

(11) Assuming that the formula sin (A + B) = sin A . cos B 
+ cos A . sin B is true for all values of A and B, deduce the rest 
of the l A, B 1 formulae by the aid of the results on p. 107. 

L. 10 
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173. We may also conversely prove that the t A J B J 
formulae are true for angles of any magnitude by the aid of 
the result of page 107. (This is a very convenient method 
of proving the *A 9 B ' formula? to be true for all values of 
the angles.) 

For, assuming that the ' A, B' formulae are true for 
certain values of 'the angles A and B, we can show that 
they are true if either of the angles A or B be increased by 
90*. 

Example. 

»in(Mf>+A+B)=cofi(A+B) [p. 107.] 

=cos A . cos B - sin A . sin B, 
-sin (90°+4) . cos B - { - cos (90°+^)} sin B, 
«*sin (90°+-4) . cos 2?+cos (90°+-4) . sin B. 

Or, writing A' for 90° +A, we have 

sin (A' + B) = sin A' . cos B + cos A' . sin B. 

We have proved (Art 170) that the 'A, B' formulas are 
true for all values of A and B between 0° and 90°. And 
therefore, by what we have said above, they are true for 
all values of A or B between 0° and 180°. And so on. 

Therefore the 'A, B' formulas are true for any values 
whatever of ♦ the angles A and B. 

174. It follows that all formulae deduced from the 
' A 9 B' formula are true for angles of any magnitude what- 
ever. 

Thus the c S, T 1 formulae (page 126) are true for angles 
of any magnitude. Also the formulae of the last Chapter 
for multiple angles, and all general formulae in the Ex- 
amples, are true for angles of any magnitude. 



EXAMPLES. ' U7 



EXAMPLES. XLV. 

(1) Deduce the values of sin 180° and cos 180° from those of 
the sine and cosine of 90°. 

(2) The angle A is greater than 180° and less than 270° and 
tan A=\ : find sin 2A and sin 3.4. 

(3) The angle lies in the fourth quadrant and cos0=£, 
find sin 26 and sin 36. Find also cos 36, and hence determine in 
which quadrant 36 lies. 

(4) Prove that the different values of 6 which satisfy the 
equation coap6+ coaq6=0, form two series in A. P. with com- 
mon differences — - and respectively. 

p+q p~q r * 



On Submultiple Angles. 

175. We have now proved all the formulae of the last 
two Chapters to be universally true. 

We may expect therefore that any result, which can be 
obtained from these formulae by algebraical transformation, 
will have a complete geometrical interpretation. [See p. 1 1 6.] 

176. Since, cos .4 = 1 - 2 sin*4, [Art. 166.] 



and, 



we have, 



and, 



cos 


A 


= 2 


cos 9 2 -i; 


* 9 

sm a 


2 


1 


— cos A 

2 » 


cos 9 


A 
2 


1 


2 ' 



10—2 
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Or, 



. A 

sin 2 



-^ 



— cos J. 



A 
cos ^ = 



^ 



cos J. 



Thus, given the value of cos A (nothing else being known 

about the angle A), we get two values for sin -^ , one posi- 

A 
tive and one negative, and two like values for cos -^ . 

177. To prove geometrically that, given the value of 

cos A (nothing else being known about the angle A), there 

A A 

are two values each of sin ^ and of cos -^ . 



6 



.-"""° 



.--- 



p> 




Let a be the least positive angle which has the given 

cosine, and let B01\ and PfiR in the figure each = a. 
Then A is one of the angles described by the revolving 
line OP when, starting from OR, OP stops either in the 
position 0P l or in the position OP a \ i. e. any one of the angles 

2ft7T±a. [Art 147.] 



ON SUBMULTIPLE ANGLES. 149 

Taking the halves of these angles in succession, we 
have the four dotted lines 0P„ 0P 4 , 0P t , 0P t in the 
figure, as the lines indicating the various values of the 

A OL 

angle -=- ; i. e. any one of the angles WT ± ^ . 

And it will be seen that 

sin BOP a = sin P0P 4 = - sin fiOP 5 = - sin BOP 6 . 

Also, cos ROP z = - cos ROP z = - cos BOP, = cos EOP e . 

A 
From these it is clear that there are two values of sin -= , 

Jt 

equal in magnitude and opposite in sign. Also, that there 

A 
are two like values for cos -^ . 

EXAMPLES. XLVL 

(1) When A lies between - 180° and 180°, prove that 



A . /1+cosJ. 



(2) When A lies between 180° and 540°, prove that 

2 = ~V " 



+cos^l 
cos 



(3) Find sin — in terms of cos A 9 when A lies between 180° 
and 360°. 



(4) Prove that when A lies between (4»+ 1) «■ and (4n+3) w, 
n being a positive integer, cos - = - */ - 



+cos^4 
2~~ 



A 
(5) Find sin — in terms of cos A, when A lies between Ann 

and (4»+2) ir, where n is a positive integer. 
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. A A 
178. Since, . 2 sin -^ . cos -= = sin A, 



[Art. 166.] 



and, 



sin*-^ + cos*-s-=l, 



we obtain by addition and subtraction 

Bin" ^ + cos" ^ + 2 sin y • cos y = 1 + sin J, 



A 



. A 



A 



A ^ 

9 y + cos 9 ^ - 2 sin y . cos ^ = 1 - sin-4. 

Therefore f sin ^ + cos ^ j = 1 + sin A, 



and 



Whence, 



/ . A A\ 9 . . J 

( sin ^ - cos ^ J = 1 - sin -4. 

. A A I, ; j 

sin -_ + cos -^ =± vl+sinui 
sin -£ - cos -^ = * */l — sin A 

M - 

Adding we get, 2 sin -= =*Vl+sin4*fc\/l-sin^t 
Subtracting we get, 2 cos -cr=±*Jl+8mA>* >/l— sin J 



.(H). 



(Si), 
(iv). 



Thus if we are given the value of sin A, (nothing else 

being known about the angle -4), we have four values for 

A A 

sin -5- and four values for cos -~ . 

179. To prove Geometrically that, given the value of 

tin A (nothing else being known about the angle A), there 

A A 

are four values for sin -^ , and four values for cos -~ . 

Let a be the least positive angle which has the given 
jrine, and let EOP v PfiL in the figure each = a. 
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U ;R> 




Then A is one of the angles described by the revolving 
line OP, -when, starting from OR, OP stops either in the posi- 
tion OP x or in the position 0P a ; i.e. any one of the angles 

tt7T + (-l)"a. [Art. 145.] 

Taking the halves of these angles in succession, we have 

the four dotted lines 0P„ 0P V 0P 5 , 0P 6 in the figure, as 

A 
the lines indicating the various values of the angle jr ; 



i.e. any one of the angles 



a 



¥♦<-*!• 



In the figure, ROP a = P 4 0U= LOP 6 = P 6 OD. 



MM ^^ 

And sin-jr may have any one of the values sin R 0P Z , 

sin R0P 4 , sin R01\, sin R0P 9 . These values are all dif- 
ferent, and are those given by the solution (iii). 

A 
Hence, there are four values for sin — , of the nature 

A 

indicated by the solution (iii) ; also four values for cos -= (iv). 
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180. If we know the magnitude of A, we can decide 



which sign to take in the formulae 



A A t—r— 
sin — + cos-^ = ± sl\ + sin-4 (i), 



(ii). 



and 



sin jr— cos^- = ± vl — sin-4 

A A 

Example. When -= lies between -45° and +45°, 

A A 

cos -£• is greater than sin — and is positive, 

A /t 

So that f sin — +cos ^ J is positive, and = + Vl + sin A, 

( sin - - cos g J is negative, and = - Vl - sin A. 
When - lies between +45° and +135°, 

A 

sin - is greater than cos - , and is positive. 

A A 

So that I sin - + cos ^ J and (sin - - cos ^ ) are both positi 

And so on. 

The following diagram completes the above results. 



ive. 






(ijls 






i , 



- y A 



/ \PAH 

\ (iijis-l 



r x 
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181. Since tan A = 



A 

2 tan h- 



A 9 



1-tan 8 - 



2 tan 



tan 8 ^ + 



2 tan .4 



-1=0, 



whence 



A -lWl+tanM 
2 tan J. 



£M 

Thus, given tan A we find two unequal values for tan - , 

*& 

one positive and one negative. 

182. The student will be able by the aid of the fol- 
lowing figure to verify this result geometrically. 







183. We may remark that in this figure P B OP 6 and 

PfiP 9 are straight lines at right angles to each other. So 

that tan PfiR = - cot PfiR ; or, tan PfiR . tan PfiR = - 1. 

A 
Hence, one value of tan -^ is the reciprocal of the other, 

and of opposite sign. So that there is always one positive 

A 
value of tan -^ , and one negative ; one numerically greater 

than unity and the other numerically less than unity. 
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Example. If A= 190°, prove that 

, A -l-Vl+tanM 

tan — = 1 - A . 

2 tan J. 

Now tan A =tan 190°, which is positive ; tan -=tan 95°, which 

is negative. Also tan — = r — -^ ; the negative value of 

, . , . -l-\/l+tan a 4 

which is t 1 . 

tan J. 

EXAMPLES. XLVII. 

(1) State the signs of (sin— +cos — J and (sin — -cos „-) 

when — has the following values : 

(i) 22°, (ii) 191°, (iii) 290°, (iv) 345°, 

(v) -22°, (vi) -275°, (vii) -470°, (viii) 1000°. 

A 

(2) Prove that the formulae which give the values of sin — and 

2 

A . 
of cos g- in terms of sin A, are unaltered when A has the values 

(i) 92°, 268°, 900°, 4n*r + fcr, or (4n+2)ir-5»r. 

(ii) 88°, -88°, 770°, -770°, or 4mr±|. 

(3) Find the values of (i) sin 9°, (ii) cos 9°, (iii) sin 81°, 
(iv) cos 189°, (v) tan 202£°, (vi) tan 97£°. 

(4) If A = 200°, prove that 

(i) 2 sin - — +\/l+sin-4+V f l-sinil. 

,.. x .. A -(lWl-KanM) 

W ^2- tan^ * 

(5) If A lie between 270° and 360°, prove that 

A . 

(i) 2 sin-g =vl-sin-4-vl+sin-4. 

(ii) tan q = -cotil+cosec-4. 

(6) If A lie between 450° and 630° prove that 

2 sin g — -VT+sm~3T-Vl-sin-4. 
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(7) Find the limits between which — must lie when 

2 
2 sin -^ =Wl + sin A - Vl - sin A, 

(8) Given that A lies between 450° and 630°, prove that 

2 cos g = - Vl+sin^l+Vl-sin^. 

(9) If A lie between n x 360° - 90° and n x 360° + 90° where n 
is a positive integer, prove that 

. A -l+Vl+tanM 

*■*¥ ssra — ; 

and that when A lies between n x 360° +90° and n x 360° +270°, 

.. . A -1-Vl+tanM 

then tan •= = z -. . 

2 tan J. 

(10) Prove geometrically that if we are given the value of 
sin A y there are three different values for sin — , and six different 

values for cos -= . 

3 

(11) Prove geometrically that, if we are given the value of 

cos A, there are three different values for cos -r , and six different 

3 

values for sin - . 

3 

(12) Prove that if we are given the value of tan A there are 

three different values for tan - . 

o 

(13) Given the value of tan A, prove that there are four 

A A 

values each for sin — and cos ^ . 

(14) Given the value of sin -4, prove that there are two 
values for tan -r . 
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184. It is important if possible, in solving Trigono- 
metrical equations, to avoid squaring both sides of the 
equation. 

Example. Solve cos 6=*k sin 0. 

If we square both sides of the equation we get 

cos 2 e=k 2 sin 2 0=JF (1 - cos 2 $). 

k 2 k 

,\ cos 2 0=- — 7g, or cos0=± 



1+* 2 ' */l+*» 

k 

Now if a be the least angle such that cos0= . , 

VI +&* 

then the above gives \iaO=mr±a (i). 

But the equation may be written cot 6=k, 

whence 0=«*r + a (ii). 

(ii) is the complete solution of the proposed equation, while 
(i) is in fact the solution of both cos0=£sin0 and also of 
cos 6— - h sin 6. So that by squaring both sides of the equation 
we obtain solutions which do not belong to the §iven equation. 

185. We can often avoid squaring by the use of a 
Subsidiary Angle. 

Example. Solve a cos B + b sin 6 = 1. 

That is afcos0+~sin0 )=1. 

Find in the tables the angle whose tangent is - ; let it be ou 

Then -=tan a; and the equation becomes 
a 

a (cos 6 + tan a . sin 6) = 1 , 

(cos0.cosa+sin0.sina\ , 
cos a / 

,- N cos a 
or cos(0-a)= . 

x ' a 
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Find from the Tables the value of cos a. Next find from 

the Tables the magnitude of the angle /3 whose cosine = cos a 

a 

and we get cos (0 - a) =cos p ; 

.'. 0-a=2w7r±£, 
or 0=a+2njr±p. 

186. Dep. When an angle a is introduced to facilitate 
calculation it is called a Subsidiary Angle. 

EXAMPLES. XLVm. 

Solve the following equations. 

(1) 2sin0+2cos0=V2. (2) sin 0+^3 . cos 0=1. 

(3) V 2sm 0+«/2cos0=V3. (4) sin 6- cos 6=1. 

(5) sin0+cos0=l. (6) ^3 am 6- cos 0^^2=0. 

(7) 2sin# + 5costf=2. [2*5= tan 68° 12'] 

(8) 3 cos x - 8 sin x = 3. [26 = tan 69° 26' 30"] 

(9) 4 sin x- 15 cos x = 4. [3*75 = tan 75° 4'] 

(10) cos (a + x) = sin (a + x) + \^2 cos £. 

On the Inverse Notation. 

187. The equation sin = a means that is an angle 
whose sine is a. 

= 8in -1 a is a convenient way of writing the same 
equation. 

Thus sin" 1 d (is an angle, and) is an abbreviation for 
an angle whose sine is a. 

Example 1. Show that 30° is one value of sin" 1 k. 
We know that sin 30°= \. Therefore 30° is an angle whose 
sine is £, or, 30°= sin" 1 J. 
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Example 2. Prove that 45° is one valve of tan" 1 J+tan* 1 J. 

tan" 1 £ is one of the angles whose tangent is £. 

Let a=tan~ 1 J, so that, tana=£. 

Let0=tan~J, so that, tan/9=J. 

We have to prove that 45° is one value of a +/3. 

+««/ _l_a\ tana+tan£ Hi i 

tan (a+0) = 1 — t ^^ t ^^ = x — ^==1. 

But tan 45° =1. 

Therefore 45° is one value of a+ft i. e. of tan" 1 J + tan" 1 J. 

EXAMPLES. XTiTX. 

Prove that the following statements are true when we take 
for sin" 1 a, etc. their least positive value. 

I) sin -1 ^ =cos~ 1 $=tan~ 1 f. 

[2) sin- 1 i=cos- 1 -^=oot- 1 V3. 

. a 

3) sin -1 a = cos -1 vl-a 2 = tan -1 # — 2 • 

4) If o=sin _1 f and j3=cos _1 f, then o+/3= 5 . 

5) If ^sin" 1 a and ^cos" 1 a, then 4 +£=90°. 

6) tan-^ + tan- 1 ^^^. (7) tan- 1 ^ r + 2tan"4=tan- 1 h 

8) tail -1 »h+ tan -1 wi«= tan -1 t-* 2 . 

9) sin (2 sin" 1 a) = 2 a Vl-a*. 

10) 2 cos- 1 a=cos _1 (2a 2 - 1). 

II) cos- 1 i+2sin- 1 i=120°. (12)2sin-4-sin- 1 5t=2cos- 1 |i. 

13) 2 tan- 1 (cos 2a)-tan- 1 ( Cot2a ^ tMI>a ) . 

14) tan-^+tan-^+tan- ^'^^g ^f. 

15) 4tan-4-tan-» 1 if-J« 
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(16) sin-^+sin-^+sin-ie^- 

(17) tan" 1 ^5 (2 - \/3) - cot" 1 \^5 (2 + V3) -cot- 1 V5. 

(18) If sin -1 m + sin -1 ?*= - , 

it 

prove that m*J\-n 2 +niJl-m 2 —\. 

188. The student must notice carefully that such a 
statement as wn" 1 J = co« _l ~- is not an identity. 

It 

For sin" 1 J is one of the values of n-n + (— 1)" 30°, 

/3 ^ 
and cos" 1 - Q - is one of the values of 2mr ± 30°. 

Thus 150° = sin" 1 ^ but 150° is not =cos" 1 ^- . 

it 

MISCELLANEOUS EXAMPLES. L. 

1 12 

( 1 ) Prove that tan -1 = V tan~ * -; h tan -1 -* = htt. 

w l + a I -a ar 

/» i i 

(2) Prove that tan -1 1- tan -1 = Tin- + . . 

(3) Prove that 

sin -1 x - sin -1 y = cos -1 {xy ± «/l - .r 2 - y 2 + ^% 2 }. 

(4) Iftan-^i+tan" 1 — i = £, show that **=$. 
v ' #+2 a; -2 4' •* 

(5) Prove that tan -1 a + cot -1 a = (2n + 1 ) ~ . 

it 

(6) If tan^o+tan-^+tan-^-ir, 
prove that . a + /3 + y =a/3y. 

1 1 7T 

(7) Solve the equation tan -1 - - - tan" 1 - ■_ » ^ • 
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(8) Solve the equation 

tan- 1 (x+ 1) - tan" 1 (x - l^cot- 1 (x 2 - 1). 

(9) Solve the equation sin -1 « +tan _1 ^- « = g • 

(10) Prove that 

, ,a-Va 2 -4 . _, 1 ,, ,a+\/a 2 -4 . ir 

tan -1 -_-.^_^- +tan~ 1 -j^-= +tan x -=- 7 _^=-=7Ur+ 5 . 

Wa + 1 Va+1 Va + 1 2 

(11) If a be positive and less than unity, and if a be the 
least value of sin -1 a, then 

sin- 1 a + cos~ 1 a=7ijr+(-l) n a=fcf^-aJ . 

(12) Prove that tan A and sin 2 A have always the same 
sign. , 

Solve the six following equations. 

(13) cos A + cos 3A + cos 5 A = 0. 

(14) sin 50+sin 30+sin0=3 - 4 sin 2 0. 

(15) 2 sin 2 34 + sin 2 6 A - 2. 

(16) a(cos2tf-l) + 2&(cos#+l)=0. 

(17) sin (m + n) 6 + sin 2m 8 + sin (m - n) 0= 0. 



(18) sin { trJF ( a7+ y)} + sin {^(^+y)}=0> 1 
* ' sin ^^4- sin ny 2 =0. J 



- (19) Trace the changes in the sign and magnitude of the 
following expressions, as 8 changes from to ir. 

(i) 2 sin 8. cos 8. (ii) cos 2 S- sin 2 8. 

(iii) sin 30. (iv) cot 2 A. 

(v) sin(0+a). (vi) cos (28 -a). 

(20) Explain why the equations 

8=n7r + (-l) n a and |-0=2n7r±f|- a J 

have exactly the same series of solutions. 

(21) Explain why exactly the same series of angles are given 

by the two equations 0+-r=n7r+ ( - l) w a , and 8 - -r = 2n*r± -x . 
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CHAPTER XIV. 
On Logarithms. 

189. In Algebra it is explained 

(i) that the multiplication of different powers of 
• the same quantity is effected by adding 
the indices of those powers; 

(ii) that division is effected by subtracting the 

indices ; 
(iii) that involution and evolution are respectively 

effected by the multiplication and division of 

the indices. 

Example 1 . If m = a\ n = a*, 

then mxn=a h xa*=*a h+k (i), 

m-rn=a*ra l =a 1 -* ; (ii), 

,»3= (a*) 3 =<***, J 

4/ _ I i *[ (*")• 

v?;i=m =(a*)* = a* ) 

Example 2. If 347 = 10»-wwm* and 461 = 10 2 * 637009 , prove that 
347 x 461 = 106^0304. 
We have 347 x 461 = 10 2M032M x 10* -863 ™* 

_ 1Q2 6403296+ 2 W37000 

= 10 6*>M304 # Q . E . Dt 

# The number 347 lies between 100 and 1000 9 i. e; between 10 s 
and 10 s . Hence, if there is a power of 10 which is equal to 347, its 
index must be greater than 2 and less than 3, i.e. equal to 2+a 
fraction. 

U 11 



162 TRIGONOMETRY. 

EXAMPLES. LI. 

(1), If m=a h , n=a*, express in terms of a, h and h y 
(i) w*xw s . (ii) m*+nK (iii) Urn" x w 6 . (iv) {v m 5 x w 3 } 2 . 

(2) If 453=10 2 '« 660wa and 650 ^O* 8129134 , find the indices of 
the powers of 10 which are equal to 

(i) 453x650. (ii) (453)*. (iii) 650 3 x453 2 . (iv) #453. 

(v) ^453x^650. (vi) #453 x (650) 3 . (vii) «/4d3 x 650. 

(3) Express in powers of 2 the numbers, 8, 32, £, ^, '125, 128. 

(4) Express in powers of 3 the numbers, 9, 81, J, -fc, *1, ^j. 

190. Suppose that some convenient number (such as 10) 
having been chosen, we are given a list of the indices of 
the powers of that number, which are equivalent to every 
whole number from 1 up to 100000. 

Such a list could be used to shorten Arithmetical cal- 
culations. 

Example 1. Multiply 3759 by 4^81 and divide the result by 
2690. 

Looking in our list we should find 3759= lO 3673 ** 23 , 4781 

^1036795187^ 2690= 10 3 * 297623 . 

Therefore 3759 x 4781 -r 2690= 10 3 ' 5760723 x lOSWKW-^ loruwso 

~103-6750723+3-67©6187-3-<297623__ 1()3"8248387 # 

The list will give us that 10 3 a*** 7 =6680*9. 

Therefore the answer correct to five significant figures is 6680*9. 

Example 2. Simplify 3« x 2 10 -5- VT7601. 

The list gives 2 = 10' 3010300 , 3 = 10' 4771213 and 17601 -lO*^ 3 . 
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Thus 3 fl x 2 10 -f^l760i=(10^ 1213 ) 6 x (io»w»w)W-5-(10 4,24W378 )i 

— J 02*8627278 x 1 03^0103000 _s_ \ 01*4161791 
__ 10 2 '8627278+3 , 0103000-1 , 4151791 
__ 10***678487 # 

And from our list we find lO 4 ' 4678487 ^ 28697, nearly. 

EXAMPLES. LH. 

Given that 2 = 10' 3010300 , 3 = 10' 4771213 and 7 !=s l0* 4 w» 8 <>, find tne 
indices of the powers of 10 equivalent to the quantities in the 
first 6 examples. 

' (1) 2 2 , 3 2 , 2 3 , 2x3, 2*, 7 2 . (2) 14, 16, 18, 24, 27, 42. 

(3) 10, 5, 15, 25, 30, 35. (4) 36, 40, 48, 50, 200, 1000. 

/(5) 3 10 x7 10 ^2» 2 12 x3 20 -r7 n . 

(6) S/21 x <Vl8, #'49 x 4 5 x ^3 T x~2W. 

(7) Find approximately the numerical value of ^42 having 
given that 10 1623248 = 1*4532 nearly. 

(8) Find approximately the numerical value of V(42) 4 x ^(42) 3 
having given that 10 3 ' 38177 =2408-6. 

(9) Find the side of a square field which contains 73401 
square yards; having given that 73401 = 10 4 ' 8867020 and that 

10 2-4328510 = 270-926. 

(10) Find the side of a square plot of ground which contains 
54331 square feet; having given that 54331 ^lO 4 " 7360477 and that 

1 ()2-367o238 = 233*09. 

(11) Find the area of a square field whose side is 640*12 feet ; 
having given that 640*12= lO 2 * 062 ** 4 and that lO 6 * 12 * 228 =40975*3. 

(12) Find the edge of a solid cube which contains 42601 cubic 
inches; having given 42601 = 10 4 " e » 4198 and 10 1M31399 = 34*925. 

(13) Find the edge of a solid cube which contains 34*701 cubic 
inches; having given that 34*701 -10 16403420 , and 10' 6134473 = 3*2617. 

(14) Find the volume of the cube the length of one of whose 
edges is 47*931 yards; having given that 47*931 = lO 1 " 6806166 and 
that 10 6 ' 0418,w = 1101 15. 

11—2 
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191. The powers of any other number than 10 might 
be used in the manner explained above, but 10 is the most 
convenient number, as will presently appear. 

192. This method, in which- the indices of the powers of 
a certain fixed number (such as 10) are made use of, is 
called the Method of Logarithms. 

Indices thus used are called logarithms. 

The fixed number whose powers are used is called the 
base. Hence we have the following definition : 

DEF. The logarithm of a number to a given base, is 
the index of that power of the base, which is equal to the 
given number. 

Thus, if I be the logarithm of the number n to the base a, 
then a 1 =n. 

1 93. The notation used is log. n »Z 

Here, log. n is an abbreviation for the words * the loga- 
rithm of the number n to the base a. 9 And this means, as 
wo have explained above, * the index of that power of a 
which is equal to the number nJ 

Example 1. What is the logarithm of a* to the base a ? 
That is, what is the index of the power of a which is a* ? 
The index is f ; therefore $ is the required logarithm, 
or log.a*=f. 

Example 2. What is the logarithm of 32 to the base 2 ? 

That is, what is the index of the power of 2 which is equal 
to 32? 

Now 32=2*. •*. the required index is 5 ; or log a 32— 6. 
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Example 3, Given that log 10 2 ='3010300, find log 10 8 and 
log 10 2000. 

That log 10 2 = -3010300, means that lO" 391030 *^, 

and 8 = 2 3 = (lO" 3010300 ) 3 = 10™ 30900 , 

,\ 8 = lO" 9039900 , or log 10 8 = -9030900. 

Again 2000=2 x los^io'soiosoo x 10 s 

= ^Q-3010300+3 _ JQ3-3010300 . 

.-. log 10 2000=3-3010300. 

EXAMPLES. Lm. 

(1) Find the logarithms to the base a of 

a 3 , a% s/a y ZIa\ —g . 

a* 

(2) Find the logarithms to the base 2 of 

8, 64, £, -125, -015625, #64. 

(3) Find the logarithms to the base 3 of 

9» 81, J, ^r, -I, B \. 

(4) Find the logarithms to base 4 of 

8, #16, #-5, V -015625. 

(5) Find the value of 

log 2 8, log 2 -5, log 3 243, log a (-04), log 10 1000, log 10 -001. 

(6) Find the value of 

log a a$, log* i/F*, log 8 2, logtf 3, log 100 10. 
If 2-10 3919300 , 3=10 4771213 and 7 = lO" 8459980 , find the values of 

(7) log 10 6,log 10 42, log l0 16. 

(8) log l0 49, log 10 36, log 10 63, log 10 27. 

(9) log 10 200, log 10 600, log 10 70. 

(10) log l0 5, log 10 3-3, log 10 50. 

(11) log 10 35, log l0 150, log 10 % log 10 -04. 
• (12), log w 3-5,log 10 7-29,log 10 O8L 
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Common Logarithms. 

194. That System of Logarithms whose base is 10, is 
called the Common System of Logarithms* 

In speaking of logarithms hereafter, common logarithms 
are referred to unless the contrary is expressly stated. 

1 95. We shall assume that a power of ten can be found 
which is practically equivalent to any number. 

196. The indices of these powers of 10, i.e. the Com- 
mon Logarithms, are in general incommensurable numbers. 

Their value for every whole number, from 1 to 100000, 
has been calculated to 7 significant figures. Thus any cal- 
culation made with the aid of logarithms is as exact as the 
most carefully observed measurement (cf. Arts. 17, 216). 

197. Now, the greater the index of any power of 10, 
the greater will be the numerical value of that power; and 
the less the index, the less will be the numerical value of 
the power. 

Hence, if one number be less than another, the loga- 
rithm of the first will be less than the logarithm of the 
second. 

But the student should notice that logarithms (or indices) 
are not proportional to the corresponding numbers. 

Example. 1000 is less than 10000 ; and the logarithm to base 
10 of the first is 3 and of the second is 4. 

But 1000, 10000, 3, 4 are not in proportion. 
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198. We know from Algebra that 

1 -= 10°, 

10 = 10 l and that -1 = T V = 10~ ! 

100 = 10 9 -01= ^ =10"* 

1000 = 10" -001 = -rtfor = 10"* 

10000 = 10 4 -0001 = Tvfoj; = 10' 4 

and so on* 

Hence, the logarithm of 1 is 0. 

The (common) logarithm of any number greater than 1 is 
positive. 

The logarithm of any positive number less than 1 id 
negative. 

199. We observe also 

that the logarithm of any number between 1 and 
10 is a positive decimal fraction ; 

that the logarithm of any number between 10 
and 100, i.e. between 10 1 and 10*, is of the 
form 1 + a decimal fraction ; 

that the logarithm of any number between 1000 
and 10000, i.e. between 10" and 10 4 , is of the 
form 3 + a decimal fraction j 

and so on. 

200. We observe also 

that the logarithm of any number between 1 
and •!, i.e. between 10° and 10" 1 , can be 
written in the form — 1 + a decimal fraction ; 

that the logarithm of any number between *1 
and # 01, i.e. between 10" 1 and 10"*, can be 
written in the form — 2 + a decimal fraction; 

and so on. 
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Example 1. How many digits are contained in the integral 
part of the number whose logarithm is 3*67192 ? 

The number is 10 3 " 67192 and this is greater than 10 3 , i.e. greater 
than 1000, and it is less than 10 4 , i.e. less than 10000. Therefore 
the number lies between 1000 and'10000, and therefore the inte- 
gral part of it contains 4 figures. • 

Example 2. Given that 3=lO ,4Tr1213 , find the number of the 
digits in the integral part of 3 s0 . 

We have 3- 10*™**, 

# . # 320 == n 0*4771213X20 -_109M243flO # 

Therefore there are 10 digits in the integral part of 3 30 ; for it is 
greater than 10 9 and less than 10 10 . 

Example 3. Supposing that the decimal part of the logarithm 
is to be kept positive, find the integral part of the logarithm of 
•0001234. 

This number is greater than *0001 i.e. than 10" 4 and less than 
•001, i.e. than 10~ 3 . 

Therefore its logarithm lies between - 3 and - 4, and there- 
fore it is - 4 + a fraction ; the integral part is therefore - 4. 

EXAMPLES. LIV. 

Note. The decimal part of a logarithm is to be kept positive. 

(1) Write down the integral part of the common logarithms 
of 17601, 36M, 4-01, 723000, 29. 

(2) Write down the integral part of the common logarithms 
of *04, -0000612, -7963, -001201. (See Note above.) 

" (3) Write down 5 the integral part of the common logarithms 
of 7963, -1, 2-61, 79*6341, 1*0006, -00000079. 

(4) How many digits are there in the integral part of the 
numbers whose common logarithms are respectively 
3*461, '3020300, 5-4712301, 2*6710100? 
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(5) . Give the position of the first significant figure in the 
numbers whose logarithms are 

-2 + -4612310, -1 + -2793400, - 6 a + '1763241. 

(6) Give the position of the first significant figure in the 
numbers whose common logarithms are 4*2990713, '3040595, 

2-5860244, -3 + '1760913, - 1 + '3180633, -4980347. 

(7) Given that 2 = 10 3010300 , find the number of digits in the 
integral part of 8 10 , 2 12 , 16 20 , 2 100 . 

(8) Given that log 7= -8450980, find the number of digits in 
the integral part of 7 10 , 49«, 343^, (V) 20 , (4«9) 12 , (3-43) 10 . 

(9) Find the position of the first significant figure in 

#2, (*)">, (V)» (*02)S (-49)«. 

(10) Find the position of the. first significant figure in the 
numerical value of 

20 7 , ('02)7, (-007) 2 , (3'43)™, (-0343) 8 , (-0343)^. 

201. Prop. To prove that if two numbers expressed 
in the decimal notation have the same digits {so that tliey 
differ only in the position of tlie decimal point) t tJieir logo- 
rithms to tlie base 10 will differ only by an integer. 

The decimal point in a number is moved by multiplying 
or dividing the number by some integral power of 10. 

Let the logarithm to base 10 of the first number be I; 
bo that the first number is 10*. The second number is 
equal to the first number multiplied or divided by some 
integral power of 10 i.e. = 10 1 x 10", where n is some in- 
teger, positive or negative. 

Therefore the second number is 10 l+ "; 

and therefore its logarithm is Z + n, 

which is the logarithm, of the first number * an integer. 
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Example. 17692 and 17*692 are numbers whose logarithms 
to the base 10 differ by the whole number 3 : 
for 17692— 10"*™*, 

10 4-247776 

and i7.692=^j?=^3 -lo^mi*-.* 

and their logarithms are therefore 4*247776 and 1*247776 respec- 
tively. 

202. It is convenient to keep the decimal part of com- 
mon logarithms always positive, because then the decimal 
part of the logarithms of any numbers expressed by the 
same digits will be always the same. 

203. The decimal part of a logarithm is called the 
mantissa. 

204. The integral part is called the characteristic. 

205. The characteristic of a logarithm can be always 
obtained by the following rule, which is evident from 
page 167. 

RULE. The characteristic of the logarithm of a number 
greater than unity is one less than the number of integral 
figures in that number. 

The characteristic of a number less than unity is nega- 
tive, and (when the number is expressed as a decimal,) is 
one more than the number of cyphers between the decimal 
point and the first significant figure to the right of the deci- 
mal point. 

206. When the characteristic is negative, as for ex* 
ample in the logarithm —3+ '1760913, the logarithm is 

abbreviated thus, 3*1760913. 

Example 1. The characteristics of 36741, 36*741, •0036741, 
3*6741 and '36741 are respectively 4, 1, -3, 0, and - 1* 
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Example 2. Given that the mantissa of the logarithm of 
36741 is 5651510, we can at once write down the logarithm of 
any number whose digits are 36741. 

Thus log 3674100 =6-5651510, 

log36741 =4-5651510, 

log 367-41 =2*5651510, 

log -36741 =1-5651510, 

log -00036741 =4-5651510, 
and so on. 

207. In any set of tables of common logarithms the 
student will find the mantissa only corresponding to any set 
of digits. 

It would obviously be superfluous to give the clvarac- 
teristic. 

208. It is most important to remember to keep the 
mantifma always positive. 

Example. Find the fifth root of -00065061. 
Here log 10 -00065061 =48133207, 

.-. log l0 (•00065061)^=^(4-8133207) = J (-4+-8133207) 
= J ( - 5 + 1 -8133207) = - 1 + -3626641 = 1 -3626641, 
and 1-3626641 =log -23050, 

.-. the fifth root of -00065062 =-23050 nearly. 

EXAMPLES. LV. 

(1) Write down the logarithms of 776-43, 7*7643, -00077643 
and 776430. (The table gives opposite the numbers 77643, the 
figures 8901023.) 

(2) Given that log 10 59082=4*7714552, write down the 
logarithms of 5908200, 5*9082, -00059082, 590*82 and 5908*2. 
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(3) Find the fourth root of -0059082, having given that 

log 5-9082= -7714552; 4-4428638 =log 10 27724. 

(4) Find the product of -00059082 and -027724, having given 
that -21431 =log 16380 (cf. Question 3). 

(5) Find the 10th root of -077643 (cf. Question 1), having 
given that -8890102 = log 7*7448. 

(6) Find the product of (*27724) 2 and -077643. (See Ques- 
tions 1 and 3 ; 7758288= log 59680.) 

209. To transform a system of logarithms having a 
given base, to another system with a different base. 

If we are given a list of logarithms calculated to a given 
base, we can deduce from it a list of logarithms calculated 
to any other base. 

Let a be the given base ; let b be any other base. 

Let m be any number. Then the logarithm of m to the 
base a is in the given list. Let this logarithm be I, Then 

m = a l . 

We wish to find the logarithm of m to the base b. Let 
it be x. 

Then m = b*. But m = a 1 ; 

.-. a l = b x ; or, 6 = a*; 
or, - is the logarithm of b to the base a. 

Now the logarithm of b to the base a is given. For it is 
in the list of logarithms to the base a. 

Thus, - = log a 6; or, « = 



or, log b m = 



a v * a ' ' log a 6' 
log a m 



log fl 6 * 
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Hence, to calculate the logarithms of a series of numbers 
to a new base 6, we have only to divide each of the logarithms 
of the numbers to any given base a, by a certain divisor, 
viz. log a b. 

If then a list of logarithms to some base e can be made, 
wo can deduce from it a list of common logarithms, by 

multiplying each logarithm in the given list by . ^ . 

Example. Show how to transform logarithms, having 5 for 
base to logarithms having 125 for base. 

Suppose m = 5 ', so that I = log , m. 

Now 1 25 = 5 3 , so that 3 = log 6 1 25, 

-x l 1 I 

and m = 5" 3 = 1253, so that ~=log IM m. 

Thus the logarithm of any number to base 5, divided by 3 
(i.e. by log 5 125), is the logarithm of the same number to the 
base 125. 

210. The student will find that the logarithms of numbers 
cannot be calculated to the base 10 directly. 

They are first calculated to the base 2*7182818, etc., which is 
the sum of the series 

1 +1 + A + 17273 + f72 1 374 +etc - «* ** 

This number is called e. 

And the constant divisor in this case is log, 10, 

aDd E^iO - 2*0258509 = ^^ et& • 

When this constant divisor is transformed into a multiplier, 
this constant multiplier is called a modulus. 

Example. Given that log 10 12 = 1-0791812, shew how to 
transform common logarithms to logarithms having 12 for base. 

Here io™9i8i2 =12; 

i 
.'. 10=12i T wwffl2--12* WMB * ,t * 

.-. HP-ia**""". 
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EXAMPLES. LVL 

(1) Show how to transform logarithms having 2 for base to 
logarithms having 8 for base. 

(2) Show how to transform logarithms having 9 for base to 
logarithms having 3 for base. 

(3) Show how to transform common logarithms to logarithms 
having 2 for base (log 10 2 = '3010300). 

(4) Show how to transform logarithms having 3 for base to 
common logarithms (log 10 3 = '47 7 1 2 1 3). 

(5) Show how to transform common logarithms to logarithms 
having 3 for base. 

(6) Given log 10 2 = '3010300, find log 2 10. 

(7) Given log 10 7 - '8450980, find log 7 10. 

(8) Given log 10 2 = '3010300, find log 8 10 and log^ 10. 

211. We give here a formal proof of the following 
propositions : 

To prove that 

(i) The logarithm of a product is equal to the sum of the 
logarithms of the factors. 

(ii) The logarithm of a quotient is equal to the difference of 
the logarithms of the dividend and divisor. 

(iii) The logarithm of the power of a number is equal to the 
product of the logarithm of the number by the index denoting 
the power. 

(iv) The logarithm of the root of a number is equal to the 
result of dividing the logarithm of the number by the number 
denoting the root. 

Let m and n be any two numbers. 

Let A and k be their logarithms to any base a. 
So that log a m—hy log,, n=»£, 

and .\ m=a h , n=*a*. 
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Then 

(i) m x n=a* x a*=a h+ * y .*. log a m x n=h+k=log a m+\og a n. 
(ii) m-~n=a*-5-a*=a*"*, .*. log a m^-n=A-^=log a w-log a n. 
(iii) m r = (a*) r = a r *, . *. log a m r = rA = r log,, m. 

(iv) vm = (a*) r = a**, . \ log a V w = - = - x log a m. 

212. The above is only a formal way of saying, that 
since logarithms are indices, therefore they obey the 
index law. 

MISCELLANEOUS EXAMPLES. LVH. 

(1) Find log 2 8, log 6 -1, log 8 2, log 7 1, log^ 128. 

(2) Show that the logarithms of all except seven of the 
numbers from 1 to 30 inclusive, can be calculated in terms of 
log 2, log 3 and log 7. 

(3) Show that the logarithms of the numbers 1 to 10 inclu- 
sive may be found in terms of the logarithms of 8, 14, 21. 

(4) The mantissa -of the log of 85762 is 9332949. Find the 

log of V '0085762. 

Find how many figures there are in the integral part of 
(85762) 11 . 

(5) Find the product of 47*609, 476*09, '47609, -000047609, 
having given that log 4*7609= '6776891 and *7107564=log 5*1375. 

(6) What are the characteristics of the logarithm of 3742 to 
the bases 3, 6, 10 and 12 respectively. 

(7) Having given that log 2 = -3010300, log 3 = '4771213 and 
log 7 = '8450980, solve the following equations : 

(i) 2*x3*-*=7 2 , (ii) 3*=128x7 i -*, 

(iii) 12*=49, (iv) 2 te =21 4 " a *. 

(8) Given log 10 7, find log 7 490. 

(9) Given log l0 3, find log 8 270. 

(10) Given log 10 2, find log 5 10. 
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(11) Given log 8 9=a, log 2 5=6, log e 7=c; find the logs to 
base 10 of numbers 1 to 7 inclusive. 

(12) How many positive integers are there whose logarithms 
to base 2 have 5 for a characteristic ? 

(13) If a be an integer, how many positive integers are there 
whose logs to base a have 10 for their characteristic ? 

(14) Given log 2 and log 7, find the eleventh root of (39-2)*. 

log 1-9485= -28968a 

(15) Provethat71og}f + 61ogt + 5log|+logff=log3. 

.6) Prove that 
2 loga+2log a 2 + 2 log a 3 ... + 2loga*=w. (n + l)loga, 

(17) Prove that log.6 . log»a = 1 ; and that log a 6 . log»c . log c a= 1. 

(18) Prove that log.r=log«6 . log t c . log«fl?...log,r. 

(19) Given that the integral part of (3'456) 100000 contains 
53856 digits, find log 345*6 correct to five places of decimals. 

(20) Given that the integral part of (3*981) 100000 contains 
sixty thousand digits, find log 39810 correct to five places of 
decimals. 

(21) If the number of births in a year be ^ of the popu- 
lation at the beginning of the year, and the number of deaths 
fa, find in what time the population will be doubled. 

Given log 2, log 3, and that log 241 =2 "38201 70, 

(22) Prove that 

log* + log(*-a)-log&-logc=21og^i^^. 

(23) Prove that 

log (a 2 .+ a?) + log (a + x) +log (a - x) =log («* - ^*). 

(24) Prove that 

log sin AA =log 4 + log sin A +log cos A + log cos 2 J. 
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CHAPTER XV. 



On the Use of Mathematical Tables. 



213. The Logarithms referred to in this chapter, and in 
future throughout the book, are Common Logarithms. 

214. Books of Mathematical Tables usually give an 
explanation of their own contents, but there are some points 
common to all such Tables which we proceed to explain. 

215. The student will be supposed to have access to a 
book containing the following : 

(i) A list of the logarithms of all whole numbers from 
1 to 99999, calculated to seven significant figures; 

(ii) A list of the numerical values, calculated to seven 
significant figures, of the Trigonometrical Ratios of all 
angles, between 0° and 90°, which differ by 1' ; 

(iii) A list of the logarithms of these Ratios calculated 
to seven significant figures. 

These will be found in Chambers' Mathematical Tables. 
l. 12 
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216. We have said that logarithms are in general 
incommensurable numbers. Their values can therefore only 
be given approximately. 

If the value of any number is given to seven significant 
figures, then the error (i. e. the difference between the given 
value and the exact value of the number) is less than a 
millionth part of the number. 

Example. 3141592 is the value of n correct to seven signifi- 
cant figures. The error is less than '000001 ; for w is less than 
3*141593, and greater than 3*141592. 

The ratio of -000001 to 3*141592 is equal to 1 : 3141592. The 
ratio of '000001 to n is less than this ; i.e. much less than the 
ratio of one to one million. 

217. An actual measurement of any kind must be 
made with the greatest care, with the most accurate instru- 
ments, by the most skilful observers, if it is to attain to 
anything like the accuracy represented by ' seven significant 
figures.' 

Therefore the value of any quantity given correct to 
f seven significant figures ' is exact, for all practical purposes. 

218. We are given in the Tables the logarithms of all 
numbers from 1 to $9999 ; that is, of any number having 
five significant figures. 

A Table consisting of the logarithms of all numbers 
from 1 to 999999^ (i.e. of any number having seven 
significant figures) would be a hundred times as large. 

219. There is however a rule by which, if we are given 
a complete list of the logarithms of numbers having five sig- 
nificant figures, we can find the logarithms of numbers 
having six or seven significant figures. 
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Example. Suppose we "require the logarithm of 4 '8042 13. 

From the .Tables we find 

log 4-80*2=^6816211, Le. 4-8042= 10* 6 *"* 1 *", 

log 4-8043 =-6816301, 4*8043= 10* 6816301 *". 

The number 4*804213 lies between the two numbers 4-8042, 
4*8043 whose logarithms are found in the Tables, so that the 
required logarithm must lie between the two given logarithms. 

Therefore we suppose that 
log 4*804213=*6816211+rf, i.e. 4804213=10- wl6211 - +rf . 

220. The RULE is as follows. The differences be- 
tween three numbers are proportional to the corresponding 
differences between the logarithms of those numbers, pro- 
vided that the differences between the numbers are smaU 
compared with the numbers. 

Example. Thus in the above example 4*8042, 4*8043 and 
4*804213 are three numbers ; '6816211, '6816301 and '6816211 +<* 
are three logs. 

The difference between the first and second numbers is -0001. 

The difference between the first and third numbers is 
•000013. 

The difference between the logarithms of the first and 
second numbers is *000009. 

The difference between the logarithms of the first and 
third numbers is d. 

By the Rule these differences are in proportion 
.-. -0001 : -000013= -000009 ; d, 
or 100 : 13=000009 : d; 

whence <J=*00000H7..., 

.-. log 4-804213 ='6816211 + -00000117... 

- -68162227 « -6816223 (to seven figures). 

12—2 
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221. We shall refer to the above rule as the Rflle of 
Proportional Differences. 

It is often called ■ also 'The Principle of Proportional 
Parts.' 

222. In Art; 197: we said: that numbers are not propor- 
tional to their Logarithms. Hence the differences of numbers 
and the corresponding deferences of their logarithms cannot 
be exactly in proportion. The rule is however true for all 
practical purposes. The proof of the rule belongs to a 
higher part of the subject than the present. 

223. In the above example we said that 

6-68162227 = 6-681622?; 

and for this reason. We are retaining only seven significant 
figures in the decimal part of the logarithm. 

If we put 6-6816222 for 6-68162227 the 'error' is 
greater than -00000007. 

If we put 6-6816223. for 6-68162227 the 'error' is 
less than -00000003.. 

Thus the second error is less than the first. 

In such a case, 1 must be added to the last digit which is 
retained, when the first digit which is neglected is 5 or 
greater than 5. 

224. We give two more specimen examples. 
Example 1. Find the logarithm of -004804213. 

We first find as before, by the rule of proportional differences, 
that log 4-804213 =-6816223 

.-. log -004804213=3-6816223. 
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Example 2. Find the number 'Whose logarithm is 2-5354291 » 
In the Table we find that 

•5354207 =log 3*4310 (i), 

and -5354334=log 3*4311 (ii). 

Let -6354291 =log (3*4310 +d) (iii). 

Here we have three logarithms and three numbers. 

The difference between the first and second logs is -0000127. 

The difference between the first and third logs is '0000084. 

The difference between the first and second numbers is 
0001. 

The difference between the first and third, numbers is d. 

By the Rule these four differences are in proportion, 
.-. -0000127 ; -0000084 =-0001 : d, 
or, 127 : 84='0001 id; 

.-. rf^-OOOlx^-*' 0000661 ?* 2 * - 
Therefore from (iii) -5354291 =log (34310 + -000066) 

= log 3*431066. 

Hence, 25354291 = log 343-1066, 

or, the required number is 343*1066. 

EXAMPLES. LVm. 

(1) Find log 7*65432, having given that 

log 7*6543 = '8839055, 

log 7*6544= -8839112. 

(2) Find log 564*123, having given that 

log5*6412=*7513715, 
log 5*6413= -7513792. 

(3) Find log -0008736416, having given that 

log 8*7364- 9413325, 
log 87365 = -9413375. 
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(4) Find log 6437125, having given that 

log 6-4371 = '8086903, 
log 6-4372 =-8086970. 

(5) Find log 372456, having given that 

log 37245=4-5710680, 
log 37246=4-5710796. 

. (6) Find the number whose logarithm is -5686760, 
given that -5686716= log 37040, 

•5686827 =log 3-7041. 

(7) Find the number whose logarithm is 4*6602987, having 
given that -6602962= log 4*5740, 

•6603057 =log 4-5741. 

(8) Find the number whose logarithm is 6*3966938, having 
given that -3966874= log. 24928, 

'3967049=* log 2-4929. 

(9) Find the number whose logarithm is 4*6431150, having 
given that -6431071 =log 4*3965, 

•6431 170 =log 4*3966. 

(10) Find the number whose logarithm is '7550480, having 
given that 3*7550436 = log 5689*1, 

2*7550512=log 568*91. 

225. The same Rule of Proportional Differences is used 
in the case of angles and their Trigonometrical Battel; 
and therefore also in the case of angles and the loga- 
rithms of their Batios. 

Thus the (small) differences between three angles are 
assumed to be proportional to the corresponding differences 
between the sines of those three angles ; also, proportional 
to the corresponding differences between the logarithms of 
the sines of those angles. 
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226. Sines and cosines are always less than unity, as 
also are the tangents of all angles between 0° and 45°. 

The logarithms of these Ratios must therefore have 
negative characteristics. 

To avoid the inconvenience of having to print these 
negative characteristics, the whole number 10 is added to 
each logarithm of the Trigonometrical Ratios, before it is 
set down in the Table. 

The numbers thus recorded are called the tabular 
logarithms of the sine, cosine, etc., of an angle. 

They are indicated by the letter ' L.' 

Thus L sin 31° 15', stands for the tabular logarithm of 
sin 31° 15', and is equal to {log (sin 31° 15 7 ) + 10}. 

The words logarithmic sine are used as abbreviation for 
tabular logarithm of the sine. 

Thus m the Tables we find 

£ sin 31° 15' =9*7149776. 
Therefore log (sin 31° 15') =9*7149776 - 10=T-714977& 

Example 1. Find sin 31° 6' 25". 

The Tables give sin 31° 6'= -5165333 (i), 

sin 31° 7'='5167824 (ii). 

Let sin 31° 7' 25"= 5165333 +d (iii). 

The difference between the first two angles is 60". 

The difference between the first and third angle is 25". 

The differences between the corresponding sines are -0002491 
and d. 

By the Rule these four differences are in proportion. 

Therefore 60" : 25" =0002491 : d, 

,\ d= -0002491x|4= -0001038. 

Hence from (iii) sin 31° 7' 25" - -51 65333+ -0001038 = "5 166371. 
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Example % Find the angle whose logarithmic cosine is 
97858083. 

The Table gives 97857611 =Z cos 52° 22' (i), 

97859249 =Z cos 52° 21' (ii)„ 

The cosine diminishes as the angle increases. Hence corre- 
sponding to an increase in the angle there is a diminution of the 
cosine. 

Hence, let 9*7858083 =L cos (52° 22'-/)) (iii). 

Subtracting the first tabular logarithm from the second the 
difference is -0001,638. 

Subtracting the first tabular logarithm from the third, the 
difference is -0000472. 

Subtracting the first angle from the second, the difference is 
-60". 

Subtracting the first angle from the third, the difference is 
-2). 

By the Rule these four differences are in proportion. 

Therefore -0001638 : -0000472= -60" : -2), 

.-. Z)=60"x#&=17-3". 

Hence 9'7858083=Z cos (52° 22' - 17") 

=Z cos 52° 21' 43". 



(1) Find sin 42° 21' 30" 

J having given that sin 42° 21' = -6736577 

sin 42° 22'= -6738727. 

(2) Find cos 47° 38' 30" 

having given that cos 47° 38' = -6738727 

cos 47° 39'= -6736577. 

(3) Find-cos21°27'45" 

having given that cos 21° 27'= -9307370 

cos 21° 28'= -9306306. 
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(4) Find the angle whose sine is '6666666 
having given that -6665325=sin41°48' 

•6667493=sin41°49 / . 

(5) Find the angle whose cosine is '3333333 
having given that '3332584 = cos 70° 32' 

•3333326=cos70°31\ 

(6) Find the angle whose cosine is *25 
having given that -2498167=cos 75° 32' 

•2500984=cos 75° 31'. 

(7) FindZsin45*16'30" 

having given that Z sin 45° 16'=9'8514969 

Z sin 45° 17' =9*8516220. 

(8) Find Z tan 27° 13' 45" 

having given that Z tan 27° 13' = 9*71 12148 

Ztan27°14'=9*7115254. 

(9) Find Z cot 36° 18' 20" 

having given that Z cot 36° 18' = 101339650 

Z cot 36° 19'= 10-1337003. 

(10) Find the angle whose Logarithmic tangent is 9*8464028, 
having given that 9*8463018=Z tan 35° 4' 

9*8465705 = Z tan 35° 5'.' 

(11) Find the angle whose Logarithmic cosine is 9*0448230, 
having given that 9*9447862 =Z cos 28° 17' 

9*9448541 =Z cos 28° 16'. 

(12) Find the angle whose Logarithmic cosecant is 10*4274623, 
having given that 10'4273638 =Z cosec 21° 57' 

10*4276774 -> Z cosec 21° 56', 
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227. Problems in which each of the lines involved 
contains an exact number of feet, and each angle an exact 
number of degrees, do not occur in practical work. 

As from time to time the skill of observers and of in- 
strument-makers has increased, so also has the number of 
significant figures by which observations have been recorded. 

Thus the want was felt of some method by which the 
labour involved in the multiplication and division of long 
numerical quantities could be avoided. At the end of the 
Seventeenth Century a celebrated Scotch mathematician, 
John Napier, Baron of Merchiston, proposed his method of 
' Logarithms ' ; L e. the method of representing numbers by 
indices; 'which, by reducing to a few days the labour of 
4 many months, doubles, as it were, the life of an Astronomer, 
* besides freeing him from the errors and disgust inseparable 
' from long calculations.' Laplace. 

228. We shall now give a few examples of the practical 
use of logarithms. 

Example 1. The sides containing the right angle C in a right 
angled triangle ABC contain 3456*4 ft and 4543*5 feet respec- 
tively; find the angles of the triangle, and the length of the 
hypotenuse. 

B 




Let a, by c be the lengths of the sides of the triangle opposite 
the angles A, £ t C respectively. 
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Then a =34564 feet, 5=4543*5 feet. 

, A a 3456'4 
taI1 " 1 "■6""4543 : 5• 

We shall give in two parallel columns the work (i) in the 
logarithm notation (ii) when expressed by indices. 

In the Tables we find 
log 3456-4=3-5386240. 3456*4= lO 3 ^ 862 * . 

log 4543-5 = 3*6573905. 4543*5 = 1<)3«W3«k 

. a . . , a 1036386240 

.'. logj = loga-log&. .*. j= ^^ m . 

= 3*5386240-3*6573905. = W-xxmo-MTwa, 

.-. log tan A =1*8812335. .\ tan A = lO 1 * 881233 *. 

.-. L tan A = 9*8812335. « 10 9.88i2335-io # 

In the Tables we find 
9-8810522=Z tan 37° 15'. 10»^iow2-io =tan 370 15 '. 

9-8813144=Z tan 37° 16'. io0.88i3i44-io =t an 37° Iff. 

Whence we find by the Rule of Proportional Differences 
9-8812335 = L tan 37° 15' 42". io*wi2336-io = tan 37° 15' 42". 

.-. J=37°15'42". 
Also £= (90° -A), .-. 5=520 44' 18", 

and - = cosec A = cosec 37° 15' 42", 

/. log c= log a + logcosec 37° 15' 42" 

—log a + Z^cosec 37° 15' 42" - 10 
=3*5386240 + 10-2179174 - 10 
= 3*7565414 
= teg 5708-8, 
.*. the hypotenuse contains 5708*8 feet. 

Thus we have found the angles and the third side of the 
triangle. 
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229. There are some formulae which are seldom used in 
practical work, because they are not adapted to logarithmic 
calculation. They are those in which powers of quantities 
are connected by the signs + or -. 

Example. In the above example we might have found the 
length of the hypotenuse by • means of the formula 

<?=a 2 + b 2 . 

But we should have had to go through the process of calcu- 
lating by multiplication the values of a 2 and b 2 . 

For this reason, a formula which consists entirely of 
factors is always preferred to one which consists of terms, 
when any of those terms contain any power of the quantities 
involved. 

If in the above example, the lengths of the hypotenuse c 
and of one side a were given, then the formula 

&2=c*-a 2 =(c-a)(c+a) 

will give the length of b. For 

log& 2 =log{(c-a) (c + a)}, 
or, 2 log b = log (c - a) + log (c + a). 

And the values of (c+a) and (c-a) are easily written down 
from the given values of c and a. 

EXAMPLES. IX 

In the following questions A, B, C are the angles of a right 
angled triangle of which C is a right angle, and a, 6, c are the 
lengths of the sides opposite those angles respectively. 

(1) Given that a== 1046*7 yards, c= 1856*2 yards, (7=90*, 
find A. 
\J log 1046*7 = 3*0198222, log 1856*2 = 3*2686248, 

Zsin34°19'=:9*7510991, 
L sin 34° 2(y= 9*7512842. 
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^ (2) Given that a = 843*2 feet, (7= 90°, and A = 34° 15' ; find <?. 
log 843*2 = 2*9259306, L cosec 34° 15' = 10*2496421, 
log 1-4982 = '17557. 

' (3) Given that a =4845 yards, 6=4742 yards, and (7=90, 
find A. 

log 4845 = 36852938, log 4742 = 36759615, 

L tan 45° 36' = 10*0090965, L tan 45° 37' = 100093492. 

/ (4) Given that c=8762 feet, (7=90, and ^=37° 1C, find 

a and 6. 

log 8762 = 3-9426032, L sin 37° l(y= 9*7811344, 
Zoos 37° l<y= 9-9013938, log 5*2934= -72373, 
log 69823 =843997. 

' (5) Given that 6=1694-2 chains, (7=90°, and 4 = 18° 47', 
find a. 

log 1694-2 = 3-2289647, X cot 18° 47' = 10*4683893, 

log 5-7620 =-76057. 

(6) Given that a =1072 chains, c=4849 chains, and (7=90°, 
find 6. 

log 5921 = 3-7723951, log 3777 =3577 1470, 

log 4-729 ='67477. 

(7) Given that 6=841 feet, c=3762 feet, and (7=90°, find a. 

log 4603 = 3-6630410, log 2921 = 3*4655316, 
log 3*6668 =-56428. 

(8) Given that a =7694*5 chains, 6=8471 chains, C=90°, 
ind A and c. 

. log 7694*5 = 3*8861804, log 8471 = 3*9279347, 

L tan 42° 15' = 9*95824, L cosec 42° 15' = 10*1723937, 

log 1-1444 =-05857. 

230. In the following examples the student must find 
the necessary logarithms from the Tables. 



V 
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MISCELLANEOUS EXAMPLES. LXL 

(1) A balloon is at a height of 2500 feet above a plain and 
its angle of elevation at a point in the plain is 40° 35'. How far 
is the balloon from the point of observation 1 . 

(2) A tower standing on a horizontal plain subtends an 
V angle of 37° 19' 30" at a point in the plain distant 369*5 feet 

from the foot of the tower. Find the height of the tower. 

(3) The shadow of a tower on a horizontal plain in the sun- 
light is observed to be 176*23 feet and the elevation of the sun at 
that moment is 33° 12'> Find the height of the tower. 

(4) From the top of a tower 163*5 feet high by the side of a 
river the angle of depression of a post on the opposite bank of 
the river is 29° 47' 18". Find the distance of the post from the 
foot of the tower. 

(5) Given a=67312, 5=415*89 chains, (7=90°, find A and B. 

(6) Given a=57612, c=873*14 chains, (7=90°, find b and A. 

(7) From the top of a light-house 112*5 feet high, the angles 
of depression of two ships, when the line joining the ships points 
to the foot of the light-house, are 27° 18' and 20°36' respectively. 
Find the distance between the ships. 

(8) From the top of a cliff the angles of depression of the 
top and bottom of a light-house 97*25 feet high are observed 
to be 23° 17' and 24° 19' respectively. How much higher is the 
cliff than the light-house ? 

(9) Find the distance in space travelled in an hour, in con- 
sequence of the earth's rotation, by St Paul's cathedral (Lati- 
tude of London =51° 25', earth's diameter =7914 miles.) 

(10) The angle of elevation of a balloon from a station due 
south of it is 47° 18' 30", and from another station due west of 
the former and distant 671*38 feet from it the elevation is 41° 14'. 
Find the height of the balloon. 
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CHAPTER XVI. 

On the Relations between the Sides and Angles 

of a Triangle. 

231. The three sides and the three angles of any 
triangle, are called its six parts. 

By the letters A, B 9 G we shall indicate 

geometrically, the three angular points of the triangle ABC ; 

algebraically, the three angles at those angular points re- 
spectively, 

A 




By the letters a, b, c we shall indicate the measures of 
the sides BC t CA, AB opposite the angles A, B 9 C respec- 
tively. 

232. I. We know that, A + B + C = 180°. [Euc. i. 32.] 

233. Also if A be an angle of a triangle, then A may 
have any value between 0° and 180°. Hence, 

(i) sin A must be positive (and less than 1), 

(ii) cos A may be positive or negative (but must be 

numerically less than 1), 

(iii) tan A may have any value whatever, positive or 

negative. 



192 TRIGONOMETRY. 

234. Also, if we are given the value of 

(i) sin A, there are two angles, each less than 180*, 
which have the given positive value for their sine. 

(ii) cos A, or (iii) tan A, then there is only one value 
of A, which value can be found from the Tables. 

235. 4 + f + ? = 90 °- Therefore ^ is less than 90°, 

2t A A A 

A 
and its Trigonometrical Ratios are all positive. Also, -^ is 

A 

known, when the value of any one of its Ratios is given. 

Similar remarks of course apply to the angles B and C. 

Example 1 . To prove sin ( A + B) = sin C. 

A + B+C=IQ(P .'. -4+£=180°-C, 
and .'. sin (A + B) =sin (180° - C) =sin C. [p. 104.] 

Example 2. To prove sin — 5 — = cos -% , 

A A 

Now ±tf±«Lg* ,.^ =9 00-f, 

and.-. sin^±^=sin^90°-D = cos^. [Art 118.] 

Example 3. To prove 

sin A+ sin B +sinC=4cos<r . cos— . cos-. 

M it 2t 

Now sin-4+sin2?=2 sin — -—.cos — . [Art. 157.] 

^ A 

=2 cos -►cos— ^— . [Art 118.] 

A A 

c c 

and sin C= 2 sin - . cos - . [Art 166.] 

A M 

—2 cos — 5— . cos ^ . [Art. 118.] 

<L Jt 
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\ sin 4 + sin 2?+ ami/ =2 cos •= . cos — — 1-2 cos ^. cos — ^— , 

Q C( A-B A A+B\ 
= 2c08 2V C08 ~2- +C08 "^-J- 

=2 cos g (2 cos ^ . cos ^ Y. [Art. 157.] 
ABC 

= 4 COS — . COS .-w . COS -= . Q.E.D. 



Find A from each of the six following equations, A being an 
angle of a triangle, 

(I) coSil=£. (2) cos.4=-£. (3) sin.4=£. 

(4) tan4=:-l. (5) sinii = 4= ( 6 ) tan^i=-V3. 

Prove the following statements, A, B } C being the angles of a 
triangle. 

(7) sin (4 +£+£)=<). (8) co*(A+B+C)=-l. 

/ftN . A+B+C , /1AX 4+2?+C A 
(9) sm — = 1. (10) cos g =0. 

(II) tan^+^-tanff. (12) cot^^tan^. 

A A 

(13) cos(ii+,B)=-cosa (14) cos(-4+5-(7)=-cos2(7. 
/(15) tan .4 - cot 2?=cos£-. sec J. . cosec B. 

„„. sin.4-sin2? , C , A-B 

( 16 ) • a . • » =tan o- tan— ^— . 
v ' sin-d+sini* 2 2 

gm¥tK sin 35 -sin 3(7 , 3 A 
v ' cos3C/-cos3jo 2 



J[ 2? C 
(18) sinil+sin.Z?-sin(7=4sin— . sin ^ . cos^. 



13 
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ABC 

(19) sin A - sin B+ sin C= 4 sin — . cos -^ . sin - . 

A A A 

/OAN . A A , . B B , . C C 

(20) sin - . cos - +sin - . cos o -hsin - . cos ^ 

o ABC 

=.2 COS — . COS -x . COS 3 . 
j2 ^a a 

A B C 

(21) cos ii+cos2? + cosC-l=?4si»/^ , sin— . sin-. 

AAA 

(22) cos 2 -tr + cos 2 — - cos 2 -=2 cos — . cos - . sin 77 . 

2 2 2 2 2 2 

(23) sin 2 -=r - sin 2 - +sin 2 - = 1 - 2 cos — . sin _ . cos -= . 
N ' 2 2 2 2 2 2 

, 0ylN . B+C-A l . C+i-5, . u4+JS-<7 , 

(24) sin g +sin +sin - 1 

. . A B . C 
=4 sin— . sin ~. sin -5. 

A m A 

(25) sin2ii 4-8^25+8^2(7=48^ . sin£ . sinC. 

(26) mnA . cos.4-sin2? . cos2?+sinC. cos£ 

=2cos-4 . sini? . cosC 

(27) sin(5+(7-^)-sin(tf+^-2?)+sin(ii+J?-<7) 

=4cosJ[ . sini? . cosC 

(28) cos ZA +cos 2J5+cos 2C= - 1 - 4 cos^i . cosi? . cos(7. 

(29) sin 2 A- sin 2 B + sin 2 (7= 2 sin A . cosi? . sintf. 

(30) cos(5+(7-^l)+cos((7+^l-5)-cos(J[+5-C)+l 

=4 sin J. . sin 5 . cos CI 

/olN . A B C.B C A 

(31) sin - . cos — . cos ^ +sin -^ . cos - . cos — 

AAA A A jL 

, . C A B . A . B . C , _ 
+sin - . cos -£ . cos — =sin r .sm-. sin ^+ 1 

(32) tanii + tan2?+tanC=tanii . tani? . tanC. 

(33) tan— . tan-+tan ^ . tan ^ +tan-^ . tan^=l. 

^ A A jL A m 
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236. It ABO be a right-angled triangle having (7= 90°, 
then (A + B) = 90°. 

A 



Also, 




Hence, sin A = sin (90° — B) — cos 2?. 



a 



sin A = — = cos 2?, 



and so on. (See page 52.) 



EXAMPLES. T.XTTT. 

In a right-angled triangle. ABC, in which C is a right angle, 
prove the following statements. 



(1) tan.4=cotiL 
(3) sin 2A = sin 2B. 

(5) sin2^ = 2 ^. 

aA b 2 -a* 
(7) cos 2A = — -g— . 

(9) sm»2= 2c " * 



(2) tanJB=cot^+oos<i 

(4) cos 2A+ cos 25=0. 

(6) 0086022?=! + A. 

/«x « ™ sin 2 A - sin 2 5 

(8) cos 2i?= . „ . , .o p . 
x ' sinM+sin 2 /? 

/t/v\ 9A c+b 

(10) cos 2 -_-= — 



2 2c 
a-6 



4-2? 



(11) ^0B ¥ + Bn s j = — . (12) ^=tan g . 

(13) sin (A- B)+ cos 24=0. (14) sin(4- B)+ain(2A + C)=0. 
(15) (sm4-sinJS) 2 +(cos4+cosi?) 2 =2. 

sin 4 



(i6) /«+*+ A_^ = _ 2 i! 



cos 22* 



13—2 
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237. II. To prove a= b cos C + cco&B. 

From A, any one of the angular points, draw AD per- 
pendicular to BC, or to BO produced if necessary. 

There will be three cases. Fig. i. when both B and C 
are acute angles ; Fig. ii. when one of them (B) is obtuse ; 
Fig. iii. when one of them (B) is a right angle. Then, 





Pig.L 



„ - - 

I ^? = cos ACD; or, Cl) = bcoaC, 

CA 

DB 
• and -t-= = cos ABB ; or, DB = e cos B, 
AJS 

.-. a=CD + JDB=bcosC + ccosB. 
Fig.ii. 



j^-j = cos ACD \ or, CZ) = &cosC, 
OA 

BD 



^ = cos ABD ; or, BD = c cos (180° 
.-. a=CD-BD = 

~ h n.na (1 4- /• r» 



: J cos (7— c cos 
= b cos (7 + c cos -5. 



(180° -£) 



-J). 



Pig. iii. a=CB = bcosC 

= 6 cos + c cos A [For, cos 2? = cos 90° 

Similarly it may be proved that, 

b = c cos A + a cos ; c = a cos 2? + J cos -4. 



= 0.] 



B 
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238. III. To prove that in any triangle, the sides are 
proportional to the sines of the opposite angles ; or, To prove 

a — ^ — c 

sin A "" sin B sin C ' 

From A, any one of the angular points, draw AD per- 
pendicular to BC, or to BG produced if necessary. Then, 

AT) 

Pig.i AD^bsinC', for, =£ = sin C [Del] : 

AD 
also -4-D — c sin B: for, --^= sin A 

AJS 

.: 6sinC = csin2?; 

6 _ c 
sinjtf sinC 

Kg.ii. jLZ> = &8intf, 

and 42) = c sin 4AJ0 = c sin (180° - B) 
,\ AD=*cbxelB; 
,\ 6 sin (7 = c sin 2?; 

6 c 



or, 



sinjB sin C 



Fig. iiL 45 = 4(7. sin (7; or, c^&sinC; 

...' = *. [For sin 5 = sin 90° = 1.] 
sin C sin if L J 

Similarly it may be proved that 

a b 

sin 4 "" sin 2? ' 

sin J. sin B sin 
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239. IV. To prove that a* = b' + c*-2bc coa A. 

Take one of the angles A. Then of the other two, one 
must be acute. Let B be an acute angle. From G draw GF 
perpendicular to BA, or to BA produced if necessary. 

There will be three figures according as A is less, greater 
than, or equal to a right angle. Then, 






B c A 

[Euc. ii. 13] 



A B o A 
Pig.i. BC* = GA* + AB a -2.BA.FA; 
or, a* = b* + c*-2c.FA 

= &' + c 8 -2c&cos-4. [For FA = b. cob A.] J 

Pig. ii. BC* = CA* + AB* + 2 . BA . AF; [Euc. n. 12] 

or, a 9 = b* + c* + 2cb cos FA 

^b* + c*~2bc cos A. [For FAG = 180° - A.] 

Tig. iii. BG a = GA> + AB>; [Euc. l 47] 

or, a* = b* + <? - 26c cos .4. [For cos -4 = cos 90° = 0.] 

Similarly it may be proved that 

6" = c* + a 9 - 2ca cos -5, 
and that <•' = «* + 6* - 2a6 cos (7. 



240. V. Hence, 
&" + c 8 -a" 



cos .4 = 



2bc 



, cos/?= — n^z — , cos (7 = 



2ca 



2ab 
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24.1. YL To prove that sin" ~- = jr 1 ' , 

j ., . t A (a + b + c) (b + c-a) 

and that cos" — = ^ f - x ' . 

2 4bc 

j 
Since cos A = 1 - 2 sin" ^ , [Art 166] 

, . b + c — a ,.. , ft . A1 

and cos A = ^l > [Art. 240] 

o • «^ i ^ i v &' + c"-a 8 
.\ 2 sin* ^ = 1- cos 4 = 1 ^ 

2 26c 

_ 25c - (6 a + c" - a") _ a' - (5» - 2bc + c g ) 
26c " 26c 

_ q"-(6-c)' _ {s-(6-c)}{a+(6-c)} 

26c "" 26c 

. ,4 (a + c-6)(a + 6-c) 
2 46c 

Again, cos -4=2 cos" -jr- - 1 ; [Art. 166] 

.\ 2 cos" tt=1+cos-4=1 + — -r 

2 26c 

9 4 (6 + c) 9 - a* (6 + c + a) (b 4- c - a) 

,\ COS'-jr = i -r[ = ^ y£ . Q.B.D. 

2 46c 46c 

242. Similarly it may be proved that 

• %& _ (b + c-a){b + a-c) ^ 2?_ (a + 6 + c)(a + c-6) 
^ 2" 46c ' C08 2 4ca ' 

and that 

. m C (c + a-b)(c + b-a) 9 C (a + 6 + c)(a + 6-c) 
"**-- iab L ' COa 2~- A 
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243. VIL. Now let a stand for a +* + c , B0 that 
(a + 6 + c) = 2*. 

Then, (& + c-a) = (6 + c*a-2a) = (2*-2a) = 2(*-a), 
and (c + a-5) = (c + a + &-26)=(2*--2&) = 2(*-&), 

and (a + b - c) = (a + b + c - 2c) =(2*- 2*) = 2 (*- c). 

Then the result of Art 241; may be written 

A 2(s-b )2(»'-c) . orflin ^_ A—b)(M-c) 
8m _ ^ , or, sin 2 - y fa 

. ..4 2*2 (*-a) 4 /»(»-«) 

andcos ._ ^_/.. or, cos-^-^— >, 

and so on. 

sin 7T . 

Hence, tan -^ = — — j = v /v — £- 

244. VIII. Again 

sin ii = 2 sin -x- . cos ^- ; [Art 166] 



= ^v« («-«)(•- *)(*-«)• 

The letter S usually stands for sit (» — a) (* - 6) (» - c), so 

that the above may be written *** = !£. 

' a aoc 

a . ., , sini? 2S sin (7 

Bimihiiy, _ = _ = __. 
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245. IX. To prove *Aa* |^ . cot ^ = tan ^^ . 

b e 

S " ice im> = -*—Fi 9 let ea cn of these fractions = d. 
sin IS sin 

Then b = dsm B, and c = d sin (7. 

6-c _ dmnB-dzmC snug-sing 
"'" 6 + c c?sin2? + dsin(7~ sin 2? + sin (7 

2.sin — — .cos— g— tan — — 



. B + C u-u x 2f + 
J sin — ^ — . cos — ^ — tan — — 

tan. 



y-. [sinc^etan^^tan^O --).] 



cot 3 

. B-C 
. . tan — - — 

b-e .A 2 A B-C 

..—.cot 2 T— cot 2" a=tan -2~- QE - D - 

004 T 

Similarly,. JZf . cot |= tan^^, 

, a-b L . 4-£ 

and . cot -^ - tan — s — . 

a + 6 2 2 

346. Note. In the next chapter we shall prove, that given three 
of the parts of a triangle (one of which must be a side), we can find 
the remaining three parts by means of the formula of this chapter. 
Henoe, these formula cannot be equivalent to more than three 
independent equations. It is an instructive, but somewhat difficult 
problem to take three of these formula (e.g. A+B +C = 18QP, 
b=cooBA+aoosC, c=booBA+aooaB) and deduce all the others 
from them. 
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247. The following examples are important. 

Example 1. Suppose we are given that 

a=6 cos C+ c cos B, ] 

b=ccosA+a cos C, 

c =ab08B+bcoaA. 

Then, taking a times the first +6 times the second -c times 
the third, we get 

a 2 +bP-c 2 =(ob cos C+ac cos B) + (be cos A+ba cos C) 

-icacosB+cbcoaA), 
=2a6cos(7. 

Example 2. Suppose we are given that A + B + C= 180°, 
811(1 that ^^ = ^^ = ^7r [=<*]> 



then 



sin J. sin 2? sin {7 

26a 2d 2 sinjBsintf ' 

_ sin 2 B+ sin 2 C- sin 2 J. __ 2 cos-4 . sini? . sin (7 

~~ 2sin2?sin(7 "~ 2 sin B. sin C 

[Ex. 29, p. 194, since (A+B + C)=18&>.'] 
=?*cos A. 



248. The formula 

a 



= d 



sin A sin B sin (7 
is very frequently of use in solving examples. 

Example. Prove that 

a cos A + 6 cos B + c cos C »= 2a sin 2? sin C. 

Since a=c?sinJ, 6=a*sin2?, c=a* sin (7, 

the above may be written 

d&mAsCoaA+damB .GQ&B+deiiiC.co&C 

=2dawA.BmB.BmC, 
Or sm2^+sm22?+sin2(7=4sm^.smJ3.8in<7, 

which is Example (25) on page 194, 
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249. The student is advised to make himself thoroughly 
familiar with the following formula : 

a = o cos C + c cos B (ii), 

a b c r * abc 

_ = r^rfj- 



sin A sin B sin G 
6« + c «-a* 



(*»). 



cos 4 = 



sin 



26c 



(v). 



(8-h)(s-c) 
be 



A __ Is (s — a 
2 " V ~~~bc~~ 



(vii), 



sin -4 = j- Vs (s — a) (s — 6) (* - c) = -=— (viii)» 



6c 

£_£ 6-c x 4 
tan — — = x — . cot — 
2 6 4-c 2 



6c 



(ix). 



EXAMPLES. LXIV. 

In any triangle ABC prove the following statements : 

■ 

sin A + 2 sin B sin C 



a) 



(2) 



a + 26 c 

sin 2 -4 - m . sin 8 2? sin 2 G 



a 2 -m.b? c 2 

(3) acosil+6cos2?-ccosC'— 2ccos,4.cosZ?. 

(4) (a + 6)sin^ = ccos— ^— . 

(5) (6-c)cos-gS=asin 



2 • 



(6) 



cos 4 



-+_-/ 



COS 5 



+ -T. 



cobG 



sin ZJ. sin (7 sin C. sin .1 sin .4. sin 2? 



:=2. 
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(7) aain(B-C)+b8in(C-A)+cam(A-B)=0. 

W c = l+cos<7 " 

/en ^~*" c cosJE+cos C 

* a 1-cosJ. * 

/ia\ /* — =— 5 — wv fr'sinC+^sini? 

(10) v be sin 5 . sin C=* r . 

v ' b + c 

(11) a+6+c=(6 + c)cos-4 + (c+a)cos5+(a+6)cosC 

(12) b+c-a= (6+c)cosil-(c-a)cofl-5+(a-6)cosC r . 

(13) tin^- " sin ^. 

(14) a(&+<?)<mA+b(<?+tf)coBB+c(a*+b*)<mC=3abc. 

(15) acos(4+£ + 0)-&co8(£+ui)--ccos(,4+C)=O. 

/io\ cob -4 , cos 2? ' cos C a % +l? + & 

< 16 > -^- + -6" + -^ 53T"' 

(17) e B a^-^f (1B) 6cos»2+ccos^^ 

/ift\ x «# a C b + c-a 

(10) tan^-.tan^^,- — — .. 
v ' 2 2 6+c + a 

(20) tan^(6+c-a)=tan^(c+a-6). 

(21) c*=(a + &)»sin*£+(a-&)*cos 2 £. 

25 22 



MISCELLANEOUS EXAMPLES. LXV. 

(1) Up is the length of the perpendicular from A on BC> 

■. a/p 
sin^lssr^. 
be 

(2) If 2 cos 5 . sin (7= sin A, then £«(?. 

(3) If A=3B, thensin5=i ^/^ 1? . 
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(4) If v6c sin jo . sin (7= j , tnen2J=u 

x ' 6 + c ' 

/ex B C A . C A B 

(5) a cos g .cos^.cosec-Q=ocos ^ .cos ^-.cosec ^ 

ABC 

esccos q . cos^-.cosec -x=s. 

(6) Given cos A — f and cos 5 = J| , prove that cos (7= - \\, 

(7) Ifsm 2 jB+sm 2 (7-sin 2 4, then 4=90°. 

(8) If sin 2B+ sin 2(7= sin 2A, then either 5=90° or (7=90°. 

(9) If 4.: 2? : C=l :2 : 5, then 1 +4 cos A. cos 5. 008(7=0, 
and a 9 , 6 s , c 2 are in a.p. 

(10) asm -q. sin— ^ — + 6 sin r-.sin- - — 

A A A A 

+csm-.sin— 5 — «=0. 

(11) If D is the middle point of BC 9 prove that 

4AD***2P+2<?-a*. 

(12) Given that a= 26, and that J. = 32?, prove that (7= 60°. 

(13) a&c(acoSii + &cos2? + cco8C , )=8fl 2 . 

(14) If b cos 2 o +c cos 2 - =s — , then ft, a, c are in a.p. 

A * A 

(15) If 2), JS; F are the middle points of the sides J5<7, £4, 
AB, then 

4 (42) 2 + BE*+ CF*) =3 (t^+^+c 2 ). 

(16) If D is the middle point of BC, cot ADB=-~ S - . 

(17) If c?, e, / are the perpendiculars from A> B, C on the 
opposite sides of the triangle, then 

a sin A + b sin B + c sin (7= 2 (cJ cos A + e cos B+f co& C). 
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CHAPTER XVII. 
On the Solution op Triangles. 

250. The problem known as the Solution of Triangles 
may be stated thus : When a sufficient number of the parts of 
a triangle are given, to find the magnitude of each of the 
other parte. 

251. When three parts of a Triangle (one of which 
must be a side) are given, the other parts can in general be 
determined. 

There are four cases. 

I. Given three sides. [Compare Euc. I. 8.] 

II. Given one side and two angles. [Euc. I. 26.] 

III. Given two sides and the angle between them. 

[Euc. I. 4.] 

IV. Given two sides and the angle opposite one of 
them. [Compare Euc. VI. 7.] 

Case I. 

252. Given three sides, a, b, c. [Euc. I. 8; VI. 5.] 
We find two of the angles from the formulae 

"taa^- f(s-b)(s-c) 
2 V s(s-a) ' 

tan* /(« - c) (s - a) 
2 V «(«-&) 

The third angle C = 180 - A - B. 
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253. In practical work we proceed as follows : 

logtan^=log a /( '-*)(— c) ; 
* V * (g - a) 

or, 

L tan— - 10 = \ {log (s - 6) + log (* - c) - log s-log (*-a)}. 

Similarly, 
L tan — — 10 = \ {log (s — c) + log (s — a) - log s— log (* — 6)} . 

254. Either of the formulae sin i = A* ~ b ) (* ~ c ) , 

2 V 6c 

4 



cos- 2 - 



-y^a-,*.*.— *» 



-4 -4 

The sin -r and the cos -^ formulae are either of them as 
2 2 

in- 
convenient as the tan -r formula, when one of the angles only 

is to be found. If all the angles are to be found the tangent 
formula is convenient, because we can find the L tangents of 
two half angles from the same four logs, viz. log «, log (s — a), 
log (s — 6), log (s — c). To find the L sines of two half angles 
we require the six logarithms, viz. log (s — a), log (* — 6), 
log (a - c), log a, log b, log c. 

Example. Given a=275*35, 6=189*28, c=301*47 chains, 
find A and 2?. 

Here, *=383*05, *- a= 107*70,* -6= 193*77, *-c=81*58. 
Then 

L tan^ - 10 + i {log 193*77 +log 81 *58 - log 383*05 - log 107*70} 

= 10 + £ {2*2872865 + 1 91 15837 - 2*5832555 - 2*0322157} 
=9*7916995 [from the tables], 

whence 4 - 31° 45' 28*5"; .-. A = 63° 3C 57". 
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Also 

B 
2 



L tan f = 10 + i {log 81 -58 + log 107-70 - log 383*05 - log 193-77} 



=9-5366287 =Ztan 18° 59' 98"; 
.-.5=37° 58' 20"; C f a =180°-^-5=78°30'43". 

255. This Case may also be solved by the formula 

b* + c*-a* 



cos A = 



26c 



But this formula is not adapted for logarithmic calculation, 
and therefore is seldom used in practice. 

It may sometimes be used with advantage, when the 
given lengths of a, 6, c each contain less than three digits. 

Example. Find the greatest angle of *the triangle whose 
sides are 13, 14, 15. 

Let a = 15, 6 = 14, c = 13. Then the greatest angle is A. 

. T . 14 2 +13 2 -15 2 140 . MiUM - 

Now, qqbA=—=: — t- a — 7^-=^— r^ — T^A* '384615. 
' 2x14x13 2x14x13 ia 

« cos 67° 23', nearly. 

[By the Table of natural cosines.] 

.'. the greatest angle =67° 23'. 



EXAMPLES. LXVL 

(1) If a=35225, 6=513*27, c= 482*68 yards, find the angle J, 
having given 

log 674-10= 2-8287243, log 3fil -85=2-5076535, 

log 160-83 =2-2063401, log 191 -42 = 2*2819873, 

L tan 20° 38' =9*5758104, L tan 20° 39' = 9*5761934. 
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(2) Find the two largest angles of the triangle whose sides 
are 484, 376, 522 chains, having given that 

log 6*91 = -8394780, log 3*15 = '4983106, 

log 2-07 = '3159703, log 1*69 = -2278867, 

Z tan 36° 46' 6" =9*8734581, L tan 31° 23' 9" = 9*7853745. 

(3) If a =5238, 6=5662, c=9384 yards, find the angles A 
and 2?, having given 

log 1*0142 = -0061236, log 4'904 = '6905505, 

log 4*48 = '6512780, log 7*58 = '8796692, 

Ztan 14° 38' = 9-4168099, L tan 15° 57' =9*4560641, 

Z tan 14°39'=9-4173265, Ztan 15° 58' =9*4565420. 

(4) If a = 4090, b = 3850, c = 381 1 yards, find A, having given 

log 5*8755 = '7690448, log 3*85 = '5854607, 

log 1-7855 = '2517599, log 3'811 = '5810389, 

Z cos 32° 15' = 9*9272306, L cos 32° 16' = 9*9271509. 

(5) Find the greatest angle in a triangle whose sides are 

7 feet, 8 feet, and 9 feet, having given 

log 3 = -477^13, Zcos 36° 42' =9*9040529, 
log 1-4= '146128, diff. for 60"= '0000942. 

(6) Find the smallest angle of the triangle whose sides are 

8 feet, 10 feet, and 12 feet, having given that 

log 2 = '30103, Z sin 20° 42' =9*5483585, diff. for 60"= -0003342. 

* 

(7) If a : b : c=4 -.5:6, find C, having given 

log 2 = -3010300, log 3= -4771213, 
Zcos 41° 25' =9-8750142, diff. for 60"= '0001115. 

(8) The sides of a triangle are 2, ^6, and 1 + ^3, find the 
angles. 

(9) The sides of a triangle are 2, N /2 and *J3-1, find the 
angles. 

L. 14 
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Case II. 

256. Given one side and two angles, as a, B, C. 

[Euc. I. 26; YL 4.] 

First, A = 180° -B-C; which determines A. 

_ _ t b a . a . sin B 

Next, -. — = = - — j, or, 6 = — ■. — j- ; 

sin/? sin A sin A 

, e a a . sin 

ana, - — -~ = — — -, , or, e = — ; — r— . 

sin G sin A sin J. 

These determine 6 and c. 

257. In practical work we proceed as follows : 

a . sin B 



Since b = 



am A 9 
a.smB 



.-. log b = log . 

° ° ami 

.v log b = log a + log (sin 2?) + 10 - (10 + log sin A). 
or, log b =! log a + Z sin 2? — Z sin A. 

Similarly, log c = log a + Z sin — L sin A. 

Example. Given that c= 1764*3 feet, C= 18° 27', and 
5= 66° 39', find 6. 

From the Tables we find log 1764-3 =32465724. 

Z sin 18° 27' =9-5003421, Zsin 66° 39' =9*9628904; 
.'. log b = 3-2465724 + 9*9628904 - 9*5003421 
=3-7091207 =log 5118*2; 
.-.6=5118*2 feet 
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EXAMPLES. LXVIL 

(1) If 4=53° 24', £=66°27', c=338*65 yards, find Cand a, 
having given that 

« 

Z sin 53° 24' =9*9046168, log 3*3865 = -529751 L 
L sin 60° 9' - 9*9381851, log 31346 = *496182$F 

log 3*1347 =-4961960. 

(2) If 4=48°, 5=54°, and c=38 inches, find a and b, 
having given that 

log 38= 1-5797836, log 2*88704= -4604527, 

log314295 = -4973368, L sin 5^=9*9079576, 

L sin 78°=9*9904044, L sin 48° =9*8710735. 

(3) Find c, having given that a = 1000 yards, A = 50°, C= 66°, 
and that 

L sin 50° =9*8842540, L sin 66° =9 '9607302, 

log 1-19255 =.-0764762, 

(4) Find 6, having given that 5=32° 15', C=21°47' 20", 
a =34 feet. 

log 3-4= -531479, L sin 32° 15' =9 727228, 

log 2*241 - -350442, L sin 54° 2 =9*908141, 
log 2*242 =-350636, X sin 54° 3'=9*908233. 

(5) Find a, 6, C, having given jl=72°4', 5=41° 56' 18", 
c=24 feet 

log2-4 =-3802112, Zsin72°4' =9*9783702, 
log 1-755 =-2442771, L sin 41° 56' 10" =9*8249725, 
log 1 -756 - -2445245, L sin 41° 56' 20" =9*8249959, 
log 2*4995 = '3978531, L sin 65° 59' = 9*9606739, 
log 2*4996 =-3978705, Z sin 66° =9*9607302. 

14—2 
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Case III. 

258. Given two sides and the included angle, as b 9 c,A. 

[Euc. I. 4; VI. 6.] 

First* B + C = 180° - A. Thus (B + C) is determined. 

Next> tan __ = __ C0t -. 

Thus (J? - C) is determined. 

And 2? and C can be found when the values of (B -f C) 
and (2? — G) are known. 

_ ,. a b b. sin -4 

Lastly, - — 7=* - — Di ora== — • — z>~ • 
J ' sin -d sin B sin -a 

Whence a is determined. 

259. In practical work we proceed as follows ; 

„. x B-C b-c ^A 
Since tan -_ = _«*.£, 



.-. log(tan^) + 10 



= log (6 - c) - log (6 + c) + log f cot —J + 1 0, 



B — C A 

or, Z tan — - — = log (b-c) — log (b + c) + L cot— . 

.. . 6. sin -4 

Also, since a = — : — ^r > 

.*. log a = log6 + Zsinji-Zsin.5, as in Case IIL 
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Example. Given 6=456*12 chains, c= 296*86 chains, and 
A = 74° 20', find the other angles. 

Here, 6-c=159*26, 6+c=752*98. 

From the Table we find, 

log 159*26 = 2*2021067, and log 752* 98 =2*8767834, 

L cot 37° l(y= 10*1202593 ; 

... l tan ^^=2*2021067 - 2*8767834+10*1202593 

= 9*4455826 =Z tan 15° 35' 18". 
.-. B - C= 31° 10' 36", and B+ C= 180° - 74° 20\ 

Thus 5+C=105°40'; 

.-. 2B= 136° 5(X 36" ; 2(7=74° 29' 24", 
or, J5=68° 25' 18" ; or, 67=37° 14' 42". 

260. The formula a* = b* + c 9 - 26c cos A may be used in 
simple cases; or it may be adapted to logarithmic calculation 
by the use of a subsidiary angle. [Cf. Example LXXVI. 
(20), p. 256.] 

Example. If 6=35 feet, c=21 feet, and A =50°, find a, given 
that cos 50<> = *643. 

Here a 2 =35 2 + 21 2 - 2x35x21 xcos50°; 

.-. ^=5 2 + 3 2 -2x5x3xcos50°, 
=25 + 9-30x643, =14*71. 
... ~=3*82 nearly ; or, a=26*74=about 26J feet 

EXAMPLES. LXVITL 

(1) Find B and C, having given that A = 40°, 6 = 131, c= 72. 
log 5*9 =-7708520, Z cot 20* =10*4389341, 
log 2*03 ='3074960, L tan 38° 36'= 9*9021604, 

L tan 38° 37'= 9*9024195. 
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(2) Find J. and B, having given that a =35 feet, 6=21 feet, 
(7=50°. log 2= -301030, L tan 28° 11' =9*729020, 

L tan 65° = 10*331327, L tan 28° 12' = 9*729323. 

(3) If 6=19 chains, c=20 chains, ^1=60°, find B and C, 
having given that log 3*9 — '591065, L tan 2° 32* = 8*645853, 

L cot 30° = 10*238561, L tan 2° 33'= 8*648704. 

(4) Given that a =376*375 chains, 6=251*765 chains, and 
C= 78° 26', find A and B. L cot 39° \2f •= 10*0882755, 

log 1 *2461 = -0955529, L tan 13° 39' = 9*3853370, 
log 6*2814= -7980565, Z tan 13° 40'= 9*3858876. 

(5) If a = 135, 6 = 105, <7= 60°, find A, having given that 

log 2 = -3010300, Ztanl2°12'=9*3348711, 
log 3= -4771213, L tan 12° 13' = 9*3354823. 

(6) If a = 21 chains, 6 = 20 chains, C= 60°, find c. 

(7) Find c in the triangle of example (5). 

(8) In a triangle the ratio of two sides is 5 : 3 and the in- 
cluded angle is 76° 30'. Find the other angles. 

log 2 = -3010300, L cot 35° 15' = 10*1507464, 

L tan 19° 28' 50"= 9*5486664. 



Case IV. 

261. Given two sides and the angle opposite one of 
them, as 6, c, B. [Omitted in Euc, I; Euc. VI. 7.] 

-,. , . c b . ~ c sin B 

First, since - — ~ = -: — _ ; . \ sin C = — 7 — . 
sin (7 sin 2? 6 

G must be found from this equation. 
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When G is known, A = 1 80° - B - C, 

bsmA 
and, a = — — 5- • 

7 sin if 

Which solves the triangle. 

262. We remark however that the angle C, found from 
the trigonometrical equation sin G = a given quantity, 
where G is an angle of a triangle, has two values, one less 
than 90°, and one greater than 90°. [Art 234.] 

The question arises, Are both these values admissible! 

This may be decided as follows: 

If B is not less than 90°, G must be less than 90° ; and 
the smaller value for G only is admissible. 
If B is less than 90? we proceed thus. 

c sin B 

1. If 6 is less than c sin B, then sin G, which = — 7 — , 

is greater than 1. This is impossible. Therefore if 6 is 
less than c sin B, there is no solution whatever. 

2. If 6 is equal to c sin B, then sin G = 1, and therefore 
(7 = 90°; and there is only one value of (7, viz. 90°. 

3. If & is greater than c sin B f and less than c> then B 
is less than C, and C may be obtuse or acute. In this 
case G may have either of the values found from the equa- 

tion sin G = — j — . Hence there are two solutions, and the 



triangle is said to be ambigUOUS* 

4. If 6 is equal to or greater than c, then B is equal to 
or greater than G, so that G must be an acute angle; and 
the smaller value for C only is admissible. 
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263. The same results may be obtained geometri- 
cally. 

Construction. Draw AB = c ; make the angle A BD = the 
given angle B; with centre A and radius = 6 describe a 
circle; draw AD perpendicular to BD. 




Then AD = c sin B. 

1. If b is less than c sin B, i.e. less than AD, the circle 
will not cut BD at all, and the construction fails. (Fig. L) 

2. If b is equal to AD, the circle will touch the line 
i?Z) in the point D, and the required triangle is the 
right-angled triangle ABD. (Fig. ii.) 

3. If b is greater than AD and less than AB, i.e. than 
c, the circle will cut the line BD in two points C v C a each 
on the same side of B. And we get two triangles ABG lt 
ABC a each satisfying the given condition. (Fig. iii.) 

4. If b is equal to c, the circle cuts BD in B and in 
one other point C; if b is greater than c the circle cuts BD 
in <wo points, but on opposite sides of J?. In either case there 
is only one triangle satisfying the given condition. (Fig. iv.) 
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264. We may also obtain the same results algebrai- 
cally* from the formula 

b* = c* + a* - 2c a cos B. 

In this b, c, B are given, a is unknown. Write x for a 
and we get the quadratic equation 

x 8 -2c cos B . x = b* — c*. 

Whence, a:* - 2c cos 2? . x + c* cos 8 2? = b* - c* + c* cos* 2? 

= &*-c*sin*£; 

.". a* = c cos 2? ± ^6* - c* sin* B. 
Let a, , a 8 be the two values of x thus obtained, then 

«! = c cos 2? 4- Jb* - c 8 sin 2 2?] 
a a = c cos 2? — ^/6 8 — c 8 sin 8 2?) 

Which of these two solutions is admissible, may be 
decided a* follows ; 

1. If & is less than csin B, then (&* — c*sin*2?) is nega- 
tive, so that a lt a a are impossible quantities. 

2. If 6 is equal to c sin B, then (&* - c* sin* B) = 0, and 
Oj = a a ; thus the ftio solutions become one. 

3. If b is greater than c sin B, then the two values a p 
as are different and positive unless 

V&* - c 8 sin *2? is > c cos 2?, 
i e. unless b* - c* sin* B > c* cos* J?, 

Le. unless ft* >c*. 

4. If b is equal to c, then a, = 0; if 6 is greater than c, 
then a, is negative and is therefore inadmissible. In either 
of these cases a l is the only available solution. 
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265. We give two examples. In the first there are 
two solutions, in the second there is only one. 

Example 1. Find A and C, having given that 6=379*41 
chains, c=483'74 chains, and 5=34° 11'. 

L sin C=log c + L sin 2?— log 6 

= 2-6846120+9-7496148 - 2*5791088 
=9*8551180=Zsin45°45'; 
.'. (7=45° 45', or, 180° -45° 45' = 134° 15'. 
Since 6 is less than c, each of these values is admissible. 
When C= 45° 45', then -4 = 100° 4'. 
When (7=134° 15', then ^ = 11° 34'. 

Example 2. Find A and C 9 when 6=483*74 chains, c=379*14 
chains, and 5=34° 11'. 

L sin C= log c + L sin B - log 6 

= 2*5791088 + 9*7496 148 - 2*6846120 
=9*6441116=Zsin26°9'; 

' .*. C=26° 9', or, 180° - 26° 9' = 153° 51'. 

Since 6 is greater than c, C must be less than 90°, and the 
larger value for C is inadmissible. 

[It is also clear that (153° 51' + 34° 11') is > 180°]. 

.*. C=26°9', ul = 119 40'. 



EXAMPLES. LXIX. 

(1) If £=40°, 6=140*5 feet, a=l70*6 feet, find A and C. 
log 1*405 = -1476763, L sin 40° =9*8080675, 

« 

log 1 *706 = -2319790, L sin 51° 18' = 9*8923342, 

L sin 51° 19' =9*8924354. 
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(2) Find B and <7, having given that -4=50°, 6=119 chains, 
a =97 chains, and that 

log 1 -19 = -075547, L sin 50° = 9*884254, 

log 9*7 . = -986772, L sin 70° =9-972986, 

L sin 70° 1'= 9-973032. 

(3) Find B, 9 and c, having given that -4=50°, 6=97, 
a =119 (see example (2)). 

log 1-553= -191169, Zsin38°38' 24"=9795479, 

L sin 88° 37' 24" = 9*999876. 

(4) Find A, having given that a =24, c=25, (7=65° 59', and 

that 

log 2*5 = -3979400, L sin 65° 59' = 9-9606739, 

log 24 = -3802112, L sin 61° 16' =9*9429335, 

L sin 61° 17' = 9'9430028. 

(5) If a =25, c=24, and (7= 65° 59', find A, B and the 
greater value of 6. 

log 1 -755 = -2442771, L sin 72° 4' = 9*9783702, 

log 1-756 = -2445245, Zsin 72° 5' =9*97841 11, 

L sin 41° 56' 10" = 9-8249725, 

L sin 41° 56' 26" = 9*8249959 ; 
for other logs see example (4). 

(6) Supposing the data for the solution of a triangle to be 
as in the three following cases (a), (£), (y), point out whether 
the solution will he ambiguous or not, and find the third side in 
the obtuse-angled triangle in the ambiguous case : 

(a) -4 = 30°, a = 125 feet, c=250 feet, 

(/3) A = 30°, a = 200 feet, c = 250 feet, 

(y) -4=30°, a=200 feet, c=125 feet, 
log 2 = -3010300, Zsin 38° 41' =9-7958800, 
log 6*0389 - -7809578, L sin 8° 41' =9*1789001, 
log 6*0390 = -7809650. 
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266. It saves a little trouble in practice when using 

the formula a = — : — _ , to write it thus : a=b sin A . cosec B. 

sin 2? 

For then, log a = log 6 + L sin A + L cosec B - 20. 

Thus the subtraction of a logarithm is avoided. 

267. In the following Examples the student must find 
the necessary logarithms etc. from the Tables. 

MISCELLANEOUS EXAMPLES. LXX. 

♦ 

(1) Find A when a = 374*5, 6=576*2, c= 759*3 feet 

(2) Find B when a =4001, 6=9760, c=7942 yards. 

(3) Find C when a = 8761*2, 6 = 7643, c=4693*8 chains. 

(4) Find B when ^1 = 86° 19', 6=4930, c=5471 chains. 

(5) Find C when £=32° 58', c= 1873*5, a =764*2 chains. 

(6) Find c when (7=108° 27', a = 36541, 6=89170 feet 

(7) Find c when £=74 a 10', (7=62° 45', 6=3720 yards. 

(8) Find 6 when 5=100° 19', (7=44° 59', a=1000 chains. 

(9) Find a when 5= 123° 7' 20", (7= 15° 9', c=9964 yards. 

Find the other two angles in the six following triangles. 

( 10) (7= 100° 37', 6 = 1450, c = 6374 chains. 

(11) (7=52° 10', 6=643, c=872 chains. 

(12) .4=76° 2' 30", 6=1000, a=2000 chains. 

(13) (7=54° 23', 6=873*4, c=752*8 feet 

(14) (7=18° 21', 6=674*5, c= 269*7 chains. • 

(15) A = 29° 1 1' 43", 6 = 7934, a = 4379 feet. 

(16) The difference between the angles at the base of a 
triangle is 17° 48', and the sides subtending those angles are 
105*25 feet and 76*75 feet; find the angle included by those 
sides. 

(17) If 6 : c=4. : 5, a=1000 yards and 4 = 37° 19', find 6. 

(18) If 6=4, c=5, -4=cos- 1 JJ, then a=|. 
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CHAPTER XVIII. 

On the Measurement of Heights and Distances. 

268. We have said (Art. 97) that the measurement, 
with scientific accuracy, of a line of any considerable length 
involves a long and difficult process. 

On the other hand, sometimes it is required to find the 
direction of a line that it may point to an object which is 
not visible from the point from which the line is drawn. 
As for example when a tunnel has to be constructed. 

By the aid of the Solution of Triangles 

we can find the length of the distance between points which 
are inaccessible ; 

we can calculate the magnitude of angles which cannot be 
practically observed ; 

we can find the relative heights of distant and inaccessible 
points. 

The method on which the Trigonometrical Survey of a 
country is conducted affords the following illustration. 
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269. To find the distance between two distant objects. 



Two convenient positions A and B y on a level plain as 
far apart as possible, having been selected, the distance 
between A and B is measured with the greatest possible 
care. This line AB is called the base line. (In the survey 
of England, the base line is on Salisbury plain, and is about 
36,578 feet long). 

Next, the two distant objects, P and Q (church spires, 
for instance) visible from A and B, are chosen. 

The angles FAB, PBA are observed. Then by Case II. 
Chapter xvn, the lengths of the lines PA 9 PB are cal- 
culated. 

Again, the angles QAB, QBA are observed ; and by Case 
II. the lengths of QA and QB are calculated. 

Thus the lengths of PA and QA are found. 

The angle PAQ is observed ; and then by Case IIL the 
length of PQ is calculated. 

270. Thus the distance between two points P and Q 
has been found. The points P and Q are not necessarily 
accessible ; the only condition being that P and Q must be 
visible from both A and B. 
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271. In practice, the points P and Q will generally be 
accessible, and then the line PQ, whose length has been cal- 
culated, may be used as a new base to find other distances. 

272. To find the height of a distant object above the point 
of observation. 



Let B be the point of observation ; P the distant object. 
From B measure a base line BA of any convenient length, 
in any convenient direction; observe the angles PJB,PBA, 
and by Case II. calculate the length of BP. Next observe at 
B the * angle of elevation ' of P ; that is, the angle which 
the line BP makes with the horizontal line BM, if being the 
point in which the vertical line through P cuts the horizontal 
plane through B. 

Then PM, which is the vertical height of P above B can 
be calculated, for PM = BP . sin MBP. 

Example 1. The distance between a church spire A and a 
milestone B is known to be 1764*3 feet; C is a distant spire. The 
angle CAB is 94° 54', and the angle CBA is 66° 39\ Find the 
distance of C from A. 

ABC is a triangle and we know one side c and two angles 
(A and B), and therefore it can be solved by Case II. 

The angle ACB=* 180° - 94° 54' - 66° 39' 

= 18° 27'. 
Therefore the triangle is the same as that solved on page 210. 
Therefore AC= 5118-2 feet. 
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Example 2. If the spire C in the last Example stands on a 
hilly and the angle of elevation of its highest point is observed at 
A to be 4° 19'; find how much higher C is than A. 

The required height x=AC.Bm 4° 19' [Art. 268], and AC is 
5118*2 feet, . 

.-. log #=log {AC . sin 4° 190 

=log 5118*2 +Z sin 4° 19'- 10 

= 3-7091173+8-8766150-10 

= 2-5857323 = log 385*24. 

Therefore x = 385 ft. 3 in. nearly. 

EXAMPLES. LXXI. 

(Exercises xiv. and lxl consist of easy examples on this 
subject). 

(1) Two straight roads inclined to one another at an angle 
of 60°, lead from a town A to two villages B and C ; B on one 
road distant 30 miles from A, and C on the other road distant 
15 miles from A. Find the distance from B to C. Ana 25*98 m. 

(2) Two ships leave harbour together, one sailing N.E. at 
the rate of 7£ miles an hour and the other sailing North at the 
rate of 10 miles an hour. Prove that the distance between the 
ships after an hour and a half is 10*6 miles. 

(3) A and B are two consecutive milestones on a straight 
road and C is a distant spire. The angles ABC and BAC are 
observed to be 120° and 45° respectively. Show that the dis- 
tance of the spire from A is 3*346 miles. 

(4) If the spire C in the last question stands on a hill, and 
its angle of elevation at J. is 15°, show that it is '866 of a mile 
higher than A. 

(5) If in Question (3) there is another spire D such that the 
angles DBA and DAB are 45° and 90° respectively and the angle 
DAC is 45° ; prove that the distance from C to D is 2 J miles 
very nearly. 
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(6) A and B are two consecutive milestones on a, straight 
road, and C is the chimney of a house visible from both A and B. 
The angles CAB and CBA are observed to be 36° 18' and 120° 27' 
respectively. Show that C is 2639 '5 yards from B, 

log 1760 =3-2455127 I sin 36° 18'= 9*7723314 

log 26395 = 3-42152 L cosec 23° 15' = 10*4036846. 

(7) A and B are two points on opposite sides of a mountain, 
and C is a place visible from both A and B. It is ascertained 
that C is distant 1794 feet and 3140 feet from A and B respec- 
tively and the angle ACS is 58° 17'. Show that the angle which 
the line pointing from A to B makes with AC is 86° 55' 49", 

log 1346 = 3-1290461 L cot 29° 8' 30" = 10*2537194 

log 4934 = 3-6931991 L tan 26° 4' 19" = 9*6895654 

(8) A and B are two hill-tops 34920 feet apart, and C is the 
top of a distant hilL The angles CAB and CBA are observed to 
be 61° 53' and 76° 49' respectively. Prove that the distance from 
A to (7 is 51515 feet, 

log 34920 = 4-5430742 L sin 76° 49'= 9*9884008 

log 51515=4-71193 L cosec 41° 18'= 10*1804552. 

(9) From two stations A and B on shore, 3742 yards apart, 
a ship C is observed at sea. The angles BAC y ABC are simul- 
taneously observed to be 72° 34' and 81° 41' respectively. Prove 
that the distance from A to the ship is 8522*7 yards, 

log 3742 = 3*5731038 L sin 81° 41' = 9*9954087 

log 8522*7 = 3*9305774 L cosec 25° 45' = 10*3620649. 

(10) The distance between two mountain peaks is known to 
be 4970 yards, and the angle of elevation of one of them when 
seen from the other is 9° 14'. How much higher is the first than 
the second 1 Sin 9° 14' = -1604555. Am. 797*5 yards. 

(11) Two straight railways intersect at an angle of 60°. 
From their point of intersection two trains start, one on each 
line, one at the rate of 40 miles an hour. Find the rate of the 
second train that at the end of an hour they may be 35 miles 
apart. Am. Either 25 or 15 miles an hour. (Art 264.) 

L. 15 
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(12) A and B are two positions on opposite sides of a 
mountain ; C is a point visible from A and B ; AC and BC are 
10 miles and 8 miles respectively, and the angle BCA is 60^. 
Prove that the distance between A and B is 9*165 miles. 

(13) In the last question, if the angle of elevation of C at A 
is 8°, and at B is 2° 48' 24" : show that the height of A above B 
is one mile vei-y nearly. 

sin 8°= -1391731 sin 2° 48' 24"= -0489664. 

(14) Show that the angles which a tunnel going through the 
mountain from AtoB, in Questions (12) and (13), would make 
(i) with the horizon, (ii) with the line joining A and C, are 
respectively 6° 16' and 49° 6' 24". 

sin 6° 16' ='1091 ; tan 10> 53' 36" ='192450. 

(15) A and B are consecutive milestones on a straight road ; 
O is the top of a distant mountain. At A the angle CAB is 
observed to be 38° 19' ; at B the angle CBA is observed to be 
132° 42', and the angle of elevation of C at B is 10° 15'. Show 
that the top of the mountain is 1243*5 yards higher than B. 

L sin 38° 19' = 9*7923968 log 1760 = 32455127 

L cosec 8° 59' = 10-8064659 log 12435 = 309465 
L sin 10° 15' =9-2502822. 

(16) A base line AB, 1000 feet long is measured along the 
straight bank of a river; C is an object on the opposite bank ; 
the angles BAC, and BCA are observed to be 65° 37' and 53° 4' 
respectively. Prove that the perpendicular breadth of the river 
at C is 829*87 feet ; having given 

L sin 65° 37'= 9*9594248, L sin 53° 4' - 9*9027289 
L cosec 61° 19' - 10*0568589, log 8*2987 - "91901. 
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MISCELLANEOUS EXAMPLES. LXXH. 

(1) A man walking along a straight road at the rate of three 
miles an hour sees, in front of him at an elevation of 60°, a balloon 
which is travelling horizontally in the same direction at the rate 
of six miles an hour ; ten minutes after he observes that the 
elevation is 30°. Prove that the height of the balloon above the 
road is 440^3 yards. 

(2) A person standing at a point A , due south of a tower built 
on a horizontal plain, observes the altitude of the tower to be 60°, 
He then walks to a point B due west from A and observes the 
altitude to be 45°, and then at the point C in AB produced he 
observes the altitude to be 30°. Prove that AB=BC. 

(3) The angle of elevation of a balloon, which is ascending 
uniformly and vertically, when it is one mile high is observed to 
be 35° 20* ; 20 minutes later the elevation is observed to be 
55° 40'. How fast is the balloon moving 1 

An*. J (sin 20° 20*) (sec 55° 4ff) (cosec 36° 20') miles per hour. 

(4) The angular elevation of a tower at a place A due south 
of it is 30° ; and at a place B due west of A, and at a distance a 
from it, the elevation is 18°; show that the height of the tower is 

a 



V2(l+V5) 

(5) The angular elevation of the top of a steeple at a place 
due south of it is 45°, and at another place due west of the former 
station and distant a feet from it the elevation is 15° ; show that 

the height of the steeple is 5 (3* - 3"*) feet. 

(6) A tower stands at the foot of an inclined plane whose in- 
clination to the horizon is 9°; a line is measured up the incline 
from the foot of the tower of 100 feet in length. At the upper 
extremity of this line the tower subtends an angle of 54°, Find 
the height of the tower. Aru. 114*4 ft 

15—2 
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(7) The altitude of a certain rock is observed to be 47°, and 
after walking 1000 feet towards the rock, up a slope inclined at 
an angle of 32° to the horizon, the observer finds that the altitude 
is 77°. Prove that the vertical height of the rock above the first 
point of observation is 1034 ft. Sin 47°= '73135. 

(8) At the top of a chimney 150 feet high standing at one 
corner of a triangular yard, the angle subtended by the adjacent 
sides of the yard are 30° and 45° respectively ; while that sub- 
tended by the opposite side is 30°. Show that the lengths of the 
sides are 150 ft. 86*6 ft and 75 J ft. respectively. 

(9) A flag staff h feet high stands on the top of a tower. 
From a point in the plain on which the tower stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be a and p respectively. Prove that the height of the tower 

h tan a j, , . h sin a . cos B » 

is i 1 — a *&*} 1 * e - • / sr- feet 

tan o- tan (S ' sin(a-/3) 

(10) From the top of a cliff A feet high the angles of de- 
pression of two ships at sea in a line with the foot of the cliff are 
a and respectively. Show that the distance between the ships 
is h (cot /3 - cot a) feet 

(11) The angular elevation of a tower at a place due south of 
it is a, and at another place due west of the first and distant d 
from it, the elevation is 0. Prove that the height of the tower is 

d . c?sin a. sin 8 

i.e. 



Vcot 2 J3 - eot 2 a ' ' Vsin(a-/3).sin(a+/3)' 

(12) A man stands on the top of the wall of height A, and 

observes the angular elevation (a) of the top of a telegraph post ; he 

then descends from the wall, and finds that the angular elevation 

is now /3; prove that the height of the post exceeds the height of 

± . w , .sintf.cosa 
the man by h . , Q — ^ . 
J sin (/* - a) 
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(13) Find the height of a cloud by observing (i) its elevation 
(a) and (ii) the depression (J3) of its reflexion in a lake h feet 
below the point of observation. Ans. Height above the lake 
h sin (a + )3) cosec (fi - a) feet. 

(14) If the angular elevation of the summits of two spires 
(which appear in a straight line) is a, and the angular depressions 
of their reflexions in a lake, h feet below the point of observation, 
are )3 and y, then the horizontal distance between the spires is 
2A cos 8 a sin (fi - y) . cosec (ft-a) . cosec (y — a) feet. 

(15) A statue AB on the top of a pillar BC situated on level 
ground is found to subtend the greatest angle (a) at the eye of an 
observer E when he is distant c feet from the pillar. Prove 
that the height of the statue is (2 c tan a) feet ; and, if b be the 
height of the observer's eye from the ground find the height of 
the pillar. (See Note in the Answers.) 

(16) A man walking along a straight road observes that the 
greatest angle which two objects subtend at his eye is a. From 
the place where this happens he walks a yards ; the objects then 
appear in a straight line making a right angle with the road. 
Prove that the distance between the objects is (2 a tan a) yards. 

(17) A man standing on a horizontal plain at a distance 
h feet from a tower, observes that a flagstaff on the tower sub- 
tends an angle a at his eye, and that on walking 2 k feet towards 
the tower the flagstaff subtends again the same angle. Prove 
that the height of the flagstaff is 2 (h-k) tan a feet. 

(18) A man walking along a straight road observes that the 
greatest angle which two objects subtend at his eye is a ; from 
the place where this happens he walks a yards, and the objects 
then appear in a straight line making an angle with the road. 

Prove that the distance between the objects is asma - 8m A> ^ 

J cos a + cos * 
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CHAPTER XIX 

On Triangles and Circles. 

273. To find the Area of a Triangle. 
The area of the triangle ABC is denoted by A. 
H. 4 / H._ 





'B C a ff" 

Through A draw HK parallel to BC, and through ABC 
draw lines AD, BK, CH perpendicular to BC. 

The area of the triangle ABC is half that of the rectan- 
gular parallelogram BCHK [Euc. i. 41]. 



Therefore 



A = 



BC.Cff BC.DA 



w~ — 



2 
a. b sin C 



(i)- 



But sin C = -j . J s (e — a) (* — b) (s — c) ; 

,\ A = *s/« (* - a) (s - 6) (* - c) = £ (ii). 
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274. To find the Radius of the Circumscribing Circle. 




Let a circle AA'CB be described about the triangle ABC. 
Let R stand for its radius. Let be the centre of the circle. 
Join BO, and produce it to cut the circumference in A'. Join 
A'C. 

Then the angles BAC, BA'C in the same segment are 
equal And the angle BCA' in a semicircle is a right angle. 

GB 
Therefore -., „ = sin CA'B = sin GAB = sin A, 

A IS 



or, 



a 
2R 



= sin A ; 



.-. 2i? = -v 



a 



sin A ' 



275. Similarly, it may be proved that 

b , .. _ e 



Hence, 



2# = -^- 5 : and that 22?= .^=. 
sin 27' sin 2? 

b c 



a 



sin A sin B sin (7 



= 22?. 



Thus d, the value of each of these fractions, is the 
diameter of the circumscribing circle. 
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276. To find the radius of the Inscribed Circle. 




Let D, F, F be the points in which the circle inscribed 
in the triangle ABC touches the sides. Let / be the centre 
of the circle ; let r be its radius. Then ID = IF=IF= r. 

The area of the triangle ABC 

= area of IBC + area of ICA + area of TAB. 

And the area of the triangle IBC = \ID . BC = \r.a, 
.-. area of ABC = \1D . BC + \IE . CA + \IF . AB 

= \ra+\ rb + $rc; 
or, A = %r(a + b + c) = £r.2* = r*. 

. • * — ~ ~ ~ ~~ • 
s s 



277. A circle which touches one of the sides of a 
triangle and the other two sides produced is called an 
Escribed Circle of the triangle. 
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278. To find the radius of an Escribed Circle. 

Let an escribed circle touch the side BC and the sides 
AC, AB produced in the points D v F x , F x respectively. 
Let I x be its centre, r x its radius. Then 

The area of the triangle ABC 

= area of ABIfi - area of I X BC, 

= area of I X CA + area of I X AB — area of lyBC, 

or A= K*, • CA + \I X F X .AB-\I X D X .BC 

= \r x b + \r x c-\r x a 

= ^ l (6 + c-a) = |r l (2*-2a) 
= r 1 (*-a). 

A S 

1 8— a 8—a 

279. Similarly if r 9 and r 8 be the radii of the other two 
escribed circles of the triangle ABC, then 



A. 



8 S 



r. = — 7 ; r a = 



280. The following results are often usefuL 

With the construction of the last two articles ; the lines 
I A, IB f IC bisect the angles A, B, C respectively ; the lines 
I X A, I X B 9 I X C bisect the angles BAC y CBF# BCE X respect- 
ively ; so that AII X is a straight line. 
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281. To find an expression for the area of a quadri- 
lateral inscribed in a circle, in terms of the sides. 




Let DEFG be the quadrilateral ; and let d y e,f g repre- 
sent the sides. 

The angle F= 180°- Z>. [Eua in. 22.] 

The area of GDE= \dg sin D. [Art. 273.] 

The area of EFG = ^/sin F= Je/sin (180° - D) 

Thus the area of the quadrilateral is 

\ (dg + ef) sin D. 

We must find an expression for sin D in terms of the 
sides. 



From the triangle EGD we have 
EG> = d a + g*-2dgcoaD. 

From the triangle EGF we have 
EG 8 = e* +/* - 2e/cos F 
= e a +f* + 2e/cos D ; 



[Art. 239.] 



[For^=180°-Z>] 



.'. d? + g* -2dg coa D=e* +f* +2efcoa D; 
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• \ 2 (dg + ef) cos 2> = cf + g 8 - e*-f*y 

«n i ((P + g'-e*-/ 9 )' 

" Bn 4 (^ + ef)' ' 

The numerator of this expression is equal to 
{(2dg + fief) + (d'+g' - e'-/')} {(2dg + 2e/)-(d>+<f-<?-f')} 

-{(d+gy- (« -/)*} x «• +/>• - (d - ? n 

- (d +g + e -/) (d +g - e +/) (e +/+ <*-?)(« +/+£ - <*)• 
Let 2s stand for (d + e +/+ 0). 

Then the above expression may be written 
(2s - 2/) (2s - 2e) (2s - 2?) (2s - 2d). 

Therefore sin'Z> = j(?zfQ (■- «>(»-/>(■-*> . 

(tfy + «/)' 

sin D - 2 J(8~rf)(B-«)( s-/)(s- g ) 

or sin t/ , > . 

dg+ef 

Hence the area of the quadrilateral DEFG 
which is \ (dg + ef) sin Z> 

- J(s-d)(n-«)( a -f)(B-g). 
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282. To prove thai if I and O are the centres of the 
inscribed and circumscribed circles of a triangle, then 

Or = I?-2Br. 




Let 01 produced cut the circumscribing circle in H and 
K. Join IA 9 IC ; produce I A to cut the circle ABC again 
in V. Draw the diameter VOW and join CW. Then the 
angle VIC = IAC + ICA = \A + £<?= \(A + C). The angle 

ICV=ICB + BCV=ICB + BAV=\C + \A = \(A + C). 

Therefore the angle VCI= VIC> and .-. P7= VC. 

Now OK 9 - 07* = HI.IK [Euc. il 5] 

= FZ . I A - FC . /A [Euc. in. 35.] 



But Ftf = rW.aiiiCWr=21t.smCAr=2B.Bm^, 



and 



74 = 



r 

A' 

sin -=■ 
2 



[See Figure on page 234.] 



Hence 



A 



0K'-0F=2Rahi^x 



Bin 



2 



or 



JP-0r = 2Br. 
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EXAMPLES. LXXTTT. 

(1) Find the area of the triangle ABC when 
(i) a =4, b = 10 feet, (7=30°. 

(ii) 6=5, c= 20 inches, 4 = 60°. 

(iii) c=66§, a=15 yards, £=17° 14' [sin 17° 14'=*29626]. 

(iv) a =13, 6=14, c= 15 chains. 

(v) a =10, the perpendicular from A on BC=* 20 feet. 

(vi) a=625, 6=505, c= 904 yards. 

(2) Find the Radii of the Inscribed and each of the Escribed 
Circles of the triangle ABC when a=13, 6=14, c=15 feet. 

(3) Show that the triangles in which (i) o=2, .4=60°; 
(ii) 6=§ . V3, 5=30° can be inscribed in the same circle. 

(4) Prove that -#=t«- ; find R in the triangle of (2). 

(5) Prove that if a series of triangles of equal perimeter are 
described about the same circle, they are equal in area. 

(6) If A =60°, o= ^3, 6= V 2 > prove that the area 

=J(3+V3). 

(7) Prove that each of the following expressions represents 
the area of the triangle ABC: 

(ii) 2B? sin A . sin B. sin C. 

(iv) Br (sin A + sin B+ sin (7). 

(v) $a* sin B . sin C . cosec A. (vi) racosec — cos ^-cos- . 

2S 2S 2S 

(vii) (rr x rf$. (viii) $ (a 2 - V) sin .4 . sin B . cosec (4 - B). 



/i\ 


a&c 


W 


4^ # 


(iii) 


r*. 
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Prove the following statements : 

(8) If a, b, c are in A. P., then ac=6r& 

(9) The area of the greatest triangle, two of whose sides are 
50 and 60 feet, is 1500 sq. feet. 

(10) If the altitude of an isosceles triangle is equal to the 
base, B is five-eighths of the base. 

(11) 2J(sin4+sin£+sinC)=*. 

(12) bc=4R? (cos A +cos B . cos C). 

(13) If Cis a right angle, 2r + 2£=a + 6. 

(14) fy 3 +r 3 r 1 + r 1 r 2 =« 2 . 

1 1_ 1 _ 1 
* ' be ca ab %rR' 

J.A ±B .C .A .B .C 

(16) r^ot — =r 2 cot -^ =r 3 cot - = r cot ^ . cot - . cot ^ . 

Q 

(17) f^ + r 2 =c cot ^. 

/,«x 1111 

(18) +- + -=-. 
V ' r x r % r z r 

(19) r ^ + r -*ZL= C -. (20) r 1 + r 2 + r 3 -r=4i2. 

(21) a.b.c.r=4R(8-a)(8-b)(8-c). 

(22) The distances of the centres of the escribed circles of the 
triangle ABC from that of the inscribed circle are 

4/2 sin - , 4^ sin - , 4R sin - - . 

A A it 

(23) If A is a right angle, r 2 + r^a. 

(24) In an equilateral triangle 3/2 = 6r = 2r t . 



(25) Tl + H +?*. = -- 1 
K ' be ca ab r 



2/2* 
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CHAPTER XX. 

On the Area op the Circle, the Construction of 
Trigonometrical Tables, <fca 

283. Let r be the radius of the circle described about 
a regular polygon of n sides. Let be the centre ; HK 
one of the sides. 




H 

From draw OD perpendicular to HK, bisecting both 

HK and the angle HOK Then, since the polygon has n 
equal sides, n times the angle HOK make up tjfco right angles 

.-. HOK= — , and .: &0K= - . Hence, 
n n 

the perimeter of the polygon, which is n times HK, 

= 2w . DH= 2n . OH sin DOH 

cs 2nr sin - : 
n 

the area of the polygon, which is n times the area of HOK, 

= nOD . HD = nr cos - . r sin - 

n n 



=■ wr sin - . cos - . 
n n 



16 



242 TRIGONOMETRY. 

284. Let r be the radius of the circle inscribed in a 
regular polygon of n sides. Let be the centre, HK one 
of the sides. 




H % M t K 



From draw OM perpendicular to HK f bisecting both 
HK and the angle HOK. Then since the polygon has 
n equal sides, n times the angle HOK make up four right 
angles, 

.-. HOK= — and .-. MOH=-. Hence 
n n 

the perimeter of the polygon, -which is n times HK, 

= 2n.MH=2n.OMiaxiMOH 

= 2wrtan-. 
n 

The area of the polygon, which is n times the area of HOK, 
= n.0M.MH=n.0M.0Mtax3iM0H 

= nr*tan- 
n 

= the radius x half the perimeter. 

285. Let a circle of radius r have a regular polygon 
of n sides circumscribed about it, and also a regular polygon 
of the same number (n) of sides inscribed in it. 
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L . ' AT 

The perimeter of the circumscribing polygon is 2nr tan -. 

n 

The perimeter of the inscribed polygon is 2nr sin - . 

n 

The ratio of these perimeters is 1 : cos - (1), 

The area of the circumscribed polygon is nr* tan - . 

n 

The area of the inscribed polygon is wr 8 sin - cos - . 

n n 

IT 

The ratio of these areas is 1 : cos 8 - (ii). 

n v ' 

286. We must assume the two following axioms : 

(i) The circumference of the circle lies in magnitude 
between the perimeter of a circumscribed and that of an 
inscribed polygon. 

(ii) The area of the circle lies in magnitude between 
the area of a circumscribed and that of an inscribed polygon. 

Now, when n is increased, — is diminished, and therefore 

n 

(by Art. 94) cos - approaches 1. 

Hence, as the number of the sides of the two polygons in 
Art. 285 is increased, their perimeters approach to equality. 

And since the circumference of the circle always lies in 
magnitude between them, each of these perimeters must 
approach the circumference of the circle. 

Therefore, the circumference of a circle is that, to which 
the perimeter of a regular inscribed (or circumscribed) poly- 
gon approaches as the number of its sides is increased, 
and from which it can be made to differ by less than any 
assignable quantity however small. (Cf. Art. 32.) 

16—2 
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287. In like manner it follows, from (ii) Art. 285, that 
the area of the circle is the ' limit * of the area of a regular 
inscribed (or circumscribed) polygon when the number of the 
sides is indefinitely increased. 

Now, twice the area of a polygon circumscribed about 
a circle is equal to (the radius x the perimeter). [Art. 284] 

This is true however great be the number of the sides. 
It is therefore true when the number of the sides is in- 
definitely increased. 

Therefore it is true for the circle itself Hence, 

twice the area of a circle = the radius x the circumference. 

Or, the area of a circle = \r (2irr) [Art. 34] 



EXAMPLES. LXXIV. 

(1) Prove the surd expressions of Art. 37 for the ratios of the 
perimeters of certain regular polygons to the diameters of their 
circumscribing circles. 

(2) Prove that the area of a regular polygon of twelve sides 
described about a circle whose radius is 1 foot is 3*215 sq. ft 

(3) Prove that the area of a square described about a circle 
is £ of the dodecagon inscribed in the same circle. 

(4) Find the perimeter of a regular polygon of 100 sides 
(i) when described about a circle of 1 foot diameter, (ii) when 
inscribed in the same circle. Am. (i) 3*14263, (ii) 3*14108 ft. 

(5) An equilateral triangle and a regular hexagon have the 
same perimeter : show that the areas of their inscribed circles 
are as 4 : 9. 



ON THE AREA OF THE CIRCLE. 245 

(6) Prove that the area of a regular polygon of n sides, each 

- , ., . . wa a ,.180° 

of whose sides is a, is —r- . cot . 

4 n 

(7) If the areas of a regular pentagon and decagon are equal, 
the ratio of their sides is \/20 : 1. 

(8) If a be a side of a regular polygon and R and r the 
radii of the inscribed and described circles respectively, then 

2/2=acosec- and 2r=a cot -. 
n n 

(9) If R and r be the radii of the inscribed and circum- 
scribtd circles of a regular polygon of n sides, each = a, 

(10) The triangle formed from one side each of a regular 
pentagon, hexagon and decagon inscribed in the same circle, is 
right-angled. 

(11) Prove that the area of an irregular polygon described 
about a circle is equal to the product of the radius and half the 
perimeter of the polygon. 

(12) The area of an irregular polygon of an even number of 
sides circumscribed about a circle is equal to the radius x the 
sum of every alternate side. 

(13) The diameter of the dome of St Paul's is 108 feet ; prove 
that it covers an area of 1018 sq. yds. 

(14) The radius of the circle whose area is one acre is 39} yds. 

(15) A length of 300 yards of paper, the thickness of which 
is the hundred and fiftieth part of an inch, is rolled up into 
a solid cylinder. Find approximately the diameter of the 
cylinder. Arts. 9*575 in. 

(16) The diameter of a roll of carpet is 2 feet and the thick- 
ness of the carpet is the eighth of an inch. What is the length 
of the carpet ? Am. 301 '6 ft. 
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On the Construction of Trigonometrical Tables. 

288. To prove that, if be the circular measure of an 
ahgle leas thorn a right angle, sin 6, 0, tan 6 are in ascending 
order of magnitude. 




^ !/ 



IP 

Let ROP be an angle (0) less than a right angle. Make 
the angle ROF on the other side of OR equal to BOP. 
With centre and any radius OR describe the arc FRP. 
Draw PT, FT to touch the circle at P and F. PT and 
FT will meet on OR. The line PF is bisected by OR at 
right angles at M. 

Then, since the circumference of a circle lies between the 
perimeter of the inscribed and circumscribed polygons, it 
follows that the arc FRP lies in magnitude between FMP 
and FT + TP. In other words, FMP, the arc FRP, and 
FT+ TP are in ascending order of magnitude. 

Therefore also their halves MP, RP, TP are in ascending 
order of magnitude. 

MP RP TP 



And so also are 



OP 9 OP' OP' 



That is, sin 6, 0, tan are in ascending order of niagni- 

[arc T 
=— r; — is the circular measure of the 

angle referred to. 
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6 1 

289. Hence, 1, - — ^ , ^ are in ascending order of 

sin u cos 

magnitude. 



290. To prove that the l Hmit' of-. — a, token 0= 0, t* 1 : 

sm0 

being the circular measure of ike angle referred to. 

1 

The value of -^— ^ lies between 1 and -„ . As is 

sin cos 

diminished, cos 0. approaches 1 ; and the smaller becomes, 
the more nearly does approach 1. [Art. 94] 

Therefore, by diminishing sufficiently, we can make 
— — ^ differ from 1 by less than any assignable quantity 

however small. 

This is what is meant when it is said that 'the limit of 



, when = 0, is I. 9 



sin0 

291. The student must notice carefully that here is 
the number of radians in the angle referred to.* 

ft IftO 

Example. Prove that the limit of — — ^ , when »» 0, is 

SVTv Tit 



IT 



Let radians =n°, then 

6 n 1800 n 180 



.'. n= 



ir 180' ir ' sinn v sin0 

When n is diminished, is diminished also, and the limit of 

A ft / 

--. — ^, when 0=0, is 1. Therefore the limit of —. — - a [which 
Kin 7 ' sin n Q \ 

180 tf \ , A . 180 

= — . - — -:) , when 7t=0, is — . 
ir sin 0/ v 



* It is on this account that a radian is used as a unit of angle 
(Art. 62). 
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292. To prove that if be the circular measure of a 
positive angle less than a right angle, sin lies between and 
0-±0 8 . 

It has been proved that sin0 is less than (i). 

And that is less than tan 0. 

Therefore ^ is less than tan ^ ; or, - cos~ is less than sin -. 



Now, sin 5 = 2 sin- .cos~ ; [Art. 166] 



2 Z 



>°. sin is greater than 2 f - cos ~ J 



0\ 
cos- 



2' 





i.e. greater than cos 9 ^ , i.e. greater than 0-0 sin* s . 

Z 2 



But f- j is greater than sin*-^ . 



Much greater therefore is sin than 0-\(P (ii). 

Hence, sin is less than 0, and greater than - j. 

293. To./fod sin 10". 

In the above, is the circular measure of the angle* 

The circular measure of 10", correct to three significant 
figures, is -0000484.... [Examples X. (17).] 

Let 0= -0000484.... 
Then, 
$ _ ±ff> = $ _ 1 (-0000484 ....)»= - -000000000000028. . . . 

Hence, and (0 - J0 8 ) are decimal fractions which agree 
in their first twelve figures at least. 
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And since sin 10" lies between these fractions, therefore 
the first twelve decimal places of sin 10" are the same as 
those of the circular measure of 10". 

Hence, if the value of w be given to a sufficient number 
of decimal places, we can calculate the circular measure 
of 10", and therefore also sin 10", to 12 decimal places. 

294. To show how to construct a Table giving the Trigo- 
nometrical Ratios of angles which form an arithmetical pro- 
gression having 10" for the common difference. 

In the identity 

sin (n + 1) a + sin (n — 1) a = 2 sin na . cos a, 

let a= 10", and suppose a table of the sines of all angles at 
intervals of 10" to have been calculated up to n. 10". 

Then, sin (n — 1) a, sin no and cos a [ = Jl — sin* 10"] are 
known. 

Therefore by the above formula sin (n + 1) a can be found. 

Hence, since we know sin 10", the sine of 20" can be 
found ; and then the value of sin 30"; and so on. 

295. When the sines of angles up to 45° have been 
calculated, the rest may be found from the formula, 

sin (45° + A) - sin (45° - A) = J2 . sin A. 

Also, when the sines of angles up to 60° have been cal- 
culated, the remainder up to 90° can be found still more 
easily from the formula, sin (60° + A) - sin (60° — A) = sin A. 

The other ratios may be found from the following : 
cos A = sin (90° - A) 9 tenA = ~ A , cot 4 = tan (90° -^), 

cosec A = - — r , sec A = cosec (90° — A). 
sin-d * ' 
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296. Since 3° = 18° - 15°, the sines of angles differing by 
3°, or by any multiple of 3°, can be found independently. 
(See p. 120.) These values may be used to test the accuracy 
of the Tables calculated as above. 

297. The following formulae may be also used to test 
the accuracy of the Tables, 

«in(36 +^)-sin(36 -^)-sin(72 +4)+sin(72°-^)=sinii, 

cos(36 +ii)+cos(36 ~^)-cos(72 +^)-cos(72 -^)=cosii. 

They are called formula of verification. 



On the Limit op the Visible Horizon. 

298. The surface of the sea is very nearly that of a 
sphere whose radius is 3957 miles. 

The height of the highest mountains on the globe is less 
than 6 miles. Thus a point must be considered to be at 
a very considerable height above the surface of the sea if 
its height is a thousandth part of the earth's radius. 

299. In the figure, let be the centre of the earth, 
PRF part of the surface of the sea, T a point of observation, 
TR its vertical height. 

Draw TP, TF tangents to the earth's surface. Then 
PMF is parallel to the 'horizontal plane* at R. 

The angle TPM is called the dip of the horizon at T. 
It is the angle of depression of the most distant point on 
the horizon seen from T. It must obviously be a very 
small angle, since TR is so small compared with RO. 
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300. If RO be produced to cut the circle again in L, 
then TP*= TR . TL [Euc. in. 36] 

= TR (RL + TR) = 2TR . RO + TR 9 . 

But TR will in general be much less than a thousandth 
part of RO, and therefore TR? will be much less than a 
thousandth part of 2TR. RO. 

Hence, the formula TP* = 2TR.R0, i.a TP* = twice 
the earth's radius x vertical height, will give the value 
of TP correct to at least three significant figures. 



Example, Three times the height in feet of the place of obser- 
vation above the sea is equal to twice the square of the distance of 
the horizon in miles. 

Here, TP*=RL x 7914 miles. 

Let / be the number of feet in RL, then the number of 
miles in RL is -£— ; let x be the number of miles in TP* then 



« ,a « iri^ x 7914= -^ nearly. q.e.d. 



/ 
5280 
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EXAMPLES. LXXV. 

(1) Show that the limit of s -ft 2 sin — (i.e. the area of a poly- 
gon of n sides inscribed in a circle of radius i?), when n=a> is 

IT 

(2) Prove that the limit of nr 2 tan - , when n = oo , is trr*. 

(3) Given that *r= 3-141592653589793... prove that the cir- 
cular measure of 10" is -00004848136811... 

(4) Prove that 2 sin (72° -M) - 2 sin (72° - A) = (^5 - 1) sin A, 
and that 2sin (36°-M)-2sin (36°-^)=(V5 + l)sin^i. 

(5) If a mast of a ship be 150 feet high, show that the 
greatest distance seen from its top is 15 miles nearly. 

(6) Prove that if the dip of the horizon at the top of a 
mountain is 1° 26' [=tan _1 -025], the mountain is about 6530 feet 
high. 

NOTE. The definitions given in Arts. 75, 78 of the Trigonometrical 
Batios are now used exclusively. 

The names tangent, secant, sine, were given originally to quantities 
defined as follows. 

Let ROP be any angle. With centre O and any radius describe 
the are RP. Draw PM perpendicular to OR and PT perpendicular 
to OP. (See Figure on previous page.) 

Then PR is called an arc, PT is the tangent of the arc PR, OT is 
the secant of the arc PR, MP is the sine of the arc PR. 

The name sine is derived from the word sinus. For, in the figure, 
PMP' is the string of the "bow" {arcus), and the string of a bow 
when in use is pulled to the archer's breast. 

The co-tangent, co-secant and co-sine are respectively the tangent, 
secant and sine of the complement of the arc or of the angle. 

The sine, tangent, etc. of the angle are the same as the measures 
of the sine, tangent, etc. of the arc, when the radius of the circle is 
the unit of length. 
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MISCELLANEOUS EXAMPLES. LXXVI. 

(1) If 2 cos 6- cos 20= a and 2 sin 0- sin 20 =b, prove that 
(a 2 + 6 2 -3) 2 =12-8a. 

(2) If h cos + h sin 0= 1 and £ cos + m sin 0= 1, prove that 
(l-h)* + (m-ky=(lh-mk)*. 

(3) The diagonals of a rhombus are 2a and 26, prove that 

the cosines of its angles are =fc ,-^-t-, . 

° as + 6* 

(4) One of the values of 

. j 

^[2+V{2+V(2 + ... + v2 + 2cos^)}]is2cos — . 

(5) If &c=log e 3, prove that the angle whose tangent is 
£^*is 150. 

(6) If the number of degrees (A) in an angle is the same as 
the number of radians in another angle, and if the tangents 
of these angles are equal, prove that A is some multiple of 

180tt 
180-ir' 

(7) If a, /3, y are in A.P., then 

sin a + sin y = 2 sin /3 . cos (ft - a). 

(8) Two parallel chords of a circle, lying on the same side of 
the centre, subtend respectively 72° and 144° at the centre. 
Prove that the distance between the chords is half the radius of 
the circle. 

(9) Prove that 4 sin (0 - a) . sin (m0 — a) . cos (0 - mff) 

= 1 + cos (20 - 2m0) - cos (20 - 2a) - cos (2m0 - 2a). 

(10) Express ar*+y 4 + 2*-2y 2 * 8 -2* 2 tf a -2*Y in a form fitted 
for logarithmic calculation. 
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(11) Solve the equations 

(i) sin 30 + V3 cos 30=1. (ii) sinm0=cosn0. 

,.... cos(/9 + ,ar) msin£ ,. . : . . . 

(in) — y ( = — 7—^. (iv) tanm0=cotn0. 

' cos(a-#) wsino x ' 

(v) tan 0+tan20+tan 30=0. 
(vi) cos 80 - cos 50 4- cos 30= 1. 
(vii) cos . cos 30= cos 50 . cos 70. 

A — B / jr\ C 

(12) In any triangle tan— ^— =tan f 0--J cot-, where 

^=tan -1 r . 

(13) Prove that 
5 2 +c 2 -26ccos(60 +^)=c 2 + a 2 -2cacos(60°+ J B). 

Hence prove that if equilateral triangles are described on the 
sides of the triangle ABC, the centres of circles inscribed in them 
will be the angular points of an equilateral triangle. 

(14) A round tower stands on an island in a lake. A 9 B are 
two points on the land such that AB is a feet and points directly 
to the middle of the tower. At A and B the base of the tower 
subtends the angles 2a and 20 respectively. Prove that the 

diameter of the tower is 2 — : — °* . — * . 

sin/3-sina 

(15) At P the top of a tower of height h, the angles of de- 
pression of two objects on the horizontal plane on which the 
tower stands are Jw-a and Jw+o. Prove that the angle 
-APB=*2a, and that AB=2h tan 2a. 

(16) On the side of a hill there are two places B, C inac- 
cessible to each other, but known to be at the same distance (a) 
from a certain station A also on the hill. At the lower place C 
the horizontal angle between A and B is observed as well as 
the altitudes X, ft of A and B. Prove that the distance between 

5and(7is2a jcos(X-|i)cos 2 --cos(X+ f i)sin 2 |l. 



MISCELLANEOUS EXAMPLES. 255 

(17) In the ambiguous case, given 2?, c, 5, if c^, a t are the 
two values of a, prove the following statements : 

(i) a 1 + a 2 =2ceosA (ii) fl^ag^c 2 -^ 2 . 

(iii) a x 2 - 2a x a 2 cos 22? + a 2 2 = 4ft 2 cos 2 B. 

(iv) The distance between the centres of the circumscribing 

circles of the two triangles is - 1 . , . 

° 2 sin A 

(v) The circumscribing circles of the two triangles are 
equal 

(vi) If 2? =45°, the angle between the two positions of b is 

(18) Prove that if I lf I 29 I z are the centres of the escribed 
circles, then J 2 AI 3 is a straight line, and I x A, I^B, I 3 C are per- 
pendicular to 1^, IJ[ Xi I X I 2 respectively. Prove also that 

(i) Jj^acosec-g. (ii) The angle I 2 IJ 3 *=£ - - g ;. 

(iii) The area of lJA-gj- A ^ j - 

sm 2 sm 2 Sm 2 
(iv) The radius of the circle circumscribing 7 1 7 2 2 3 =272. 

(19) If 2>, E, F are the feet of the perpendiculars from 
A, B, C on the opposite sides, the triangle DEF is called the 
' pedal triangle' of the triangle ABC*; prove that 

(i) EF= a cos A. (ii) The angle EDF=tt-2A. 

r~\ 1- l O.JL4.JL n \ 4? __hc 

V U) r^AD^BE+EF' KV ~BE.CF~~a*' 

(v) The radius of the circle circumscribing AEF= EcoaA. 
(vi) The radius of the circle circumscribing DEF^K 

• The student should notice that ABC is the pedal triangle of 
i^V, in Question (18). 
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(20) Prove that in any triangle ABC 

«'=(*- c > 2 { 1 + (6^ 8in '§- 

fyJbc A 
Hence prove that if tan 0=^— sin , then a= (6 - c) sec 0. 

(21) Prove that in any triangle ABC 

a = (6 + c) cos ft where sm = y- — cos — . 

+ C 22 

Use this method, or that of Example (20), to find a by the aid 
of the Tables, when b = 347, c = 293, J = 39° 42. [See Art. 260.] 

(22) Prove that in any triangle 

A b •¥■ C A 

Jog a=log (6 - c) + L cos — - L cos <f> ; where ^=tan _1 r— tan — . 

(23) If D, E, F are the middle points of 2?£, £4, AB, then 

an AID- -7= 6sm " 1 [See Ex (11) (15) page 206.] 

v^ + 26c cos A + cr 

(24) lfx=II l9 y=II 2 , z=*Ihi d—ZR, prove that 

xyz + d (a? + y 2 + z 2 ) = 4eP. 

(25) The circle escribed to the side 50 of the triangle ABC 
will be the inscribed circle of the triangle whose sides are 

sa sb sc 
s-a' s-a* 8-a* 

(26) If a point Q be taken within ABC such that the angles 
BQC, CQA, AQB are each 120°, prove that 

, 4V2A + V6(6 2 + c 2 -a 2 ) 
"*"{12^3A + 3(a 2 +6 2 + c 2 )}*' 

(27) If sin A and cos A are both given, prove that in general 
n different values and no more can be assigned to sin — . 
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(28) If from a point on a circular arc (of radius r) which 
subtends an angle a at the centre, perpendiculars are drawn to 
its bounding radii, then the distance between the feet of the 
perpendiculars is r sin cu 

(29) If two circles, radii a and b 9 touch externally, the angle 
between their common tangents = 2 tan -1 £ ( */ t ~ kJ - ) . 

(30) If the inscribed circle touches the sides in DEF, prove 
that EF:FD:BE=coa^ : cosf : cos^. 

J* J* A 

(31) If the bisectors of the angles A f B, C meet the opposite 
sidesinA^,^then(i)^=^ c cos^ (ii) CD--£g^. 

(iii) The.areaof2)jEF 

a . A . B . C 

2 sin •=- . sin -=■ . sin — 
2abc _ q 2 2 2 

(6 + c)(c + a)(a + 6)" A ' 7F1F TJT1 3T2? # 
\ ^ J\ ^ J\ I cos— s — .cos - . COS — w— 

AAA 

(32) If a, j9, y, d are the angles of a quadrilateral inscribed 
in a circle, then 

cos (a+0). cos 03 + y) . cos (y + d) . cos (d + a) = (l -cos 2 o -eos 2 /9) 2 . 

(33) If ^ and 2 b© two values of 6 found from the equation 
a cos 0+6 sin 0=c, then 

i e x +e 2 1 . 6 x +6 % 1 ^ - 2 

- , cos- 1 -— = v . sm * * = -• cos A Q « 
a 2 6 2 c 2 



c cos <j> \ 

acosx /■ 
b cos J 



(34) If a=6cosx +CCO8 
6=ccos0 +< 
c=a cos <£•+•& 

prove that cos 20 + cos 2^+cos 2^ + 4 cos 6. cos# . cos^ + 1=0, 

hence [see Ex. (20), p. 143], prove that 

(0*0* X ) = (2tt + l)7T. 

l. 17 
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(35) A circle is drawn touching the inscribed circle and the 
sides AB, AC (not produced) of the triangle ABC. Another 
circle is drawn touching the circle and the same side. Prove 



that the radius of the «* circle thus drawn is r I j I and 




that the sum of the radii of all the circles, when n= oo , is 

i( oosec ^- 1 )- 

(36) If AC, B0 y CO pass through the centre of the circum- 
scribing circle and meet the opposite sides on DEF % then 

AD^BE^CF R* 

(37) If h and k be the lengths of the diagonals of a quadri- 
lateral and 6 the angle between them, prove that the area of the 
quadrilateral is \ hk sin 9. 



x .J - 



z 



f 38 ) If ^nr s ^^ = ^^ andX+r+Z==180 °»P rovethat 
sin J. sin X sinZ 7sr 

x=y cos Z+ z cos Y. 

(39) Two regular polygons of n and 2n sides are de- 
scribed such that the circle inscribed in the first circum- 
scribes the second; also the radius of the circle inscribed 
in the second is to that of the circle circumscribing the first 
as 3+ V3~is to 4 V& Prove that n= 6. 

(40) Prove by the aid of a figure like that of Art 282 that 
IjP*- jR 2 +2i2r 1 . 

(41) If yz + zx+xy = 1, prove by Trigonometry that 

x y _± 4ays 

l-^ + l-y 2 + l-s»~(l-o?)(l-y 2 )(l-s*)' 

[See Ex. (33), (32), p. 194] 
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ANSWERS TO THE EXAMPLES. 

I. Page 2. 
(1) 80. (2) 10. (3) 16. (4) 109JJ. 

,r» e ,n\ l760fl . d.C , 

(5) 5 acres. (6) — ^-. (7) -g- yds. 

(8) A shilling and a three-penny piece. 

II. Pages 4, 5. 
(1) 77440. (2) 6 ft. (3) 4*. (4) 6j, *£, V- 

(5) 15-625, 15f, H 1 * *f. (6) 9^» 9 shillings. 

,_. 80a 80a 80a 80a /Q , 01 ..... 

(7) -£-, — , — , -^-. (8) 21 shillings. 

III. Pages 7, 8. 
(1) 10 ft. (2) 80 yds. (3) 20 ft. (4) 50 ft. 

(5) 90 ft. (6) 20J? nearly. (7) 5a feet. 

(8) 12a yards. (10) ^ a yards. (12) ?^? a feet. 
(13) l:>/2. (14) Vsift. (15) 2 V9a* - 6* ft. 

IV. Page 13. 

(1) 9*899 ft. (2) 2489 yds. (3) 5836 in. 

(4) 1138 in. (5) 933-4 ft. (6) 2504 in. 
(7) 8-66 ft. (8) 4-607 ft. (9) 48 in. 
(10) 85 ft. 11 in. 

V. Pages 21, 22. 
(1) 8fyds. (2) 12fft. (8) 150* in. (4) 8^ ft. 

(5) 7^ T ft. (6) 560. (7) 46J nearly. (8) 33600. 

(9) 82f. (10) 7 ft. (11) 553}, 13-8 in. (12) 339f ft. 
(18) 443 in. (14) 235 in. (15) 203 in. 

(16) 274 in. (17) 1886 in. 

VII. Page 28. 

(1) -632118 of a right angle. (3) -021827 of a right angle. 

(2) 1-0426991 „ (4) -03294894 „ 

17—2 
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(5) -006241 of a right angle. 

(6) 10000812 

(7) -3204052 

(8) -0102034 



jt 



t$ 



tf 



(9) -6900071 of aright angle. 

(10) 1-19030045 

(11) 10461801 

(12) -0226048 



>> 



» 



» 



(13) 36*78" 9I\ 

(16) 1(7 2CT. 

(19) 100k 1(T. 

(22) 2*30. 



(14) 104*30 21". (15) 1«20 % 3T\ 

(17) 6K25 1 . (18) 302*12 , 5<r. 

(20) UT-T. (21) 645* 10T. 

(23) riOT. (24) 1(T. 



Yin. Page 30. 

(1) -09175 of a right angle =9« IT 5CT. 

(2) -0675 

(3) 1-07875 

(4) -180429612345679 

(5) 1-467 

(6) -54 



»* 



t> 



ti 



=6«75 % . 
=107*87 50*. 
=18*** 29% etc 

=i46« rr 77-ir. 



„ =54* 44* 44-r. 

(!) 1° 14' 15''. (8) 7° 52' 30''. (9) 153° 24' 29-34". 

(10) 21° 36' 8-1". (11) 16° 12 7 37-26 // . (12) 31° 30'. 

IX. Page 35. 
1. (1) 2 right angles or 180°. (2) | of a right angle. 



(3) - right angles. 

w 

(5) 2 right angles. 

20 
(7) — right angles, 

(9) 20 right angles. 

2. (1) x. (2) 2r. 



(4) - right angles. 
(6) -j right angles. 
(8) '002 of a right angle. 



m i- 



<*> «• 



.4» 



<«) J55- (6) 1«. (7) i80 -r. (8) J-. (9) jgj. 



3. (1) 



6 



(2) 



* o) 20000* 



(6) 



4 

T 



(8) H . 



W 



200" 



««• 



200000' 



(7) =£»• (8) 1*. (9) 5'. 



200 
4. (1) h (2) V- (») 1- "(«)£• < 6 ) H- ( 6 ) i^o- 
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X. Pages 87—39. 

(1) -£. * (2) 90. (3) 41. (4) fff. 

(5) U3Jft. (6) 5ft ft. .(7) 9fft.. 

(8) 838000 miles. (9) J radian =6A degrees. 

(10) 21H degrees. (11) 6AiV- (12) about 34 yds. 

(13) 1 : 3-1416. (14) 3-1416. (15) 3-1416. 

(16) 400:1. (17) -0000484.... (18) 49 T V in. 

(19) £ i.e. a right angle, (21) 473:489, 

lOA 

(22) (i) *=1, (ii) k=—. 

XI. Pages 40—43. 



T 



(1) jg . (2) 33°, 15». (3) 90°, 45°. (4) 18°, 22 J«. 

(5) 88°, 18°. (7) 45°, 60°, 75°. (8) 39°, 60°, 81°. 

(9) 30°, 60°, 90°. (14) 25°, 8° 6'. (15) ft. 

(16) m^- < 17) ( i} 120 °' m '**> ?■ < a > 135 °' 150 *' T ' 

(iii) 156<>, 173-3», ^. (20) 450'. (21) (i) 3j, (ii) X ~. 

(22) If. (23) a right angle. (24) 1 -jj^. 

/o-v 9a + 106, M 5t /rt _ v 5ir 9ir ir 

< 2o) -aoc- degrees - < 26) T' (27) w* 38- -• 

< 28 >. iW+W (29) lo^isooo- W 9or16 ' 

XII. Pages 50—52. 

(1) (i) DA, BD. (ii) D£, 4D. (iii) DA, CD., (iv) DC, AD. 

(2) (J)-. (u)- ci . (in)—, (it) — . (t)_ . 

, .. DC , .. x CD , .... D4 ,. y ED , , D^ 

Wjc- ^cZ* <™)gB- {1X> ^- (x) cZ- 

DB B.4 .. CD CB .... DB B<4 
(8) W CB' Cl # W OT' Cl # lm) CD' CB* 
. . DB BG , . j4D -4B .. DB BC 

(1V,} iB' 20'-™ 13' Ic # {Y1) 'Ab 9 AB' 
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... ... DA ,... BA AC ,.... DO ,. . AB 

(4) WSZ- l U) EA° T EC' WbC- (lV )i£- 

, % AD AB , .* BD , ... DB BA AB 

l Y) AB° T AC- {Y1) TC WGD'^CB'^m- 

. .... DA .. . BA AC . .DC , .. DB BC 
(viu) m . (k)— b ot Wa . (x) m . (*i)_or-^, 

... BE 

(5) sin 4= J, cos.4=£, tan^=j; sini?=|, cos£=f, tan£=$. 

(7) Of the smaller angle, the sine=^, cosine =\l, tangent =iV 
Of the larger angle, the sine=|J, cosine = T ^, tangent = V- 

\/8 1 

(8) Of the smaller angle, the sine = |, cosine = ~ , tangent = —^ . 

\/8 
Of the larger angle, the sine=~ , cosine = J, tangent =>/3. 

XIV. Pages 63—65. 

(1) 179 ft. (2) 346 ft. (3) 866 ft. (4) 188-5 ft. 

(5) 7$ ft. (6) 60°, 173 ft. (7) 6317 yds. (8) 8415 ft. 

(9) 73-2 ft. (10) 86-6 ft. (11) -866 miles =1524 yds. 
(12) 173-2 yds. (14) 373 ft. (15) 3733 ft. 

(16) ^ miles = 6465 ft. (17) -^— . (18) 30°. 

(19) about 523*6 miles. 

XVI. Page 74. 

/,* • 4 /? «"T~ a a \/l-COB*A ■ COB A 

(1) sin -4 = vl- cos*- 4 , tan«4=-* — — , oot^ = — __ 

°°BA Jl-GOB*A' 

BecA = -. , coseo A = 



■ \ • WOW A — J » 

qqbA J1-cob*A 

. , 1 , mot A . m 1 

(2) Bin;i=—= ^ , 008ii = — p^ ; > taO^ = — 7-7, 



**" cot* 



• i JlB&A-l . 1 #— r — 

(3 > Bm ^= sec A ' "****£?!' ^^V^o^-l, 
. - 1 . sec 4 

COt 4=— p-; r , COSeO 4= . _ ?. 

Vsec'J-1 VsecM-1 
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(4) sin A= . , cos^rs^- 60800 - ,— , tan A =-7 , 

cosec^' cosec^ tJooB&PA-l 

* j I t~a — r m cosec-4 

cot A — ^/cosec^ -4-1, sec -4 = , =. 

Vcosec 2 -4-1 

/-\ ^ /* « « ^ x * sin -4 . , Jl - sin* -4 

(0) cos -4 = *Z1 - sin' A, tan -4=^7= . -. » cot^ = ^ — : — - — » 

Beo-4= . — — , coseo-4=- — -. 

Vl-sinM Bin4 

/e\ • a tan ,4 1 1 

(6) sin A = ; T oofl A = — f cot A = 



Vl + tan^' ^l + tanM' ten^' 

* /* — 1 — i~r j /w/rTtanTJ 

sec -4 = ^1 + tan* 4, cosec.4=-^— . - — •- 
^ tan-4 

XVII. Page 75. 
0) 1.1 (2) "^. jjg- (3) lii 

(4) ir*P- (5) -f>*- < 6 > #**• 

(7) -tJ— . (8) -7=?=. -p*=. ' 

W ^^ -7==- (U > ^d+^)=i. 

a *Ju A - 1 

XVIII. Page 77. 

(2) sec increases continuously from 1 to 00 . 

(3) sin A diminishes continuously from 1 to 0. 

(4) cot diminishes continuously from oo to 0. 

■ 

XIX. Page 82. 

(4) Yes. (5) No. . (6) Yes. 

(7) (i) 6<P. (ii) -100*. (in) 0°. (iv) -260°. (v) 115< 

(vi) 410°. (vii) -£. (viii) ^. 

XX. Page 84. 

(1) 45*. (2) 80°. (3) 45°. (4) 60°. 

(5) 80°. (6) 30°. (7) 80°. (8) 0°, or 45°. 
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(9) 90°, or 60°. (10) 60°, (11) 45°. (12) 45». 

(13) 90*, or 45°. (14) 18°. (15) 45°. (16) 45*. 
(17) 30°. (18) 30°. 

• ______ 

XXI. Page 85. 

(3) the value 8 is inadimssihle. (4) ■ v . 
(5) |, or J. (6) i, or \. 

(7) the value -^? is inadmissible. (9) l-sin 4 t?. 

/./>% -> _ • •- ^ • _., /<1V l-2co8 2 ^+2oos 4 ^ 

(10) 1-8 sin 9 0+3 sin 4 (9. (11) j-r . 

cos* U 

(18) iz™4.. 

* l + sin_- 

(14) coseo decreases continuously from oo to 1. 

(15) cot increases continuously from to oo . 

(16) d=\ % *=£. 

XXII. Page 89. 
(1) +6. (2) 0. ' (3) + _!. 
(5) +10. (6) 0. (7) +7. 

XXIV. Page 94. 
(1) The second. (2) The fourth. 

(4) The third. (5) The fourth. 
(7) The second. (8) The first. 
(10) The fourth. (11) The fourth. 
(12) The first, if n be even, the third, if n be odd. 

XXV. Page 98. 
(1) +,+.+• (2) +,-,-. (3) -,-,+. 
(4) -, +, -. (5) -, +, -. (6) -, -, +. 
(7) + ,-,-. (8) + ,+,+. (9) + ,+,+. 
(10) + ,+,+. (11) +,-,-. (12) -,+,-. 

XXVI. Page 100. ) • 

a) +fc -f, -£-..■ < 2 > + ^'-;72'- 1 - 

(3) ~f, -i, -VS.; (4) - 4 , +^,-±-[ 



\i) 


+ 3. 


(8) 

■ 


+7. 


(8) 


The second. 


W 


The first. 


(9) 


The first. 
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(5) 


1 1 - 

~y/2* + y/2> - 1 ' 


(6) 


+ lf\ +». +V3. 


(7) 


1 1 


(8) 


1 1 ' 

~V2» ~V2* + 


<•) 


\/3 1 
+ 4, +-j-t +^3* 


(10) 


V3 1 

+ *' + 1 ' + V3* 


(11) 


-^, -i. +V3- 


(12) 


+^> +i» +V3 


(13) 


11 

+ V2' + V2 f +1# 


(14) 


"2~» ~i> -\/3. 


(15) 


*» 2 ' + V3* 







XXVII. Page 100. 
Each of these expressions changes continuously as the angle A 
increases from 0° to 860°, and their values are repeated at each com- 
plete revolution of the revolving line. 

Their values are given below when they are zero and when they 
cease to increase and begin to decrease, and vice versa. The first 
table gives also the sign of each between the values. 



(1 
(2) 

(3) 

(4) 

(5) 

(6) 

(7) 



cos .4 
tan 4 
cot A 
Bee A 
cosecA 
1 - sin A 
am* A 



00 
+ 1 




90° 





180° 
-1 




270° 



+ 


_ 


— 





+ 


GO 


— 





+ 


CO 


GO 


+ 





— 


CO 


+ 





+ 1 


+ 


CO 


— 


-1 


— 


CO 


CO 


+ 


+ 1 


+ 


CO 


— 


-1 


+1 


+ 





+ 


+1 


+ 








+ 


+ 1 


+ 





+ 


+ 1 



+ 

+ 
+ 



(8) sin A . cos A 

(9) sin A -{-cob A 

(10) tan A + cot A 

(11) sin A - cos A 



00 



450 


90° 



1360 


1800 



2250 


270° 


+ 4 


-1 


+ 4 





+ 1 


+ V2 


+ 1 





-1 


-v» 


-1 


CO 


+ 2 


CO 


-2 


CO 


+2 


CO 


-1 





+ 1 

* 


+V 2 


+ 1 





-1 

1 



-* 


-2 

-V2 



The following figures exhibit the changes in the sign and magni- 
tude of sin (fig. i.), cos (fig. ii.), and tan (fig. iii.). The measure 
of the distance from along the line OX = the circular measure of the 
angle ; the vertical distance from OX measures the Batio. 
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Fig. i. The Curve of the Sine. 





Fig. ii. The Carve of the Cosine. 
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Fig. Hi. The Carve of the Tangent. 
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XXXI. Page 112. 

(1) p) 80°, 150°, - 210°, - 830®. (ii) 45°, 135°, - 225°, - 315°. 
(iii) 60°, 120°, - 240°, - 300°. (iv) - 30°, - 160°, 210°, 330°. 

(2) (i) 20°, 160», 380°, 520°. (ii) ^ , ~ , ^ , ^ . 

4 4 4 4 

..... 8ir 13r 22r 27w 
\ m ) "y» ~7 _ » "7~» ~7~" 



(3) (i) *=mr + (-l)»(-£). (ii) 0=nx + (-l)' 
ui) nirrfc^. 



6* 
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XXXII. Page 115. 

(1) <i) 0=2nir±4ir. (ii) 0=nir + £ir. (iii) 0=wr-iir. 
(iv) 0=nir-£ir. (v) 0=2nir=b$ir. (vi) 0=nir+£ir. 
(3) The tangent. (4) No. 

(6) (i) 60°, - 60°, 300°, - 300°. (ii) 45°, 225°, 405°, - 135°. 
(iii) -45°, -225°, 135°, 315°. (iv) -60°, -240°, 120°, 300°. 
(y) 144°, - 144°, 216°, - 216°. (vi) 135°, - 45°, - 225°, 315°. 

XXXIV. Page 120. 
(5) I.H. (6) U,«- 

XXXVIII. Page 131. 

(1) sin(0+0)+sin(0-0). (2) coB(a-/9) + cos(a + /3). 

(3) sin (2a + 3)3) + sin (2a -3j9). (4) cob 2a + cob 2/3. 

(5) sin 80 -sin 20. (6) cos + cos 20. (7) J (cob 30 -cos 50). 
(8) b (sin 40- Bin 0). (9) sin 60°+ sin 40°. 

(10) 4 (sin 60° - sin 30°). (11) 2 cos 30 cob 20. 

(12) -cob 40 sin 20. (13) 4 cos 1 jj sin 20. 

XXXIX. Page 132. 

(4) tan 2a. (5) tan*. (7) -2 cot 2*. (8) tanM. 
(12) sin20=l, .-.0=45°; sin20=J, .-.0=15°. 

XLV. Page 147. 

(2) Bin2^=f, Bin8,*=-¥V5. 

(8) Bin20=-iV16, Bin30=A x /15, cos80=-H; in the second. 

XLVI. Page 149. 

A /l - cos A ,-. .A . /l-GoaA 

(3) Bin^+V-^j (5) ■n 3r +^— a — . 

XL VII. Page 154. 

(1) (i) +,-. (ii) -,+. (iii) -, -. (iv) +, -. (v) + , -. 
(Yi) +, +. (vii) -, -. (viii) -, -. 

<3) Bin9°=U>/(8+ > /5)->/(5-V5», 

cos 9°=1 MS + V5) + V(5 - y/S)h 

Bin81°=eofl9 , oob189°= -cos9°, tan202J°=V2-l, 

tan 97J° = - (>/3 + y/2) (y/2 + 1). 

(7) Between (2» x 180° -45°) and (2nx 180° +45°). 



268 TRIGONOMETRY. 

XLVIIL Page 157. 
(1) 0=-£ +nir+ (-:i)n£. (2) 0=-|+nr+(-l)**. 

(3) tf=-| + nir+(-l)»~. (4) 0= + j+mr+(-l)«£. 

(5) 0=+^ + 2mr=fc-\ (6) ^=n+ nir=fc J* 

4 4 4 o, 4 

(7) a;=-68 12 , +nxl80 + (-l) n (2i 48 / ). 

(8) x = - 69°.26' 30" + 2n x 180° ± (69° 26' 30"). 

(9) aj=75 4'+nxl80°+(-l)»(14°56'). 

(10) a?« - a- t + 2ror=fcfl. 

4 

L. Pages 159, 160. 
(7) ±(V3 + 1). (8) ±n/2. (9) ±1. 

(13) i (2n+ 1) t; or, J (3n±l) r. (14) ror±| ; or J (2»+ 1) r. 

(15) i(2n+l)T;ory + (-l)»^. 

(16) (2n+l)T;or,cos-i^. (17) ^; orj^.x. 

(18) Both equations are satisfied if (x 2 - y 2 ) = an odd integer ; or, 
if (x+y)*=2n, and (as - #) 2 =4m - 2n, m and n being integers. 

(19) (i) 2 sin 0. cos 0=e sin 20, and therefore it goes through the 
same changes as sin 0, while changes from to 2r. * (ii) cos a 0-Bin 2 
= cos 20; ' (iii) sin 30 goes through the same changes as sin0, 
while goes from to 3t. (iv) cot 2 A ; compare with cot A. 
( v) sin {0 + a) goes through the same changes while goes from to r, 
as sin goes through while goes from atox+a. (vi) cos (20 - a) 
goes through the same changes white goes from to *-, as cos 20 

goes through as changes from - - to t - - . (See Ans. to XXVEL) 

■ (20) . They are the solutions of the equations - sin 0= Bin a, and 
cosf ^-0J=cos( \-& ) ;* and we know that cos (^-#J==sin0. 

(21) They are the solutions of the equations sin[0+Jj=Bin fi , 

andcos f 0-2) :=oos f J alsocosf 0-^J=sin (0 + 7)1 sing=ooB*. 
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LI. Page 162. 

4» a* n 3t 

(1) (i) a*" 3 *, (ii) a 4 *" 8 *, (iii) a* + K (iv) a» + *. 

(2) (i) 5-4690116. (ii) 10-6243928. (iii) 13-7509366. 
(iv) -8853661..- (v> 1-7968680. (vi) 8-9699598. 

(vii) 2-7345058. 

(3) 2», 2«, 2- 1 , 2~', 2-8, 27, (4) 3«, 3 4 , 8" 1 , 3~», 3-*, 3"*. 

LII. Page 163. 

(1) -60206, -9542426, -90309, -7781513, 1-20412, 1-690196. 

(2) 1-146128, 1-20412, 1*2552726, 1*3802113, 1*4313639, 1*6232493. 

(3) 1, -69897, 1-1760913, 1-39794, 1-4771213, 1*5440680. 

(4) 1-6563026, 160206, 1*6812413, 1-69897, 2*30103, 3. 

(6) 7*201593, 3*858708. (6) '7545679, 2*989843. , 

(7) 1-4532.' (8) 2408-6. (9) 270*9^6 yds. llti^lk 
(10) 233*09 ft. (11) 40975*3 sq. ft. (12) 34-925 in. 

(13) 3 -2617 in. (U) 110115 cub. yds. • 

LIII. Page 165. 

(I) 3, V, b h - 1- (2) 3, 6, - 1, - 3, - 6, 2. 
(3) 2, 4, -1, -3, -2, -4. (4) *, |, -*, -1, * 

(5) 3,-1,5,-2,3,-3. (6) $, |, i, *• 4- 

(7) -7781513, 1*6232493, 1*20412. 

(8) 1*6901960, 1*5563026, 1*7993406, 1*4313639. 

(9) 2-30103, 2*7781618, 1*846098. 

(10) '69897, 5228787, 1*69897. 

(II) 1*544068, 21760913, - 1 + -30103, - 2 + -60206. 
(12) -5440680, -8627278, - 2 + 9084852. 

LIV. Pages 168, 169. 

(1) 4,2,0,5,1. (2) -2,-5,-1,-3. 

(3) 3,-1,0,1,0, -7. (4) 4,1,6,3. 

(5) the second decimal place, the first dec. pi., the sixth dec. pi. 

(6) ten thousands, units, hundreds, third dec. pL , first dec. pi. , units. 

(7) 10,4,25,31. (8) 9,11,85,4,9,6. 

(9 ) units, fourth dec. pi. , thousands, seventh dec. pi. , second dec. pi. 

(10) tenth integral pi., twelfth dec. pi., fifth dec. pi., units, twelfth 
dec. pi., first dec. pi. 
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LV. Pages 171, 172. 
(1) 2-8901023, -8901023, 4*8901023, 5*8901023. 

(2), 67714552, '7714552, 47714552, 2-7714552,3-7714552. 

(3) -27724... (4) -00001638... (5) '77448... (6) -005963... 

LVI. Page 174. 

(1) Divide each log by 3. . (2) Multiply each log by 2. 

(3) Divide each log by -30103. 

(4) Multiply each log by -4771213. 

(5) Divide each log by -4771213. (6) 8-32190... 
(7) 1-183... (8) 1-10730... -66438... 

LVH. Pages 175, 176. 
(1) 3 ' " 15^5 ' *» °> i • (4) f ' mni7 > 55 - 

(5) -51375. ' (6) 7,4,3,3. 

,_, . 21og7 .. _71og2+41og7 

(7) (1) *"log2 + 41og7 - W *~21og3+log7 ' 

r-v 21og7 / iv , „__ 4 ( log 3+ log 7) 

iu») *- 2 log2+log3' KY} ^Slog^+SUogS+log?)* 

< 8) 2+ isib- (9) * + db- {10) irfen- 

m ft _1__. 3a 2 b 3a+2 be 

{11) U ' 6 + 1' 26 + 2' 6 + 1' 6 + 1' 26 + 2' 6 + 1* 

(12) 63 - 31 = 32. (13) (a 11 - a 10 ) integers. (14) 1-9485 nearly. 

(19) 2-53855. (20) 4*59999. (21) 167 years. 

LVIII. Pages 181, 182. 

(1) -8839066. (2) 2-7513738. (3) 4*9413333. 

(4) 6-8086920. (5) -5710750. (6) 3*70404. 

(7) 45740*26. (8) 2492837. (9) -000439658. (10) 5*689158. 

LIX. Pages 184, 185. 

(1) -6737652. (2) -6737652 (3) -9306572. 

(4) 41° 48' 37". (5) 70° 81' 43*6", (6) 75° 31' 21". 

(7) 9*8515594. (8) 9*7114477. (9) 10-1338768. 

(10) 35° 4' 23". (11) 28° 16' 27-5". (12) 21° 56' 41" 
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IX Pages 188, 189. 

(1) 34° 19' 31-8". (2) 14982 ft. (3) 45° 36' 56". 

(4J 5293 -4 ft., 6982-3 ft; (5) 676-2chains. 

(6) 4729 chains. (7) 3666 '8 feet. (8) 42° 15', 11444 chains. 

LXI. Page 190. 
(1) 3842-9 ft. (2) 281-74 ftw (3) 115'3ft. (4) 285*6 ft. 
(5 ) 58° 17' 24", 31° 42' 36". (6) 656-1 chains, 41° 17' 12". 

(7) 81 ft, (8) 1942 ft. (9) 646-7 miles. (10) 1000 ft. 

LXVI. Pages 208, 209. 
(1) 41° 16' 51-5". (2) 73°32 / 12", 62°, 46' 18". 
(3> 29° 17' 16", 31° 55' 31". . (4) 64° 31' 58"., 

(5) 73°, 23' 54-4". (6) 41° 24' 34-6". (7) 82° 49' 9". 

(8) 75°, 60°, 45°. (9) 135°, 30°, 15°. 

LXVIL Page 211. 

(1) 813*46 yds. (2) 28-87 inches, 31-43 inches. 

(3) 1192-55 yds. (4) 2*2-415 ft. 

(5) 24-995 = 25 ft. nearly, 17 -559 ft., 65° 59' 42". 

LXYIII. Pages 213, 214. 
(1) 108° 36' 30", 31° 23' 30". (2) 93° 11' 49", 36° 48' 11". 

(3) 67" 27' 25-4", 62° 32' 34-6". (4) 64° 26' 47", 87°, T 13". 

(5) 72°12'59". (6) 20-5 chains. (7) 122-7. 

(8) 71° 13' 50", 32° 16' 10". 

LXIX. Pages 218, 219. 

(1) 4=51°18'21",C=88°41'39"; or ,* = 128° 41' 89", C= 11° 18' 21". 

(2) £=70° O 7 56", C= 59° 69' 4"; or, £= 109° 59' 4", C =20*0' 56". 

(3) £=88°38'24", C=91°21'36", c=155-3. J4) 61°16'10". 
(5) A = 729 4' 48", B = 41° 56' 12" ; or, A = 107° 65' 12", 

B = 6° 5' 48", 6 = 17-56. (6) § is ambiguous ; 60-8894 ft. 
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. LXX. Page 220. 

The angles are given correct to the nearest second. 

(1) 28° 35' 39". (2) 104© 44' 39", (3) 32° WW. 

(4) 43° 40\ (5) 128° 23' 13". (6) 106531ft. 

(7) 3437-6 yds. (8) 1728-2 chains. (9) 25376 yards. 

(10) 4=66°2743",B=12055'12", (11) 4=92°12 / 53VB=35»3r7". 

(12) J?=29 1'40",C=74°55'50". (13)JB=70°35'24";or,109°34'36". 

(14) JB=61°66'17 / ';or I 128 3'43". (15) JB=62O6'10";or,117 o 53 / 5O". 
(16) Very nearly 90°. (17) 13196 yds, 

LXXII. Page 229. 

(15) To find the point E in an unlimited straight line CE at 
which a finite straight line AB subtends the greatest angle, a circle 
must be described passing through A and B, and touching the line CE 
in the point E, In (15) the centre of the circle lies vertically above E % 
and in the horizontal line through the middle point of AB. 

TiXXTTT. Page 239. 

(1) (i) 10 sq.ft. (ii) 433sq.in. (iii) 148-13 sq. yds. 
(iv) 84 sq. chains =8*4 acres (v) 100 sq. ft. 

(vi) 151872 sq. yds. 

(2) 4, 10J, 12, 14 ft. (4) 8Jft. 

LXXVI. Pages 253—256. 

(10) -(z+y+z)(y+z-z){z + x-y)(x+y-z). 

(11) (i) A{6nir-2T+(-l)»ir}. (ii) ~~. 

,.... «-£, * , it, «+P msin/9+.nsino) 

(in) jc= —<r- + cot" 1 { tan -~ . — .— c — a \ . 

x ' 2 ( 2. n sin a -to sin /3) 

(iv) j^±^. (v) sin 20 (3 cos 20-1) (2 cos 20 + 1)=0. 
* ' 2(m+n) x 

KA ^/? 

(vi) sin 40 . cos -r- . sin - - =0. (vii) sin 80 . sin 10 = 0. 

(21) 223*17. 
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gate, M.A., Fellow of Trinity College, Cambridge, dr. 

8ALLU8T— OATILINB and JUOURTHA. Edited by C. 
Merivale, B.D. New edition, carefully revised and en- 
larged. 4*. 6d. Or separately as. 6V. each. 

TACITUS— AGRIOOLA and QERMANIA. Edited by A. J. 
Church, M.A., and W. J. Brodribb, M.A. Translators of 
Tacitus. New edition. $s. 6d. Or separately as. each. 
THR ANNALS, Book VI. By the same Editors. as. td. 

TBRBNOB— HAUTON TIMORUMBNOS. Edited by E. S. 
Shuckburgh, M.A., Assistant-Master at Eton College, %s. 
With Translation, 4*. 6V. 

1 PHORMIO. Edited by Rev. John Bond, M.A., and 
A. S. Walpole, B.A. 4s. 6d. 

THUCYDIDBS — THB SICILIAN EXPEDITION, Books 
VI. and VII. Edited by the Rev. Percival Frost, M.A., 
Late Fellow of St John's College, Cambridge, New edition, 
revised and enlarged, with Map. £r. 

XENOPHON— HELLENIC A, Books I. and II. Edited by 
H. Hailstone, B.A., late Scholar of Peterhouse, Cambridge. 
With Map, 4J. 6d. 

CYROPJBDIA, Books VII. and VIII. Edited by Alfred 
Goodwin, M.A., Professor of Greek in University College, 
London. 5*. 

MEMORABILIA 8OCRATI8. Edited by A. R. CLUER, 
B.A. Balliol College, Oxford. 6s. 

THB ANABASIS— Books L to IV. Edited *ith Notes by 
Professors W. W. Goodwin and J. W. White. Adapted to 
Goodwin's Greek Grammar. With a Map. Fcap. 8vo. 5*. 

Thi fallowing an in preparation .*— 
JBSOHINB8-IN OTESIPHONTEM. Edited by Rev. T. 
Gwatkin, M. A., late Fellow of St. John's College, Cambridge. 

[//* the press. 

CICERO-PRO P. SBSTIO. Edited by Rev. H. A. Holden, 
M.A., LL.D., Head-Master of Ipswich School, late Fellow 
and Assistant Tutor of Trinity College, Cambridge, Editor 
of Aristophanes, && 
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DBMOSTHENBS— FIRST PHILIPPIC. Edited by Rev. 
T, Gwatkin, M.A,, late Fellow of St. John'* College, 
Cambridge. 

EURIPIDES— SELECT PLAYS, by various Editors. 

ALCESTIS. Edited by J. E. C. Wblldon, B.A., Fellow 
and Lecturer of King's College, Cambridge. 

BAOCHAB. Edited by E. S. Shuckburgh, M.A., Assistant- 
Master at Eton College. 

MEDEA. Edited by A. W.-Vxrbau, M.A., Fellow and 

Lecturer of Trinity College, Cambridge. 

HBRODOTU8-THS INVASION OF ORBBCB BY XERXES 
Books VII. and VIII. Edited by Thomas Cask, M.A., 
formerly Fellow of Brasenose College, Oxford. 

HOMER'S ODYSSEY-Books XXI.— XXIV. Edited by S. G. 
Hamilton, B.A., Fellow of Hertford College, Oxford. 

HORACE— THE ODES. Edited by T. E. Page, M. A., Master at 
Charterhouse and late Fellow of St. John's College, Cambridge. 

THE SATIRES. Edited by Arthur Palmer, M.A., 
Fellow and Professor of Latin in Trinity College, Dublin. 

THE EPISTLES AND ARS POETIC A. Edited by Pro- 
fessor A. S. WlLKINS, M.A. 

LIVY-Books xxiii. a»4 XXiv. Edited by Rev. W. W. 
Capes, M.A. 

Books II. and III. Edited by Rev. H. M. Stephenson, 
M.A., Head-Master of St. Peter's School, York. 

THE SAMNITE WARS as narrated in the First Decade of 
Livy. Edited by Rev. T. H. Stokoe, D.D., Lincoln College, 
Oxford, Head- Master of King's College School, London. 

LYSIAS— SELECT ORATIONS. Edited by E. S. SHUCK- 
BURGH, M. A., Assistant-Master at Eton College. [In the press. 

PLATO.— ME NO. Edited by E. S. Thompson, M.A., Fellow 
of Christ's College, Cambridge. 

APOLOGY AND CRITO. Edited by F. J. H. JENKINSON 
M.A., Fellow of Trinity College, Cambridge. 

THE REPUBLIC. Books I.— V. Edited by T. H. 
Warren, M.A., Fellow of Magdalen College, Oxford. 
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PLUTARCH — LIFE OP THEMISTOCLBg. Edited 
by Rev. H. A. Holden, M.A., LL.D., Editor of ^Aris- 
tophanes" late Fellow and Assistant Tutor of Trinity College, 
Cambridge, &c. U" *** P™ 5 - 

SOPHOCUBg—ANTlOONB. Edited by R«v. JOHN BOND, 
M.A., and A. S. Walpole, M.A. 

SJUBTONITJS^LIVBB OF THB ROMAN BMPBRORS. 
Selected and Edited by H. F. G. Bramwbll, B.A., Junior 
Student of Christ Church. Oxford. 

TACITUa-THE HISTORY* Books I. and II. Edited by C. 
E. Graves, M.A. 

THUCYBIDB8— Books I. and II. Edited by H. Broadbent, 
M.A., Fellow of Exeter College, Oxford, and Assistant- 
Master a^t Eton College, 

Book* IV. and v. Edited by C. E. Graves, M. A., Classical 
Lecturer, and late Fellow of St. John's College, Cambridge. 

VIBOII*— iENEID, II. and III. The Narrative of Mne&s. 
Edited by E. W. Howson, B.A., Fellow of King's 
College, Cambridge. 

Other volumes will follow, 

CLASSICAL. 

AfiSCHYLUt— THE EUMENIDES. The Greelc Text, with 
Introduction, English Notes, and Verse Translation. By 
Bernard Drake, M.A., late Fellow of King's College, 
Cambridge. 8vo. 5 c 

THE ORESTEIAN TRILOGY. Edited, with Introduction 
and Notes, by A. O. Prickard, M.A., Fellow and Tutor of 
New College, Oxford. 8vo. [In preparation. 

ARATUS— THE SKIES AND WEATHER-FORECASTS 
OF ARATUS. Translated with Notes by E. Postb, M.A., 
Oriel College, Oxford. Crown 8vo. y. 6d. 

ARISTOTLB— AN INTRODUCTION TO ARISTOTLSS 
RHETORIC. With Analysis, Notes, and Appendices. By 
K M. Cope, Fellow and Tutor of Trinity College, Cambridge, 
8vo. 14J. 
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ARISTOTLE Continued— 

ARISTOTLE ON FALLACIES; OR, THE SOPHISTIC I 
ELENCHL With Translation and Notes by E. Posts, M. A. 
Fellow of Oriel College, Oxford. 8vo. &. &/. 
THE METAPHYSICS. BOOK I. Translated by a Cam- 
bridge Graduate. 8vo. $s. [Book II. in preparation. 
THE POLITICS. Edited, after Susemihl, by R. D. Hicks) 
M.A., Fellow of Trinity College, Cambridge. 8vo. 

[In preparation. 
THE POLITICS. Translated by J. E. C. Welldon, B.A., 
Fellow of King's College, Cambridge. 8vo. [In preparation. 

ARISTOPHANES— THE BIRDS. Translated into English 
Verse* with Introduction, Notes, and Appendices, by B. H. 
Kennedy, D.D., Regius Professor of Greek in the University 
of Cambridge. Crown 8vo. 6s. Help-Notes to the same, 
for the use of Students, is. 6d. 

ARNOLD—/* HANDBOOK OF LATIN EPIGRAPHY— 
By W. T. Arnold, B.A. [In preparation. 

THE ROMAN SYSTEM OF PROVINCIAL AD- 
MINISTRATION TO THE ACCESSION OF CON 
STANTINE THE GREAT. By the Same Author. 

Crown 8vo. 6s. 

" Ought to prove a valuable handbook to the Student of Roman His- 
tory."— Guardian. 

BELCHER— SHORT EXERCISES IN LATIN PROSE 
COMPOSITION AND EXAMINATION PAPERS IN 
LATIN GRAMMAR, to which is prefixed a Chapter on 
Analysis of Sentences. By the Rev. H. Belcher, M.A., 
Assistant Master in King's College School, London. New 
Edition. i8mo. is. 6d. 
Key to the above (for Teachers only). 2s. 6d. 

SHORT EXERCISES IN LATIN PROSE COMPOSE 
TION. PART II., On the Syntax of Sentences, with an 
Appendix including, EXERCISES IN LA TIN IDIOMS f 
6v. i8mo. 2s. 

BImAOKI*--GREEK AND ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stuart Blackis, Professor of Greek in the University of 
Edinburgh. New Edition. Fcap. 8vo. 2s. 6d. 
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CICBRO— THE ACADEMICA. The Text revised and explained 
by Jambs Reid, M.A., Fellow of Cains College, Cambridge. 
New Edition. With Translation. 8vo. [In the press. 

THE ACADEMICS. Translated by James S. Reid, M.A. 
8vo. $s. 6d. 

SELECT LETTERS.— After the Edition of Albert 
Watson, MA, Translated by G. E. Jeans, M.A., Fellow 
of Hertford College, Oxford, and Assistant-Master at Hailey- 
bury. 8vo. 10s. 6d. 

OXJUISICAL WRITERS. Edited by J. R. GREEN, M.A. 
Fcap. 8vo. is. 6d. each. 

A Series of small volumes upon some of the principal 
classical writers, whose works form subjects of study in our 
Schools. 

EURIPIDES. By Professor J. P. Mahaffy. [Ready. 

LIVY. By Rev. W. W. Capes, M.A. [Ready. 

SOPHOCLES. By Prof. Lewis Campbell. [Ready. 

VERGIL. By Professor H. Nettleship. [Ready. 



{ r. 



DEMOSTHENES. By S. H. Butcher, M.A. 
CICERO. By Professor A. S. Wilkins. 
TACITUS. By Messrs. Church &Brodribb. (preparation. 
HERODOTUS. By James Bryce, M. A. J 

BLLIS— PRACTICAL HINTS ON THE QUANTITATIVE 
PRONUNCIATION OF LATIN, for the use of Classical 
Teachers and Linguists. By A. J. Ellis, B.A., F.R.S. 
Extra fcap. 8vo. is. &/. 

ENGLAND- EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY'S SCHOOL LATIN GRAMMAR. By E. B. 
England, M.A., Assistant Lecturer at the Owens College, 
Manchester. Crown 8vo. 2s. 6d. — Key, 2s. 6d. 

EURIPIDES— MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, M.A., Fellow and Lecturer of Trinity 
College, Cambridge. 8vo. 7s. 6d. 

QBDDOS— THE PROBLEM OF THE HOMERIC POEMS 
By W. D. Geddes, Professor of Greek in the University of 
Aberdeen, 8vc% 14/. 
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QliADSTONB— Works by the Rt Hon. W. E, Gladstone M.P. 
JUVENTUS MUNDI; or, Gods ud Men of the Heroic 
Age. Second Edition. Crown 8vo. iar. 6d. 

THE TIME AND PLACE OP HOMER. Crown 8vo. 
6s. 6d. 

A PRIMER OP HOMER. i8mo. I*. 

QOOJJWIN— Works by W. W. Goodwin, Professor of Greek in 
Harvard University, U.S.A. 

SYNTAX OP THE MOODS AND TENSES OP THE 
GREEK VERB. New Edition, revised. Crown '8yo. 
6s.6dL 

AN ELEMENTARY GREEK GRAMMAR. New Edition, 

revised. Crown 8vo. 6s. 

" It is the best Greek Grammar of its site in the English language."—* 
Atfurueunt. 

A GREEK GRAMMAR FOR SCHOOLS. {In the press. 

GOODWIN-^ TEXT-BOOK OF GREEK PHILOSOPHY, 
based on Ritter and Preiser's "Historia Philosophiae 
Graecae et Romanae." By Alfred Goodwin, M.A. Fellow 
of Balliol College, Oxford, and Professor of Greek in 
University College, London. 8vo. {In preparation. 

4BBBNWOOD— 7W£ ELEMENTS OF GREEK GRAM- 
MAR % including Accidence, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Owens College, 
Manchester. New Edition. Crown Svo. $s. 6d. 

BBBOPQTVS, Books I.— HI.— THE EMPIRES OP THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Sayce, M.A., Fellow and Tutor of Queen's College, Oxford, 
and Deputy-Professor of Comparative Philology. 8m 

{In preparation. 

HODGSON -MYTHOLOGY FOR LATIN VERSIFICA- 
TION. A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. By 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. Hodgson, M.A. igmo. y. 
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HOafBE— 7ff£ ODYSSEY. Done into English by S. H. 
Butcher, M.A., Fellow of University College, Oxford, and 
Andrew Lang, M.A., late Fellow of Merton College, Oxford. 
Second Edition, revised and corrected, with new Introduction, 
additional Notes and Illustrations. Crown 8vo. lor. 6d. 
THE ILIAD. Edited, with Introduction and Notes, by 
Walter Leaf, M. A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M.A. Syo. [In preparation. 

THE ILIAD. Translated into English Prose. By Andrew 
Lang, M.A., Walter Leaf, and Ernest Myers, M.A., 
Crown 8vo. [In preparation. 

KQMB&XO DICTIOWAKT. For Use in Schools and Colleges. 
Translated from the German of Dr. G. Autenreith, with 
Additions and Corrections by R. P. Keep, Ph.D. With 
numerous Illustrations. Crown 8vo. 6s. 

HORACE— THE WORKS OF HORACE, rendered into 
English Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lee, M.A. Globe 
8vo. 3*. 6d. 

THE ODES OP HORACE IN A METRICAL PARA- 
PHRASE. By R. M. Hovenden. Extra fcap. Svo. 4* 

HORACES LIFE AND CHARACTER. An Epitome of 
his Satires and Epistles. By R. M. Hovenden. Extra fcap. 
Svo. 4J. 6d. 

WORD FOR WORD FROM HORACE. The Odes 
literally Versified. By W. T. Thornton, C.B. Crown 
Svo. is. &£ 

JACKSON -FIRST STEPS TO GREEK PROSE COM- 
POSITION By Blomfield Jackson, M.A. Assistant- 
Master in King's College School, London. New Edition 
revised and enlarged. i8mo. is. 6a*. 

KEY TO FIRST STEPS. i8mo. y. 6d. 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship, I&mo. 2s. 6a 7 . 

# * # A Key to Second Steps, for the use of Teachers only, is in 
preparation. 



12 MACMILLAN'S EDUCATIONAL CATALOGUE. 

JACKSON— A MANUAL OF GREEK PHILOSOPHY. By 
Henry Jackson, M.A., Fellow and Prelector in Ancient 
Philosophy, Trinity College, Cambridge. [In preparation. 

JEBB— Works by R. C. Jebb, M.A., Professor of Greek in the 
University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. 2 vols. 8vo. 2$s. 

SELECTIONS FROM THE ATTIC ORATORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISO /CRATES, AND 
ISASOS. Edited, with Notes. Being a companion volume to 
the preceding work. 8vo. 12s. 6d. 

THE CHARACTERS OF THEOPHRASTUS. Translated 
from a revised Text, with Introduction and Notes. Extra fcap. 
8vo. 6s. 6a. 

A PRIMER OF GREEK LITER A TURE. i8mo. is. 
A HIS TOR Y OF GREEK LITER A TURE. Crown 8vo. 

[In preparation, 

STSVTSXiXU-THIRTEEN SATIRES OF JUVENAL. With 
a Commentary. By John E. B. Mayor, M.A., Kennedy 
Professor of Latin at Cambridge. Vol. I. Second Edition, 

enlarged. Crown 8vo. 7s. 6d. Vol. II. Crown 8vo. iar. 6d. 

" For really ripe scholarship, extensive acquaintance with Latin litera- 
ture, and familiar knowledge of continental criticism, ancient and modern, 
it is unsurpassed among English editions." — Prop. Conington in 
"Edinburgh Review." 

" Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social condition, 
manners, and beliefs of the Roman world during the period of the early 
Empire.** — Prof. Nettlb?hip in the "Academy. 

*' Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary .... 
This excellent work meets the long felt want of a commentary to Juvenal 
on a level with the demands of modern science. 1 * — Prop. Friedlandsr 
op KSnigsberg in " Jahresbbricht furAltbrthumswissenscbaft.** 

K1EPERT— MANUAL OF ANCIENT GEOGRAPHY, 

Translated from the German of Dr. Hkinrich Kjepbrt. 

Crown 8vo. $s. 

" Dr. Kibpert actually succeeds, brief as his manual necessarily is, 
in making ancient geography interesting, connecting it, as he is able to 
give, from his extensive and scholarly knowledge, with the natural features 
of the various countries, the movements and modern conditions. The 
arrangement is methodical, and the treatment clear and well defined; the 
connexion between the old world and the new being always kept in sight 

by comparison of ancient and modern names Altogether the 

English Edition of the ' Manual ' will form an indispensable companion to 
Kiepert's ' Atlas ' now used in many of our leading schools."—- The Times. 
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KYNASTON— EXERCISES IN THE COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from English 

Dramatists. By Rev. H. Kynaston, M.A., Principal of 

Cheltenham College. With Introduction, Vocabulary, &c. 

Extra Fcap. 8vo. 4s, 6d. 

KEY TO THE SAME (for Teachers only). Extra fcap. 
8vo. 4J 6d. 

EXEMPLARIA CHELTONIENSIA : sive quae discipulis 
suis Carmina identidem Latine reddenda proposuit ipse red- 
didit ex cathedra dictavit Herbert Kynaston, M.A., 
Principal of Cheltenham College. Extra fcap. 8vo. 5*. 
LIVY, Books XXI.— XXV. Translated by A. J. Church, 
M.A., and W. J. Brodribb, M.A. [In preparation* 

LLOYD— THE AGE OF PERICLES. A History of the 
Politics and Arts of Greece from the Persian to the Pelopon- 
nesian War. By William Watkiss Lloyd. 2 vols. 8vo. 211. 

WACMILLAN— FIRST LATIN GRAMMAR. By M. C. 
Macmillan, M.A., late Scholar of Christ's College, Cambridge, 
Assistant Master in St Paul's School. l8mo. is. 6d. 

MAKAFFY— Works by J. P. Mahapfy, M.A., Professor of 
Ancient History in Trinity College, Dublin. 
SOCIAL LIFE IN GREECE ; from Homer to Menander. 
Fourth Edition, revised and enlarged. Crown 8vo. oj. 
RAMBLES AND STUDIES IN GREECE. With Illus- 
trations. Second Edition. With Map. Crown 8vo. 10s. 6d. 
A PRIMER OF GREEK ANTIQUITIES. With Hlus 
trations. i8mo. 11. 
EURIPIDES. i8mo. is. 6d. 

MARSHALL - ^ TABLE OF IRREGULAR GREEK 
VERBS, classified according to the arrangement of Curtius 
Greek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8vo. cloth. New Edition, is. 

MARTIAL— SELECT EPIGRAMS FROM MARTIAL FOR 
ENGLISH READERS. Translated by W. T. Webb, 
M.A., Professor of History and Political Economy, Presidency 
College, Calcutta. Extra fcap. 8va 4*. 6d. 
BOOKS I. AND II. OF THE EPIGRAMS. Edited, 
with Introduction and Notes, by Professor ]. E. B. Mayor, 
M.A. 8vo. [In the press. 
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MAYOR (JOHN B. B.)— FIRST GREEK READER. Edited 
after Karl Halm, with Corrections and large Additions by 
Professor John E. B, Mayor, M.A., Fellow of St John's 
College, Cambridge. New Edition, revised. Fcap. 8vo. 4/. && 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA- 
TURE. Edited after HfiBNXK, with large Additions by 
Professor John E. B. Mayor. Crown 8vo. 101. && 

MAYOR (JOSBPH B.)— GREEK FOR BEGINNERS. By 
the Rev. J. B. Mayor, M. A., Professor of Classical literature 
in King's College, London. Part I., with Vocabulary! is. &/. 
Parts II. and III., with Vocabulary and Index, 31. 6d. com- 
plete in one VoL New Edition. Fcap. 8to. cloth. 41. 6d. 

NIXON— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. E. 
Nixon, M.A., Fellow and Classical Lecturer, King's College, 
Cambridge. Parti.— Historical and Epistolary. New Edition, 
revised and enlarged. Crown 8vo. $s . 6d. 

PRII.R (JOHN, M.A.)— AN INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Pkile, M.A., 
Fellow and Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown 8vo. 101. &£ 
A PRIMER OP PHILOLOGY. By the same Author. 
i8mo» ix. 

PHRYNICHUS — RUTHERFORD— THE NEW PHRY- 
NICHUS; being a Revised Text of the Ecloga of the .Gram- 
marian Phrynichus. With Introduction and Commentary by 
W. Gunion Rutherford, M.A., of Balliol College, Oxford, 
Assistant Classical Master in St. Paul's School. 8vo. i&f. 

PINDAR— THE EXTANT ODES OF PINDAR. Translated 
into English, with aa Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. 5*. 

PUkTO— THE REPUBLIC OF PLATO* Translated into 
English, with an Analysis and Notes, by J. Lu Davus, 
M.A., and D. J. Vacohan, M.A. New Edition, with 
Vignette Portraits of Plato and Socrates, engraved by Jxxns 
from an Antique Gem. i8ma 41. 64 
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PXtATO Continued — 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of Trinity College, Cambridge. 
8vo. [In preparation. 

THE TRIAL AND DEATH OF SOCRATES. Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown 8vo. 41. 6d. 
PHMDO.— Edited by R. D. Archer-Hind, M.A., Fellow 
of Trinity College, Cambridge. 8vo. [In preparation, 

PIiAUTUS— THE M0STELLAR1A OF PLAUTUS. With 
Notes, Prolegomena, and Excursus. By William Ramsay, 
M.A., formerly Professor of Humanity in the University of 
Glasgow. Edited by Professor Gborgk G. Ramsay, M.A., 
of the University of Glasgow. 8vo. 14J. 

POSTDATE AND VINCE— A DICTIONARY OF LATIN 
ETYMOLOGY. By J. P. Postgate, M.A., and C. A. 
Vince, M. A. [In preparation. 

POTTa (A. w.j M.A.)— Works by Alexander W. Potts, 
M.A., LL.D., late Fellow of St John's College, Cambridge ; 
Head Master of the Fettes College, Edinburgh. 
HINTS TOWARDS LATIN PROSE COMPOSITION. 
New Edition. Extra fcap. 8vo. 3*. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE. Edited with Notes and References to the above. 
Extra fcap. 8vo. 2s. 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TION INTO LA TIN PR OSE. For Teachers only. 2j. 6d. 
EXERCISES IN LA TIN PROSE. With Introduction, 
Notes, &c, for the Middle Forms of Schools. Extra fcap. 8vo. 

[In preparation. 

ROBY— A GRAMMAR OF THE LATIN LANGUAGE, from 

Plantns to Suetonius. By H. J. Roby, M.A., late Fellow of 

St. John's College, Cambridge. In Two Parts. Third Edition. 

Part L containing : — Book L Sounds. Book II. Inflexions. 

Book IIL Word-formation. Appendices. Crown 8vo. 8j. 6d. 

Part IL— Syntax, Prepositions, &c. Crown 8to. icv. 6£ 

"Marked by the dear and practised insight of a matter in hu art. 
A book that would do honour to any country. —Atmmumvh. 

SCHOOL LATIN GRAMMAR. By the same Author. 
Crown 8vo. 51. 
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KQ%m— SYNTHETIC LATIN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, M.A., D.D. 
Extra fcap. 8vo. as. 

RUST— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. i8mo. is. 6d. 

RUTHERFORD— >4 FIRST GREEK GRAMMAR. ByW.G. 
Rutherford, M.A., Assistant Master in St Paul's School, 
London. New Edition, enlarged. Extra fcap. 8va is. 6d. 

SEELEY— A PRIMER OF LATIN LITERATURE. By 
Prof. J. R. Sbrlky. [In preparation. 

SIMPSON- PROGRESSIVE EXERCISES IN LATIN 
PROSE COMPOSITION. Founded on Passages selected 
from Cicero, Livy, &c. By F. P. Simpson, B.A., of Balliol 
College, Oxford. \In preparation. 

TACITUS— COMPLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W. J. Brodribb, M.A. 
THE HISTORY. With Notes and a Map. New Edition. 
Crown 8vo. 6s. 

THE ANNALS. With Notes and Maps. New Edition. 
Crown 8vo. p. 6d. 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY. With Maps and Notes. 

New and Revised Edition. Crown 8vo. is. &£ 

THEOCRITUS, BION and MOSCHUS. Rendered into 
English Prose with Introductory Essay by Andrew Lang, 
M.A. Crown 8va 6>. 

THBOPHRASTUS— THE CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text 
With Introduction and Notes. By R. C. Jebb, M.A., Pro- 
fessor of Greek in the University of Glasgow. Extra fcap. 8vo. 
6>. 64 
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THRING — Works by the Rev. E. Thring, M.A., Head- 
Master of Uppingham School. 

A LATIN GRADUAL. A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Maps. Fcap. 8vo. 2s. td. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8vo. is. 6d. 
A CONSTRUING BOOK. Fcap. 8m ar. to. 

VIUQIIm—THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition. Globe 8vo. 3*. 6d. 

WHITE— FIRST LESSONS IN GREEK. Adapted to Good- 

win's Greek Grammar, and designed as an introduction to the 

Anabasis of Xenophon. By John Williams White, Ph.D., 

Assistant-Prof, of Greek in Harvard University. Crown 8vo. 

.4*. &/. 

WILKINS— A PRIMER OF ROMAN ANTIQUITIES. By 
A. S. Wilkins, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. is. 

WRIGHT— Works by J. Weight, M.A., late Head Master of 
Sutton Coldfield School. 

HELLENIC A; 0R 9 A HISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical. New Edition with a Vocabulary. Fcap. 8vo. 

A HELP TO LATIN GRAMMAR; or, The Form 
and Use of Words in Latin, with Progressive Exercises. 
Grown 8va 4s. &£ 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
edition. Fcap. 8vo. 31. 6d. 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LATIN LANGUAGE. Crown 8vo. 5*. 

k 
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WRIGHT Continued— 

ATTIC PRIMER. Arranged for the Use of Beginners. 
Extra fcap. 8vo. 4s. && 

A COMPLETE LATIN COURSE, comprising Roles with 
Examples, Exercises, both Latin and English, on each Rule, 
and Vocabularies. Crown 8vo. 41. 6d. 

MATHEMATICS. 

AIRY— Works by Sir 6. B. Airy, K.C.B., Astronomer 
Royal:— 

ELEMENTARY TREATISE ON PARTIAL DIF- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown Sto. 5*. 6& 

ON THE ALGEBRAICAL AND NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Edition, revised. Crown 8vo. 6s. && 
UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6s. 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. 9*. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. gt. 64 

AIRY (OSNUMDM TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra fcap. 8vo. 31. 6d. 

BAYMA— 7ZT£ ELEMENTS OF MOLECULAR MBCHA- 
NICS. By JosiPH Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. 10s. 6d. 

BBASXBY— AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. ByR. D. Bbaslky, 
M.A., Head Matter of Grantham Grammar School Fifth 
Edition, revised and anlasged. Crown eve. $r. 64 
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BLACKBURtf (HUGH) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of the Junior Class in 
Mathematics in the University of Glasgow. By Hugh 
Blackburn, M.A., Professor oi Mathematics in the Univer- 
sity of Glasgow. Globe 8vo. is. 6d. 

BOOLE— Works by G. Boole, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition, Edked by I. TDdhuntjuu Crowe 
8vo. 14*. 

A TREATISE ON DIFFERENTIAL EQUATIONS 
Supplementary Volume. Edited by L Todhuntrr. Crown 
8vo. &r. 6tL 

THE CALCULUS OF FINITE DIFFERENCES. 
Crown 8vo. ioj. 6d. Third Edition! revised by J. F. 
Moulton. 

BROOK-SMITH {3. )— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4/. 64 

CAMBRIDOB 8BNAYB-HOUBB PROBLEM 8 and RIDERS 
WITH SOLUTIONS 1— 

1875— PROBLEMS AND RIDERS. By A. G. Grucnhill, 
M.A. Crown 8va 8/. 64 

ify%— SOLUTIONS OF SEN ATEOIOVSE PROBLEMS 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaishbr, M.A., Fellow of Trinity College, 
Cambridge. 12s, 

VAttniaiX—HBLP TO ARITHMETIC. Designed for the 
use of Schools. By H. Candlrr, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo ts. 6J. 

cnEYMB— AN ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. By C. H. H. Ch&yne, M.A., 
P.R.A.S. With a Collection of Problems, Second Edition. 
Crown 9vo. 6j. 64 

b s 
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CHRISTIE— A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MA THE- 
MA TICS; with Answers and Appendices on Synthetic 
Division, and on the Solution of Numerical Equations by 
Horner's Method. By James R. Christie, F.R.S., Royal 
Military Academy, Woolwich. Crown 8vo. 8x. 6V& 

CLIFFORD— TEE ELEMENTS OF DYNAMIC. An In- 

traduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College, London. 
Part I.— KINEMATIC Crown 8va 7*. 6d. 

CVMMIl*a—AN INTRODUCTION TO THE THEORY 
OF ELECTRICITY. By Linnaus Cumming, M.A., 
one of the Masters of Rugby School. With Illustrations. 
Crown 8vo. 8x. 6a\ 

CUTHBERTSON— EUCLIDIAN GEOMETR Y. By FRANCIS 
Cuthbertson, M.A., LL.D., Head Mathematical Master of 
the City of London School. Extra fcap. 8vo. aj. 6d. 

DALTON— Works by the Rev. T. Dalton, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. NewEdi. 
tion. i8mo. 2*. 6d. [Answers to the Examples art appended. 
RULES AND EXAMPLES IN ALGEBRA. Part L 
New Edition. i8mo. 2s. Part II. i8mo. as. 6a\ 

DAY— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. DAT, M.A. Crown 8va 
$s.6d. 

DREW— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drxw, M.A., St John's College, 
Cambridge. New Edition, enlarged. Crown 8vo. $*. 
SOLUTIONS TO THE PROBLEMS IN DREW'S 
CONIC SECTIONS. Crown 8vo. \s. 6d. 

DYER— EXERCISES IN ANALYTICAL GEOMETRY. 
Compiled and arranged by J. M. Dyer, M.A., Senior 
Mathematical Master in the Classical Department of Cheltenham 
College. With Illustrations. Crown 8vo. 4*. 6d. 
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EDGAR (J. H.) and PRITOHARD (G. ».)— NOTE-BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
ME TRY. Containing Problems with help for Solutions. By 
J. H. Edgar, M.A., Lecturer on Mechanical Drawing at the 
Royal School of Mines, and G. S. Pritchard. Fourth 
Edition, revised and enlarged. By Arthur Meeze. Globe 
8vo. 4?, 6d. 

FBRRBRS — Works by the Rev. N. M. Ferrers, M.A., Fellow 
and Master of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TR1LINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and 
the Theory of Projectors. New Edition, revised. Crown 8vo. 
6s. td. 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown 8vo. 71. 6d. 

PRO ST— Works by Percival Frost, M.A., formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer of 
King's College. 

AN ELEMENTARY TREATISE ON CURVE TRA- 
CING. By Percival Frost, M.A. 8va 12s. 

SOLID GEOMETRY. A New Edition, revised and enlarged 
of the Treatise by Frost and Wolstbnholmr. In 2 Vols. 
Vol.- 1. 8vo. lis, 

GODFRAY— Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges 
and Schools. New Edition. 8vo. 12s. 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR 
THE OR Y 9 with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. $s. 6d. 

HBMMING— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vo. 91. 
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JACKSON — GEOMETRICAL CONIC SECTIONS. An 
Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M.A., late Fellow of 
Gonville and Caius College, Cambridge. Crown 8vo. 4s. 6d. 

JELLET (JOHN H.H TREATISE ON THE THEORY 
OF FRICTION By John H. Jellkt, B.D., Senior Fellow 
of Trinity College, Dublin; President of the Royal Irish 
Academy. 8vo. %s. 6d. 

JONES an<* OHEYMB- ALGEBRAICAL EXERCISES. 
Progressively Arranged. By the Rev. C. A. Jones, M.A., and 
C. H. Cheyne, M.A,, F.R.A.S., Mathematical Masters of 
Westminster School New Edition. i8mo. 2*. 6a. 

KEI.X.AND and T AIT— INTRODUCTION TO QUATER. 

NJONS, with numerous examples. By P. Kklland, M. A., 

F.R.S. ; and P. G. Tait, M.A., Professors in the department 

of Mathematics in the University of Edinburgh. Crown 8va 
Js. 6d. 

KITCHENER— A GEOMETRICAL NOTE-BOOX, containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E. 
Kitchener, M.A., Mathematical Master at Rugby. New 
Edition. 4to. 2j. 

LOCK— ELEMENTARY TRIGONOMETRY. By Rev. J. 
B. Lock, M.A., Fellow of Caius College, Cambridge; and 
Assistant Master at Eton. Globe 8vo. [In the press. 

MATJLT— NATURAL GEOMETRY: an Introduction to the 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatory Models, based upon the Tachy- 

metrical Works of Ed. Logout By A. Mault. l8mo. is. 

Models to Illustrate the above, in Box, 12s. 6V. 

MERRIMAN — ELEMENTS OF THE METHOD OF 
LEAST SQUARES. By Mansfield Merriman, Ph.D. 
Professor of Civic and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Perm. Crown 8vo. fs. 6d. 

MILLAR- ELEMENTS OF DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. 6s. 
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MORGAN— i< COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS. With Answers. 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. 6f • 6& 

MUIR— DETERMINANTS. By Thos. Muir. Crown 8vo. 

[In preparation. 

NBWTOW'l PRINCIPIA. Edited by ProC Sir W. Thomson 
and Professor Blackburn. Ato. cloth. 31;. 6d. 
THE FIRST Iff REE SECTIONS OF NEWTON* S 
PRINCIPIA 9 With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Prrcival Frost, M.A. Third 
Edition. 8vo. 12s. 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Praelector of St John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
Sixth Edition, revised. Crown 8vo. cloth, qj. 6V£ 

A TREATISE ON OPTICS. New Edition, revised and 
enlarged. Crown 8vo. cloth, lot. 6a\ 

PBDLBY— EXERCISES IN ARITHMETIC for the Use of 

Schools. Containing more than 7,000 original Examples. 
By S. Prdlxy, late of Tamworth Grammar School. Crown 
8vo. $*. 

PHBAR— ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phxar, M. A., Fellow and late 
Assistant Tutor of Clare College, Cambridge. New Edition. 
Crown 8vo. cloth, £r . td. 

PIRIB— LESSONS ON RIGID DYNAMICS. By the Rev. 
G. Pirik, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. 6s. 

VVQM.LM-AN ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Numerous Examples and Hints for their Solution 5 especially 
designed for the Use of Beginners. By G. H. Ptjckle, M.A. 
New Edition, revised and enlarged. Crown 8vo, Js. €d. 
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KAWLINION- ELEMENTARY STATICS, by the Rev. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8vo. 4;. 6d. 

RAYI.BIGH— THE THEORY OF SOUND. By Lord 
Raylrigh, M.A., F.R.S., formerly Fellow of Trinity College, 
Cambridge. 8vo. VoL I. 12s. 6d. Vol. II. 12s. 6a\ 

[Vol. III. in the press. 

REYNOLDS— MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. y. 6d. 

ROUTH— Works by Edward fOHN Routh, MA., F.RS., 
late Fellow and Assistant Tutor of St. Peter's College, Cam- 
bridge ; Examiner in the University of London. 

AN ELEMENTARY TREA TJSE ON THE D YNAMICS 
OF THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8vo. 31/. 
STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams' Prise 
Essay for 1877. 8vo - &• &*• 

SMITH— Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of St 
Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. 
New Edition, carefully revised. Crown 8vo. ioj. 6V. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. 4*. 6d. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo. &r. 6d\ 

EXERCISES IN ARITHMETIC. Crown 8vo. limp doth. 
2s. With Answers, aj. 6a. 

Answers separately. 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. l8mo. 
cloth. 3j. 

Or sold separately, in Three Parts, is. each, 
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SMXTB Continued— 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC 
Parts I., II., and III., 2s. 6d. each. 

SHILLING BOOK OF ARITHMETIC FOR NA TIONAL 

AND ELEMENTARY SCHOOLS. i8mo. cloth. Or 

separately, Part I. 2d. ; Part II. yi. ; Part III. id. Answers. 

6d. 

THE SAME, with Answers complete. 18010, doth. U. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. 
l8mo. 4*. 6d. 

EXAMINA TION PAPERS IN ARITHME TIC. i8mo. 
u. 6d. The same, with Answers, i8mo. 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITH- 
METIC. i8mo. 4*. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. cloth, sewed, yd. 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished, price 
3*. 6d. New Edition. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part L for 
Standard L in National Schools. Crown 8vo. 9d. 

EXAMINATION CARDS IN ARITHMETIC. (Dedi. 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards III., IV. and V., 
in boxes, is. each. Standard VX in Two Parts, in boxes, 
is. each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers diner in 
each Standard, and from those of every other Standard, so that a 
masucr or mistress can see at a glance whether the children have die 
prober papers. 
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SNOWBALL — THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY ; with the Construction 
and Use of Tables of Logarithms. By J. C. SNOWBALL, M. A. 
New Edition. Crown 8vo. *)s. 6d. 

syllabus OP PLANE GEOMETRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition. Crown 
8vo. is. 

TAXT and STEELE— ,4 TREATISE ON DYNAMICS OF 

A PARTICLE. With numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown 8vo. 
121. 

TEE AY — ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rmngton. Extra fcap. 8vo. 3*. &/. 

TODHUNTER— Works by I. Todhunter, M.A., F.R.S., of 
St. John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the 
author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely tree from mistakes, 
typographical or other."— Saturday Rkvikw. 

THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. i8mo y. 6d. 

KEY TO EXERCISES IN EUCLID. Crown 8vo. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. ft*. &/. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. as. &r*. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8m 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2s. 64 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8vo. 8f. 6d. 
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TOD HUNTER Continued— 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. l8mo. 4J. 6J. 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8v<x dr. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. Js. 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8m 10s. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
7*. 6d. 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown 8vo. $*. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
lor. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo. 4s. 6d. 

PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
7*. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. 
I or. 6V. 

A TREATISE ON THE INTEGRAL CALCULUS AND 
ITS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. iax. 6d. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8vo. 4/. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and enlarged. 
Crown 8vo. 10/. 6d, 
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TODHUHTBB Continued— 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY, from the time of Pascal to that of 
Laplace. 8vo. i&r. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 1871. 8vo. 6/. 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF AT7RACTI0N, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols. 
8vo. 241. 

AN ELEMENTARY TREATISE ON LAPLACE S, 
LAMES, AND BESSEL'S FUNCTIONS. Crown 8va 
ioj. 6d. 

WILSON (J. M.)— ELEMENTARY GEOMETRY. Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton College. 
New Edition, Extra fcap. 8vo. 41. &/. 

SOLID GEOMETRY AND CONIC SECTIONS. With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Edition. 
Extra fcap. 8vo. 3*. 6d. 

WILSON— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. 4*. 6d. 

" The exercises seem beautifully graduated and adapted to lead a student 
on most gently and pleasantly "— E. J. Routh, F.R.S., St Peter's College,, 
Cambridge. 

WILSON (W. P. )—A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Belfast 8vo. oj. 6d. 
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WOLITBNHOLME- MATHEMATICAL PROBLEMS, on 
Subjects included in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolsten- 
holme, late Fellow of Christ's College, sometime Fellow of 
St John's College, and Professor of Mathematics in the Royal 
IndianEngineering College, New Ed. greatly enlarged. 8vo. 18& 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

Balfour Stewart. 

"These Primer* are extremely staple and attractive, and thoroughly 
answer their purpose of just leading the young beginner up to the thresh- 
old of the long avenues in the Palace of Nature which these titles suggest." 
— Guardian. 

"They are wonderfully clear and lucid in then* instruction, simple in 
style, and admirable in plan. "—Educational Tinas. 

INTBODTJCTORT_By T. H. HUXLEY, F.R.S., Professor of 
Natural History in the Royal School of Mines. iSmo. is. 

CHEMISTRY — By H. E. Roscoe, F.R.S., Professor of 
Chemistry in the Victoria University the Owens College, 
Manchester. With numerous Illustrations. i8mo. u. New 

Edition. With Questions. 

" A very model of perspicacity and accuracy.*— Ckkmist ahd Drug- 
gist. 

PHYSIOS— By Balfour Stewart, F.R.S., Professor of Natural 

Philosophy in the Victoria University the Owens College, 

Manchester. With numerous Illustrations. i8mo. is. New 

Edition. With Questions. 

PHYSICAL GEOGRAPHY— By ARCHIBALD GeIKIE, F.R.S., 
Murchison Professor of Geology and Mineralogy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. is. 

"Everyone of his lesions is marked by simplicity, clearness, and 
correctness. "— Athzm jsum. 

GEOLOGY — By Professor Geikik, F.R.S. With numerous 

Illustrations. New Edition. i8mo. cloth, is. 

" It is hardly possible for the dullest child to mi&umici stand the meaning 
of a classification of stones after Professor Geikie's ex^Iaoauen. "—School 
Boaid Ckbomclb. 
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8CIBNOB PRIMBM ContiMuedr- 

PHYSIOLOGY— By MICHAEL Foster, M.D., F.R.S. With 
numerous Illustrations. New Edition. i8mo. is. 

"The book seems to us to leave nothing to be desired as an elementary 
text-book. *— Academy. 

ASTRONOMY — By J. Norman Lockybk, F.R.S. With 

numerous Illustrations. New Edition. i8mo. is. 

** This is altogether one of the most likely attempts we have ever seen to 
bring astronomy down to the capacity of the young child,"— School 
Board Chroniclr. 

BOTANY— By Sir J. D. HOOKER, K.C.S.L, C.B., F.R.S. 

With numerous Illustrations. New Edition. i8mo. is. 

"To teachers the Primer will be of inestimable value, and not only 
because of the simplicity of the language and the clearness with which the 
subject matter is treated, but also on account of its coming from the highest 
authority, and so furnishing positive information as to the most suitable 
methods of teaching the science of botany."— Naturr. 

LOGIC— By Professor Stanley Jevons, LL.D., M.A., F.R.S. 

New Edition. i8mo. is. 

'* It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to sound judgment and reasoning 
in she ordinary affairs o£ K£b."— AcadRmv. 



political ECONOMY— By Professor Stanley Jevons, 

LL.D., M.A., F.R.S. l8mo. U. 

" Unquestionably fa every respect an admirable primer."— School 
Board Chronicle. 

In prtfaratbn :-— 
ZOOLOGY. By Professor Huxley. &c. &c. 



ELEMENTARY CLASS-BOOKS. 

ASTRONOMY! by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By Sir 
G. B. Airy, X.C.B., Astronomer Royal New Edition. 
i8mo. 4-f. 6d, 
ASTRONOMY. 

ELEMENT AR Y LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. Norma* Lockybk, 
F.R.S. New Edition. Fcap. Sro. §>. 64 

''Full, dear, sound, and worthy of attention, net only as a popuiai 
exposition* bet as a scientific ' Inda*.' "— Atuknauu. 
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BXiBMBNTARY OltASS-BOOKS Continued— 

QUESTIONS ON LOCKYERS ELEMENTARY LES- 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Fo&bes-Robektson. iSmo. cloth limp. 11. 6d. 

PHYSIOLOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 

numerous Illustrations. ByT. H. Huxlby, F.R.S., Professor 

of Natural History in the Royal School of Mines. New 

Edition. Fcap. 8vo. 41. 6d. 

M Pure gold throughout. - — Guakdiam. 

" Unquestionably the clearest and most complete elementary treatise 
on this subject that we possess in any language. — Wkstminstkk Review 

QUESTIONS ON HUXLEY* S PHYSIOLOGY FOR 

SCHOOLS. By T. Alcock, M.D. i8mo. is. 6d. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. 

Oliver, F.R.S., F.L.S., Professor of Botany in University 

College, London. With nearly Two Hundred Illustrations. 

New Edition. Fcap. 8vo. \s. 6£ 

OHIMIItAT. 

LESSONS IN ELEMENTARY CHEMISTRY. IN- 
ORGANIC AND ORGANIC. By Hbn&y E. Roscoe, 
F.R.S., Professor of Chemistry in the Victoria University the 
Owens College, Manchester. With numerous Illustrations 
and Chromo-Litho of the Solar Spectrum, and of the Alkalies 
and Alkaline Earths. New Edition. Fcap. 8vo. 4s. 6d. 

*' As a standard general text-book it deserves to take a leading place."— • 
SncTAToa. 

" We unhesitatingly pronounce it the best of all our elementary treatises 
en Chemistry. "—MaDicxL Tttas. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., Pro- 
fessor of Chemistry m the Yorkshire College of Science, Leeds, 
Adapted for the preparation of Students for the Government, 
Science, and Society of Arts Examinations. With a Preface by 
Professor Roscoe. New Edition, with Key. i8mo. 2*. 

POUTIOAI. BOOMOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By 

Mixxicent G. Fawcett. New Edition. iSmo. zs. 6a, 

n Char, cosapact, and comprehenstve."— Dailv Nans 
"The relations ef capital jttd labour have never been mere simply ot 
aapouBded.''' """ "" 



store clearly t<pu«tt^edT"--CbiiTSMroaAav Raviaw. 
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ELEMENTARY OLAS8~BOOK8 Continued— 

Loaio. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jkvons, 

LL.D., M.A., F.R.S. New Edition. Fcap. 8vo. $t. 6d. 

" Nothing can be better for ft school-book."— Guardian. 

"A manual alike simple, interesting;, and scientific." — Athknjbum. 

PHYSICS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 
Stewart, F.R.S., Professor of Natural Philosophy in the 
Victoria University the Owens College, Manchester. With 
numerous Illustrations and Chromolitho of the Spectra of the 
Sun, Stars, and Nebulae. New Edition. Fcap. 8vo. 41. &/. 

"The bean-ideal of a scientific text-book, dear, accurate, and thorough." 
—Educational Tinas. 

QUESTIONS ON BALFOUR STEWART'S ELE- 
{ttENTAR Y LESSONS IN PHYSICS. By Prof. Thomas 
H. Core, Owens College, Manchester. Fcap. 8vo. 2s. 

PRACTICAL CHEMISTRY, 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor Roscoe, and Illustrations. New Edition. i8mo. 
2s. 6d. 

CHEMISTRY. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jonks, F.R.S.E., F.C.S., Chemical Master in the 
Grammar School, Manchester. Fcap. 8vo. 3* 

ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St Mary's Hospital With upwards of 400 Illustrations. 
Fcap. 8vo. dr. 6d. 

" Ik stay be questioned whether any other work on anatasny eontaja* in 
like compass so proportionately great a man of information. "— Lawcmt. 

"The werk is excellent, and should be in the hands of every ilmlaat of 
hnaian ■netnrny. "—Medio *. Tmss. 
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BLBHBNTART CLASS-BOOKS Continued— 



AN ELEMENTARY TREATISE. By John Perry, 
C.E., Whitworth Scholar, Fellow of the Chemical Society, 
Lecturer in Physics at Clifton College. With numerous Wood- 
cuts and Numerical Examples and Exercises. l8mo. 4*. 6d. 

" The yoang engineer and those seeking for ft comprehensive knowledge 
of the use, jpowet, and economy of steam, could not have a more useful 
work, as it u very intelligible, well arranged, and practical throughout. M — 

IXONMOHGEB. 

PHYSICAL GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. By A. Gkikie, F.R.S.> Murchisbn Professor 
of Geology, &c., Edinburgh. With numerous Illustrations. 
Fcap. 8vo. \s. 6d. 
QUESTIONS ON THE SAME. u. 6d. 



CLASS-BOOK OF GEOGRAPHY. By G B.Clarke, M. A., 
F.L.S., F.G.S. Fcap. 8va New Edition, with Eighteen 
Coloured Maps. 31. 

NATURAL PHILOSOPHY. 

NATURAL PHILOSOPHY POR BEGINNERS. By 
L Todhunter, M.A., F.R.S. Part L The Properties of 
Solid and Fluid Bodies. l8mo. p. 6d. 
Part IL Sound, Light, and Heat i8mo. 31. 6d. 

MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof. E. Caird, 
of Glasgow University. [In preparation. 

BLBOTRIOITY AND MAGNETISM. 

ELEMENTARY LESSONS IN ELECTRICITY AND 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- 
versity College, Bristol. With Illustration*. [In the press. 

SOUND. 

AN ELEMENTARY TREATISE. By W. H. Stone, 
M.B. With Illustrations. i8ma 3/. oW. 



ELEMENTAR Y LESSONS IN PSYCHOLOGY. By G. 
Croom Robertsoh, rr o fc esot of Mesial Philosophy, Ac, 
Unrftrsity College, Londo* IMprepaewtiem. 
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BLBHENTARY CLASS BOORS Continued— 

AGRICULTURE — ELEMENTS OF A GR1CUL TURAL 
SCIENCE. By H. Tanner, F.C.S., Professor of Agricultural 
Science, University College, Aberystwith. Fcap. 8vo. 

[In the press, 

ECONOMICS— THE ECONOMICS OF INDUSTR Y. By A. 

Marshall, M.A., Principal of University College, Bristol, 

and Mary P. Marshall, late Lecturer at Newnbam Hall, 

Cambridge. Extra fcap. 8vo. zs. 6d. 

"The book is of sterling value, and will be of great use to students and 
teachers."— Athknaum. 

Others in Preparation. 

MANUALS FOR STUDENTS. 

Crown 8vo. 

COSSA— GUIDE TO THE STUDY OF POLITICAL 
ECONOMY. By Dr. LuiGl Cossa, Professor in the 
University of Pavia. Translated from the Second Italian 
Edition. With a Preface by W. Stanley Jbvons, F.R.S. 
Crown 8vo. 4s. td. 

DYER AND VINES— THE STR UCTURE OF PLANTS. By 

Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc., Fellow and Lecturer of Christ's College, 
Cambridge. With numerous Illustrations. [In preparation, 

PAWCETT — A MANUAL OF POLITICAL ECONOMY. 
By Right Hon. Henry Fawcett, M.P. New Edition, 
revised and enlarged. Crown 8vo. 12s. 

FLEISCHER-^* SYSTEM OF VOLUMETRIC ANALY- 
SIS. Translated, with Notes and Additions, from the second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations. Crown 8vo. p. &/. 

FLOWER (Wi n.r-AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of 
Surgeons of England In 187a By Professor W. H. Flower, 
F.R.S* F.R.C.8. With numerous Illustrations, New Edition, 
enlarged* Crown 8vo. 10/, 6V* 
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MANUALS FOB STUDENTS Continued— 

POSTER mua liANOLBY— A COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Foster, 
M.D., F.R.S., and J. N. Langley, B.A. Fourth Edition. 
Crown 8vo» 6s. 

UOOKBU— THE STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J.D. Hooker, K.C.S.I., C.B., F.R.S., 
M.D., D.C.L. New Edition, revised. Globe 8vo. ioj. 6V. 

HUXIJBY— PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations, and Coloured Plates. Third and Cheaper Edition. 
Crown 8vo. 6s. 

HUXLEY and MABTIN— A COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc New Edition, revised. Crown 8vo. 6s. 

JSVONS— THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jeyons, LL.D., M.A., F.R.S. New and Revised Edition. 
Crown 8vo. 121. 6tL 

STUDIES IN DEDUCTIVE LOGIC. By Professor 
W. Stanley Jevons, LL.D., M.A, F.R.S. Crown 8vo. 6s. 

KENNEDY — MECHANICS OF MACHINERY. By 
A. b. W. Kennedy, M. Inst. C.E., Professor of Engineering 
and Mechanical Technology in University College, London. 
With Illustrations. Crown 8vo. [In the press. 

KIBFERT— A MANUAL OF ANCIENT GEOGRAPHY. 
From the German of Dr. H. Kiepert. Crown 8vo. $s. 

OLIVER (Professor)— FIRST BOOKOF INDIAN BOTANY 
By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 
the Herbarium and Library of the Royal Gardens, Kew. 
With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

\—A COURSE OF INSTRUCTION IN ZOOTOMY 
(VERTEBRATA). By T. Jeffrey Parker, B.Sc. Lond., 
Professor of Biology in the University of Otago. With Illus- 
trations. Crown 8vo. [In the press. 

C 2 
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MANUALS FOR STUDENTS Continued— 

PARKER and BBTTANY— THE MORPHOLOGY OF 

THE SKULL. By Professor Parker and G. T. Bettany. 

Illustrated. Crown 8vo. iar. 6d. 

SMITH, ADKVL—THE WEALTH OF NATIONS. By 
Adam Smith. Edited with Notes, &c, for the Use of 
Students, by W. Stanley Jevons, LL.D., M.A., F.R.S. 
Crown 8vo. 

TAIT— AN ELEMENTARY TREATISE ON HEAT. By 
Professor TAIT, F.R.S. E. Illustrated. [In the press. 

THOMSON—ZOOLOGY. By Sir C. Wyville Thomson, F.R.S. 
Illustrated. [In the press. 

TYMR— ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, D.C.L., F.R.S. 
With numerous Illustrations. Crown 8vo. is. 6d. 

v A Other volumes of these Manuals will follow. 



SCIENTIFIC TEXT-BOOKS. 

BALFOUR-^ TREATISE ON COMPARATIVE EMBRY- 
OLOGY. By F. M. Balfour, M.A., F.R.S., Fellow and 
Lecturer 'of Trinity College, Cambridge. With Illustrations. 
In 2 vols. 8vo. 1 8 j. each. 

BALI. (R. 8., ±.M.)— EXPERIMENTAL MECHANICS. A 
Course' of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science 
for Ireland. Cheaper Issue. Royal 8vo. \os. 6d. 

BRUNTON — A TREATISE ON MATERIA MEDIC A. 
By T. Lauder Brunton, M.D., F.R.S. 8vo. 

[In preparation. 

CLAUSIUS- MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. ioj. 6d. 

COTTBRILX.— ^ TREA2ISE ON APPLIED MECHAN- 
ICS. By James Cotterill, M.A., F.R.S., Professor of 
Applied Mechanics at the Royal Naval College, Greenwich. 
With Illustrations. 8vo. [In preparation. 
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SCIENTIFIC TEXT-BOOKS Continued— 

DANIBLL— ^ TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS. By Alfred Daniell. With Illustrations. 
8vo. \I n preparation* 

roSTBB— A TEXTBOOK OF PHYSIOLOGY. By Michael 
Foster, M,d:, F.R.S. With Illustrations. Third Edition, 
revised. 8vo. 21s, 

GAMGEE-^ TEXTBOOK OF THE' PHYSIOLOGICAL 
CHEMISTRY OF THE ANIMAL BODY. Including an 
account of the chemical changes occurring in Disease. By 
A. Gamgee, M.D., F.R.S., Professor of Physiology in the 
Victoria Univer ity and Owens College, Manchester. 2 Vols* 
8vo. With Illustrations. Vol. I. \%s. 

[ Vol. II. in the press. 

GBQENBAUR— ELEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl Gkgenbaur. A Translation by 
F. Jeffrey Bell, B.A. Revised with Preface by Professor 
E. Ray Lankbster, F.R.S. With numerous Illustrations. 
8vo. 2 1 s. 

GBIKI73— TEXTBOOK OF GEOLOGY. By ARCHIBALD 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinburgh. With numerous Illustrations. 8vo. [In the press. 

GRAY— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are 
added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms. By Professor Asa Gray, 
LL.D. 8vo. lor. 6d. 

KEWCOMB— POPULAR ASTRONOMY. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With 112 Illus- 
trations and 5 Maps of the Stars. 8vo. i8j. 

'* It is unlike anything else of its kind, and will be of more use in cir- 
culating a knowledge of astronomy than nine-tenths of the books which 
have appeared on the subject of late years."— Saturday RtvUw. 

HHULBAUJC — THE KINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Reuleaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
C.E. With 450 Illustrations. Medium 8vo. zis. 
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SCIENTIFIC TEXT-BOOKS.— CdnHnued, 

ROBCOE afad BOHORLEMMER — INORGANIC CHEMIS- 
TRY, A Complete Treatise on Inorganic Chemistry. By 
Professor H. E. Roscoe, F.R.S., and Professor C ScHOR- 
lemmer, F.R.S. With numerous Illustrations. Medium 8vo. 
Vol. I.— -The Non-MetaUic Elements. 2U. Vol. II. Part I.— 
Metals. i&. Vol. IL Part IL— Metals, i8r. 
Vol. III.— ORGANIC CHEMISTRY. Part. I.— THE 
CHEMISTR Y OF THE HYDROCARBONS; and their De- 
rivatives or ORGANIC CHEMISTRY. By Profs. Roscoe and 
Schorlemmer. With numerous Illustrations. Medium 8vo. 2 u. 

SCJHORLEMMER-^ MANUAL OF THE CHEMISTRY OF 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, the Victoria University, the Owens College, Man- 
chester. With Illustrations. 8vo, 14*. 

THORPE AND RUCKER— A TREA TISE ON CHEMICAL 

PHYSICS. By Professor Thorpe, F.R.S., and Professor 

Rucker, of the Yorkshire College of Science. Illustrated. 

8vo. [In preparation. 

NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. 31. &/• 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown 8vo. y. 6d. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8vo. y. cV. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St Mary's Hospital. 
With numerous Illustrations. Crown 8vo. y. 6d. 

POLAR/SAT/ON OF LIGHT. By W. Spottiswoode, P.R.S., 
With many Illustrations. Second Edition. Crown 8vo. y. 6V. 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With namerous Illustrations. Second Edition. Crown 
8vo. 44. 6a\ 
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NATURE SBRIBS Continued— 

THE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. As. 6d. 

HOW TO DRAW A STRAIGHT LINE : a Lecture on link- 
ages. ByA. B. Kbmpz. With Illustrations. Crown 8vo. is. 6d. 

LIGHT: a Series of Simple, Entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard. Crown 8vo, 
with numerous Illustrations. 2s. 6d. 

SOUND . a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Students 
of every age. By A. M. Mayer, Professor of Physics in 
the Stevens Institute of Technology, &c With numerous 
Illustrations* Crown 8vo. 3*. 6d. 

SEEING AND THINKING. By Professor W. K. Clifford. 
F.R.S. With Diagrams. Crown 8vo. y. 6d. 

DEGENERATION. By Prof. E. Ray Lankester, F.R.S. 
With Illustrations. Crown 8vo. 2s. 6d. 

FASHION IN DEFORMITY, as Illustrated in the Customs of 
Barbarous and Civilised Races. By Prof. Flower* With 
Illustrations. Crown 8vo. 2s. 6d. 

Other volumes to follow. 

EASY LESSONS IN SCIENCE. 
Edited by Pro! W. F. Barrett. Extra fcap. 8vo. 

HEAT. By Miss C. A. Martineau. Illustrated. 2s. 6d. 
LIGHT. By Mrs. Awdry. Illustrated. 2s. 6V. 
ELECTRICITY. By Prof. W. F. Barrett. [In preparation. 

SCIENCE LECTURES AT SOUTH 
KENSINGTON. 
VOL. /. Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
Sorby, J. T. Bottomley, S. H. Vines, and Prof. Carey 
Foster. Crown Svo. 6s. 
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VOL. II. Containing Lectures by W. Spottiswoode, P.R.S., 
Prot Forbes, Prof. Pigot, Prof. Barrett, Dr. Burdon- 
Sanderson, Dr. Lauder Brunton, F.R.S., Prof. Roscoe, 
and others. Crown 8vo. dr. 

MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8vo. Illustrated. 6d. each. 

WHAT THE EARTH IS COMPOSED OF. By Professor 

Roscoe, F.R.S. 
THE SUCCESSION OF LIFE OH THE EARTH. By 

Professor Williamson, F.R.S. 

WHY THE EARTH'S CHEMISTRY IS AS IT IS. By 

J. N. Lockyer, F.R.S. 

Also complete in One Volume. Crown 8vo. cloth, u. 



AIXXAK'DVR.—ELEMENTAR Y APPLIED MECHANICS; 

being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 4s. 6d. 
BETTANY.— FIRST LESSONS IN PRACTICAL BOTANY. 
By G. T. Bettany, M.A., F.L.S., Lecturer in Botany at 
Guy's Hospital Medical School. i8mo. is. 

BIANFORD— THE RUDIMENTS OF PHYSICAL GEO- 
GRAPHY FOR THE USE OF INDIAN SCHOOLS; with 
a Glossary of Technical Terms employed. By H. F. Bl an ford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. 2s. 6J. 

EVERETT— UNITS AND PHYSICAL CONSTANTS. Vy 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfast. Extra fcap. 8vo. 4s. 6d. 

miKl*.— OUTLINES OF FIELD GEOLOGY. By Prof. 
Geikie, F.R.S. With Illustrations. Extra fcap. 8vo. 3J.6V. 

ldLNDAUnn-BLOWPIPE ANALYSIS. By J. Landauer. 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4*. 6d. 
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MUIR- PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the first M.B. Course. By 
M. M. Pattison Muir, F.R.S.E. Fcap. 8vo. is. 6d. 

M'KmmiCK— OUTLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D.» 
F.R.S.E. With Illustrations. Crown 8vo. I2J. &/. 

muLLlr-STUDIES IN COMPARA TIVE ANA TOMY. 

No. I. — The Skull of the Crocodile : a Manual for Students. 
By L. C. Miall, Professor of Biology in the Yorkshire College 
and Curator of the Leeds Museum. 8vo. 2s. 6d. 
No. II.— Anatomy of the Indian Elephant. By L. C. Miall 
and F. Greenwood. With Illustrations. 8vo. $s. 

SHANN— AN ELEMENTARY TREATISE ON HEAT, IN 
RELATION TO STEAM AND THE STEAM-ENGINE. 
By G. Shann, M.A. With Illustrations. Crown 8vo. 4s. 6d. 

TANNER— FIRST PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Aberystwith, &c i8mo. is. 

THE PRINCIPLES OF AGRICULTURE: a Series of 
Reading-Books for use in Elementary Schools. Prepared by 
Professor Tanner. Extra fcap. 8vo. 

I. The Alphabet of the Principles of Agriculture. 6d. 
II. Further steps in the Principles of Agriculture, is, 

[jfust ready, 

WRIOHT— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc, &c. 
Lecturer on Chemistry in St Mary's Hospital Medical School 
Extra fcap. 8vo. y. 6d. 



HISTORY. 

ABN0LD-7W2 ROMAN SYSTEM OP PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT. By W. T. Arnold, B.A. 

Crown 8vo. 6s. 

"Ought to prove a valuable handbook to the student of Roman 
history. —GiMRDiAH. 
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MLB1SI— STORIES FROM THE HISTORY OF ROME. 

By Mrs. Beesly. Fcap. 8vo. 2s. 6d. 

" The attempt appears to as in every way successful. The stones sve 
interesting m themselves, and are told with perfect simplicity and good 
feeling. " — Daily Nbws. 

BROOK— FRENCH HISTOR YFOR ENGLISH CHILDREN. 
By Sarah Brook. With Coloured Maps. Crown 8vo. 6>. 

FREEMAN (EDWARD A.)— OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Map*. New 
Edition. Extra fcap. 8vo. half-bound. 6>. 

GREEN— A SHORT HISTORY OF THE ENGLISH 

PEOPLE, By John Richard Green, M.A., LL.D. With 

Coloured Maps, Genealogical Tables, and Chronological 

Annals. Crown 8vo. &r. 6d. Seventy-eighth Thousand. 

" Stands alone as the one general history of the country, for the saax. 
of which all others, if young and old are wise, will he speedily and sorely 
set aside."— Acadbmy. 

READINGS FROM ENGLISH HISTOR Y. Selected 

and Edited by John Richard Green, M.A., LL.D., 

Honorary Fellow of Jesus College, Oxford. Three Parts. 

Globe 8vo. is. 6d. each. L Hengist to Cressy. IL Cressy 

to Cromwell. IIL Cromwell to Balaklava. 

amVT— LECTURES ON THE HISTORY OP ENGLAND. 

By M. J. Guest. With Maps. Crown 8vo. 6>. 

" It is not too much to assert that this is one of the very best class books 
of English History for young students ever published.** — Scotsman. 

HISTORICAL COURSE FOR 8CHOOM — Edited by 
Edward A. Freeman, D.C.L., late Fellow of Trinity 

College, Oxford. 

L GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index, 

i8mo. cloth. 3*. 6d. 

** It supplies the great want of a good foundation for historical teaching. 
The scheme is an excellent one, and this instalment has been executed in 
a way that promises much for the volumes that are yet to appear."— 
Educational Timbs. 

II. HISTORY OP ENGLAND. By Edith Thompson. 
New Edition, revised and enlarged, with Coloured Maps. l8mo. 
2s. 6d. 

IIL HISTORY OF SCOTLAND. By Margaret 
Macarthur. New Edition. i8mo. 2s. 

*• An excellent summary, unimpeachable as to facts, and putting then 
in the clearest and most impartial light attainable."— Guakdiam. 
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HISTORICAL COURSE FOR SCHOOLS Continued— 

IV. HISTORY OF ITALY. By the Rev. W. Hunt, M.A. 
i8mo. y. 

" It possesses the same solid merit as its predecessors .... the same 
scrupulous care about fidelity in details. ... It is distinguished, too, by 
information on art, architecture, and social politics, in which the writer s 
grasp is seen by the firmness and clearness of his touch" — Educational 

TlMBS. 

V. HISTORY OF GERMANY. By J. SiMR, M.A. 
1 8 ma 3*. 

"A remarkably clear and impressive history of Germany. Its great 
•vents are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
into the texture of the historical tapestry presented to the eye."— 
Standard. 

VI. HISTORY OF AMERICA. By John A. Doylk. 

With Maps* i8mo. 4s. 6a. 

" Mr. Doyle has performed his task with admirable Care, fulness, and 



clearness, and for the first time we have for schools an accurate and inter 
esting history of America, from the earliest to the present time.**— 
Standard. 

EUROPEAN COLONIES. By E. J. Paynk, M. A. With 

Maps. i8mo. 4*. 6d. 

" We have seldom met with an Historian capable of forming a mora 
com pr ehensive, far-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove of 
the highest interest to all thoughtful readers.**— Times. 

FRANCE. By Charlotte M. Yongk. With Maps. i8mo. 

3*. 6d. 

"An admirable text-book for the lecture room." — Academy. 

GREECE. By Edward A. Freeman, D.C.L. 

[In preparation. 
ROME. By Edward A. Freeman, D.C.L. [In the press. 
HISTORY PRIMERS— Edited by John Richard Grkkn. 
Author of " A Short History of the English People." 
ROME. By the Rev. M. Crxighton, M.A., late Fellow 
and Tutor of Merton College, Oxford. With Eleven Maps. 
l8mo. is. 

"The author hat been curiously successful in telling in an intelli- 

Eit way the story of Rome 60m first to last.**— School Boakd 
konicuk. 

GREECE. By C. A. Fyffz, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. i8mo. is. 
"We give our unqualified praise to this little manual. "—School* 

MASTKI. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.L,, 

LL.D. With Maps. i8mo. is. 

"Tne work is always clear, and forms a lonunons key to sturopeaa 
history."— School Boabd CitaoMiCui. 
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HISTORY PRIMBR8 Continued— 

GREEK ANTIQUITIES. By the Rev. J. P. Mahafft, 

M.A. Illustrated. i8mo is. 

" All that is necessary for the scholar to know is told so compactly ye* 
so fuUy, and in a. style so interesting, that it is impossible for even the 
dullest boy to look on this little work in the sane light as he regards bis 
other school books." — Schoolmaster. 

CLASSICAL GEOGRAPHY. By H. F. Tozbr, M.A. 

i8mo. is. 

"Another valuable aid to the study of the ancient world. ... It 
contains an enormous quantity of information packed into a small space, 
and at the same time communicated in a very readable shape. *—Jom» Bull. 

GEOGRAPHY. By Gborgb Grovb, D.C.L. With Map*. 
i8mo. is. 

"A model of what such a work should be .... we know o£ no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exclusively 
consist. w — Truss. 

ROMAN ANTIQUITIES. By Professor WrXKlNS. DIm- 

trated. i8mo. is, 

" A little book that throws a blase of light on Roman History, and 
is, moreover, intensely interesting. *'— School Board Chronicle. 

FRANCE. By Charlotte M. Yongr. i8mo. u. 

" May be^ considered a wonderfully successful piece of work Its 

general merit as a vigorous and clear sketch, giving in a small space a 
vivid ideaof the history of France, remains undeniable." — Saturday 
Review. 

In preparation : — » 

ENGLAND. By J. R. Grern, M.A. 

LETHBRIDGE— A SHORT MANUAL OF THE HISTORY 
OF INDIA. With an Account of India as it is. The 
Soil, Climate, and Productions ; the People, their Races, 
Religions, Public Works, and Industries ; the Civil Services, 
and System of Administration. By Roper Lethbridge, 
M.A., CLE., Press Commissioner with the Government of 
India, late Scholar of Exeter College, Oxford, formerly Principal 
of Kishnaghur College, Bengal, Fellow and sometime Examiner 
of the Calcutta University. With Maps. Crown 8vo. 5j. 

MICHELET— A SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michslet, and continued to 
the Present Time, by M. C. M. Simpson. Globe 8vo. 4*. 6d. 

OTTB— SCANDINAVIAN HISTORY. By E. C. On*. 
With Maps. Globe 8vo. 6s. 

PAUI»1— PIC 7 URES OF OLD ENGLAND. By Dr. R. 
Pauli. Translated with the sanction of the Author by 
E. C. Ottb.. Cheaper Edition. . Crown 8vo. dr. 



DIVINITY. 45 



RAMSAY— .4 SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. \In preparation. 

9 AW— ANAL YSIS OF ENGLISH HISTOR Y 9 based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. y. 6d. 

WHEELER— y* SHORT HISTORY OF INDIA AND OF 

1HE FRONTIER STATES OF AFGHANISTAN, 

NEPAUL, AND BURMA. By J. Talboys Wheeler. 

With Maps. Crown 8vo. 12s. 

" It is the best book of the kind we have ever seen, and we recommend 
it to a place in every school library." — Educational Times. 

YONOB (CHARLOTTE M.)— A PARALLEL HISTORY OF 

FRANCE AND ENGLAND : consisting of Outlines and 

Dates. By Charlotte M. Yongk, Author of " The Heir 

of Reddyffe," &c., &c. Oblong 4to. 3*. 6d. 

CAMEOS FROM ENGLISH HISTOR Y. — FROM 

ROLLO TO EDWARD II. By the Author of " The Heir 

of Redclyfie." Extra fcap. 8vo. New Edition. 5* 

A SECOND SERIES OF CAMEOS FROM ENGLISH 

HISTORY— THE WARS IN FRANCE. New Edition. 

Extra fcap. 8vo. $s. 

A THIRD SERIES OF CAMEOS FROM ENGLISH 

HISTORY— THE WARS OF THE ROSES. New Edition. 

Extra fcap. 8vo. 5** 

A FOURTH 5£tf/£.S-REF0RMATI0N TIMES. Extra 

Fcap. 8vo. 5 J * 

EUROPEAN HISTORY Narrated in a Series or 

Historical Selections from the Best Authorities. Edited and 

arranged by E. M. Sewell and C. M. Yongk. First Series, 

1003— 1 154. Third Edition. Crown 8vo. dr. Second 

Series, 1088— 1228. New Edition. Crown 8va 6s. 

DIVINITY. 

%* For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (REV. B. A.}— BIBLE LESSONS. By the Re?. 
E. A. Abbott, D.D., Head Master of the City of London 
School New Edition. Crown 8va 4s. 6d. 

" Wise, suggestive, and really profound initiation into religious thought, 1 " 
~Odakdiak. 
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ARNOLD-^ BIBLE-READING FOR SCIIOOLS^THK. 
GREAT PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xL — lxvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of OrieL New Edition. i8mo. cloth, ix. 
ISAIAH XL.— LXVI. With the Shorter Prophecies allied 
to it Arranged and Edited, with Notes, by Matthbw 
Arnold. Crown 8vo. p. 

OHEETHAM- A CHURCH HISTORY OF THE FIRST 
SIX CENTURIES. By the Ven. Archdeacon Chikt- 
ham. Crown 8vo. [In the press. 

OTSnTBIS—MANUAL OF THE THIRTY-NINE AR- 
TICLES. By G. H. Citrteis, M.A., Principal of the 
Lichfield Theological College. \In preparation. 

GASKOIN— THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev* G. F. Maclear, D.D. Part L— OLD 
TESTAMENT HISTORY, i8mo is. Part II.— NEW 
TESTAMENT. i8mo. is. Part III.— THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. is. 

GOLDEN TREASURY PSALTER— Students' Edition. Being 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. 3 s. 6a\ 

GREEK TESTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo, 10s. 6d. each. 
Vol. I. The Text. 
Vol. II. Introduction and Appendix. 

HARD WICK — Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., Regius 
Professor of Modern History in the University of Oxford. 
With Four Maps. Fourth Edition. Crown 8ro. iox. 6d. 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMATION. Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. ioj. && 
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KIKO-CHC/RCH HISTORY OF IRELAND. By the Rev. 
Robert King. New Edition. % vols. Crown 8vo. 

[In preparation. 

MACLBAR— Works by the Rev. G. F. Maclbar, D.D., 

Warden of St. Augustine's College, Canterbury. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 
New Edition, with Four Maps. i8mo. 4s. 6d. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection of the Old and New Testament. 
With Four Maps. New Edition. i8mo. p. &£ 

A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8ma cloth. New Edition, 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

These works have been carefully abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Ed. i8mo. doth. u. &/. 

A FIRST CLASS-BOOK OF THE CATECHISM OF 
THE CHURCH 0* ENGLAND, with Scripture Proofs, 
for Junior Classes and Schools, New Edition. i8mo. &/. 

A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH PR A YERS 
AND DEVOTIONS. 32mo. cloth extra, red edges, a*. 

MAURIOB— THE LORD'S PRAYER, THE CREED, AND 

THE COMMANDMENTS. Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Denison Maurice, M.A. i&no. cloth, limp. is. 

I— A HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis 
Procter, M.A. Fourteenth Edition, revised and enlarged. 
Crown 8va ior. && 
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PROCTER AND MAGLBAR— AN ELEMENTARY INTRO* 
DUCTION TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Maclear. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. l8mo. 2s. 6a. 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
By Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8va 8s. 6d. 

RAMSAY- THE CA TECHISE&S MANUAL; or, t!ie Church 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, and Teachers. By the Rev. Arthur 
Ramsay, M.A. New Edition. i8mo. is. &/. 

SIMPSON— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3*. 6d. 

TRENCH— By R. C. TRENCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's College, 
London. Second Edition, revised. 8vo. 12s. 

SYNONYMS OF THE NEW TESTAMENT. Ninth 
Edition, revised. 8vo. \%s. 

WBSTOOTT— Works by Brookx Foss Wbstcott, D.D., Canon 
of Peterborough* 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fourth Edition. With 
Preface on "Supernatural Religion." Crown 8vo. ios. 6d\ 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. ios. 6d\ 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. l8mo* cloth. 
is. 6d\ 
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WE3TCOTT— UOBT- THE NEW TESTAMENT IN THE 
ORIGINAL GREEK. The Text Revised by B. F. Westcott, 
D.D., Regius Professor of Divinity, Canon of Peterborough, 
and F. J. A. Hort, D.D., Hulsean Professor of Divinity; 
Fellow of Emmanuel College, Cambridge ; late Fellows of 
Trinity College, Cambridge. 2 vols. Crown 8vo. ioj. 6d. each. 
Vol. I. Text. 
Vol. II. Introduction and Appendix. 

WH.90N— THE BIBLE STUDENTS GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson, D.D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 25*. 

YONOB (CHARLOTTE M.y-SCRIPTURE READINGS POR 
SCHOOLS AND FAMILIES. By Charlotte M. Yongf, 
Author of "The Heir of Redclyffe." In Five Vols. 
First Series. Genesis to Deuteronomy. Extra fcap. 
8vo. ix. 6d. With Comments, 3*. 6£ 
Second Series. From Joshua to Solomon. Extra fcap. 
8vo. u. 6tL With Comments, 31. 6d. 
Third Series. The Kings and the Prophets. Extra fcap. 
8vo. is. 6d. With Comments, 3/. &£ 
Fourth Series. The Gospel Times, is. &/. With 
Comments, extra fcap. 8vo., p. && 
Fifth Series. Apostolic Times. Extra fcap. 8vo. is. 6d. 
With Comments, 3# . 6d. 

MODERN LANGUAGES, ART, ETC. 

ABBOTT— ,4 SHAKESPEARIAN GRAMMAR. An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modern English. By the Rev. E. A Abbott, D.D., Head 
Blaster of the City of London School New Edition. Extra 
fcap. 8vo. 6s. 

ANDBRION — LINEAR PERSPECTIVE, AND MODEL 
DRAWING. A School and Art Class Manna], with Questions 
and Exercises for Examination, and Examples of Examination 
r.ipers. By Laurence Anderson. With Illustrations* 

"oyal8vo. 1/. 
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BACKER- FIRST LESSONS IN THE PRINCIPLES OF 
COOKING. By Lady Barker. New Edition. i6mo. ix. 

BOWim-PlRST LESSONS IN FRENCH. By H. Cour- 
tuope Bo wen, M. A. Extra fcap. 8vo. is. 

BEAUHARCHAIB- LE BARBIE R DE SEVILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. y. 6d. 

mum**— FIRST LESSONS ON HEALTH. By J. Bur- 
ners. New Edition. i8mo. is. 

BLAKISTON— THE TEACHER. Hints on School Manage- 
ment. A Handbook for Managers, Teachers' Assistants, and 
Pupil Teachers. By J. R. BlaKiston, "M.A. 'Crown 8vo. 
2s. 6d. (Recommended by the London, Birmingham, and 

Leicester School Boards.) 

44 Into a comparatively small book ha has croWttfed a 'great deal of ex- 
ceedingly useful and sound advice. It is a plain, common-«ense book, 
full of hints to the teacher on the management of his school and his 
children.— School Board Chkoniclb. 

b re Y MANN — Works by Hermann !Brxymann, Ph.D., Pro- 
fessor of Philology in the University of Munich. 
A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edrtidn. Extra fctfp. 8vo. As. 6a\ 
FIRST FRENCH EXERCISE BOOK, fcxtra fcap. 8vo. 
ax. 6J. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. 8va 
2s. 6d. 

BROOKS— MILTON. By Stopford Brooke, M.A. Fcap. 
8vo. is. 6d. (Green's Classical Writers.) 

BVTWA—HC/DIBRAS. Part I. Edited, «with Introduction 
and Notes, by Alfred Milnes, B.A. Crown 8vo. 3*. 6d. 

CAltfB KTPGfe tTNIVERSI't'Y ALMANACK AND RE 
'OftB^PBB. VOtL 18B1, being the Twenty -ninth Year ot 
Publication. Crown 8vo. 3*. 6d. 

0^l>1totto&6l>--HANDB00Jir0FXf0RAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., Professor of 
'Moral Philosophy, UniVerafty 6f Bdiribtufch. Sitfh Edition. 
Crown 4vo. is. 

COLLrER-^ PRIMER OF ART. With Illustrations. By 
John Collier. i8mo. is. [Immediately. 
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DANTE-7VZS PURGATORY OF DANTE. Edited, with 
Translation and Notes, by A. J. Butler, M.A., late Fellow 
of Trinity College, Cambridge. Crown 8vo. I2j. 6d. 

OBLAMOTTB- A BEGINNER S DRAWING BOOK. By 
P. H. Dblamottk, F.S.A. Progressively arranged. New 
Edition improved. Crown 8vo. $s. 6d. 

FASNACHT— THE ORGANIC METHOD OF STUDYING 
LANGUAGES. By G. Eugene Fasnacht, Author of 
"Macmillan's Progressive French Course," Editor "Mac- 
millan's Foreign School Classics," &c. Extra fcap. 8vo. 

L French. [Immediately. 

TA WOBTT— TALES IN POLITICAL ECONOMY. By 
Millicknt Garrett Fawcett. Globe 8vo. y. 

FHAKON— SCHOOL INSPECTION. By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. is. 6d. 

FREDERICK— HINTS TO HOUSEWIVES ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. zs. 6d. 

" This unpretending and useful little volume distinctly supplies a de- 
sideratum. .... The author steadily keeps in view the simple 'aim of 
'making every-day meals at home, particularly the dinner, attractive,* 
without adding to the ordinary household expenses."— "Saturday Review. 

QIUU>BTON*—SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School Board for ^ndon. 
New Edition. Crown thro, u.W. 

OOXiD SMITH— THE TRA VELL&R, or a "Prospect of Society ; 
and THE ^DESERTED. VILLAGE. By Omvhr Gold- 
smith. With Notes Philological and Explanatory, *y J. W. 
Hales M.A. Crown 8vo. 6d. 

QnaNB'UOMmi—CUTTING-OUTANDDRESSMAXING. 
From the French of MdUe. E. Grant/ho^Me. With Dia- 
grams. i8mo. u. 

SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard GKeen arid Alice 
Stopford Green. With Maps. Fcap. 8vo. -&. '6d. 

The Times says >— "(The methe^-ef die verkvao fepM real instruction 
i* concerned, is nearly all that C6UldT>e 'desired. . . .Its great Went, in 
mid u ion to iu scientific arrangement sxd the attractive style so familiar 
to ihe readers of Green's Short Hutory is that the facts are to presented 

d 2 
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as to compel the careful student to think for himself. . . . The work may 
be read with pleasure and profit by anyone ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book as 
his guide, an intelligent teacher might make geography what it really is— 
one of the most interesting and widely-instructive studies." 

HALES— LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A,, Professor of English Literature at King's 
College, London. New Edition. Extra fcap. 8vo. ax. 6d. 

HOLB— A GENEALOGICAL STEMMA OF THE KINGS 
OF ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet, is. 

JOHNSON'S LIVES OF THE POETS. The Six Chief Lives 
(Milton, Dry den, Swift, Addison, Pope, Gray), with Macaulay's 
"Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown 8vo. 6s. 

fclTBRATURB PRIMERS— Edited by JOHN RICHARD GREEN, 

Author of " A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society. i8mo 
doth. u. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, 
LL.D., and H. C. Bowen, M.A. i8mo. is. 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palorave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE. By Stopford Brooke, 
M.A. New Edition. i8mo. u. 

PHILOLOGY. By J. Peele, M.A. l8mo. U. 

GREEK LITERATURE. By Professor Jebb, M.A. i8rao. is. 

SHAKSPERE. By Professor Dowdbn. i8mo. is. 

HOMER. By the Right Hon. W. E. Gladstone, M.P. 
i8mo. u. 

ENGLISH COMPOSITION. By Professor Nichol. i8mo, 
tft 
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la preparation : — 

LA TIN LITERA TURE. By Professor Seeley. 
HISTORY OF THE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 

SPECIMENS OF THE ENGLISH LANGUAGE. 
To Illustrate the above. By the same Author. 

MACXfflLIaAN'S COPY-BOOKS- 

Published in two sizes, viz. ; — 

1. Large Post 4to. Price qtt. each. 

2. Post Oblong. Price za. each. 

I. INITIATORY EXERCISES & SHORT LETTERS. 

•2. WORDS CONSISTING OF SHORT LETTERS. 

•3. LONG LETTERS. With words containing Long 
Letters — Figures . 

•4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK, For 

Nos. 1 to 4. 

# 5. CAPITALS AND SHORT HALF TEXT. Word*, 
beginning with a Capital. 

•6. HALF- 7 EXT WORDS, beginning with a Capital- 
Figures. 

•7. SMALL-HAND AND HALF- TEXT. With Capitals 
and Figures. 

# 8. SMALL-HAND AND HALF. TEXT. With Capitals 
and Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

•9. SMALL-HAND SINGLE HEADLINES— Figures. 

10. SMALL-HAND SINGLE HEADLINES— Figures. 

•11. SMALL-HAND DOUBLE HEADLINES— Figures. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, &c. 

12a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 8 to 12. 

* Thi$e numbers may be had with Goodman 1 * Patent Sliding 
Copies. Large Post 4to. Price 6d. each. 
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WACBUWAN'S COPY-BOOKS Continued— 

By a simple device the copies, which are {Minted upon separate 
slips, are arranged with a movable at 1 " uchment, by which they 
are adjusted so as to be directly before the eye of the pupil at 
all points of his progress. It enables him, also, to keep his 
own faults concealed, with perfect models constantly in view 
for imitation. Every experienced teacher knows the advantage 
of the slip copy,, but its practical application has never before 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan's Copy-books under Goodman's patent 

MACMILTaAN'S PROGRESSIVE FRENCH COURSE— By 

G. Eugenk-Fasnacht, Senior Master of Modern Languages, 
Harpur Foundation Modern School, Bedford. 

I. — First Year, containing Easy Lessons on the Regular Ac- 
cidence. Extra fcap. 8vo. is. 

II. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary, is. 6d 

III. — Third Year, containing a Systematic Syntax, and 
Lessons in Composition. Extra fcap. 8vo» 2j. 6d. 

MACMILIoAN'S PROGRESSIVE FRENCH READERS- 

By G. Eugene-Fasnacht. 

I. — First Year, containing Tables, Historical Extracts, 
Letters, Dialogues, Fables, Ballads, Nursery Songs, &c., 
with Two Vocabularies : (i) in the order of subjects ; (2) in 
alphabetical order. Extra fcap. 8vo. 2j. 6d. 

II. — Second Year, containing: Fiction in Prose and Verse, 
Historical and Descriptive Extracts, Essays, Letters, Dialogues, 
&c. Extra fcap. 8vo. 2s. 6d. 

inAcaxxwAjcrs progressive asRsxAjr course— By 
G. Eugene Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is. 6d. 

Part II. — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
8vo. 2s. 
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MACKLU,L,A.N,'S FQItmqW SC**QOI« CLASSICS. Edited by 
G. Eugene Fasnacht. i8mo. ' 

FRENCH. 

CORNEILLE—LE CID. Edited by G. E. Fasnacht. is. 

MOLI&RE—LES FEMMES SAVANTES. Edited by 
Q. E. Fasnacht. [Just Ready. 

MOLlkRE -LE M&DECIN MAIGR& LUL By the 
same Editor. [In preparation. 

MOLlkRE— V A VARE. Edited by L. Moriarty, B.A., 
Assistant-Master at Rossall. 

SELECTIONS FROM FRENCH HISTORIANS. Edited 
by C. Colbeck, M.A., late Fellow of Trinity College, Cam- 
bridge ; Assistant-Master at Harrow. [In preparation. 

VOLTAIRE— CHARLES XII. Edited by G. E. Fasnacht. 

[In preparation. 
OBRMAW. 

GOETHE— GOETZ VON BERLICHINGEN Edited 
by W. G. Guillemard, M.A., Assistant-Master at Harrow, 
and H. A. Bull, B.A., Assistant-Master at Wellington. 

[In preparation. 

HEINE—SELECTIONS FROM THE PROSE WRIT- 
INGS. Edited by C. Colbeck, M. A. [In preparation. 

UHLAND — SELECT BALLADS. Edited by G. E. 
Fasnacht. [In preparation. 

SELECTIONS FROM GERMAN HISTORIANS. By 
the same Editor. Part I. — Ancient History. [In preparation. 

*#* Other volumes to follow. 

WARTIN— THE POET'S HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. 2s. 6d. 

SPRING-TIME WI7H THE POETS: Poetry selected by 
Francis Martin. Second Edition. i8mo. y. 6d. 
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MASSON (GUSTAVE)— A COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English-French). Adapted from the Dictionaries of Professor 
Alfred Elvvall. Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gu stave Masson, Assistant-Master 
and Librarian, Harrow School. Fourth Edition. Crown 8vo, 
half-bound, dr. 

MOLIERE— LE MALADE IMAGINAIRE. Edited, with 
Introduction and Notes, by Francis Tarver, M. A., Assistant- 
Master at Eton. Fcap. 8vo. 2s. 6d. 

MORRIS— Works by the Rev. R. Morris, LL.D. 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 

comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. 8vo. 6s. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
formation. New Edition. i8mo. 2s. 6d. 

PRIMER OF ENGLISH GRAMMAR. i8mo. is. 

OlMlVBAm—THE OLD AND MIDDLE ENGLISH A 
New Edition of " THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T. L. King- 
ton Ouphant. Extra fcap. 8vo. 9s. 

PAL GRAVE— THE CHILDREN'S TREASURY OF 
LYRICAL POETRY. Selected and Arranged with Notes 
by Francis Turner Palgrave. i8mo. 2s. 6d. Also in 
Two parts. 18 mo, is. each. 

PLUTARCH — Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Sk*at, M.A. Crown 8vo. 6*. 
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PYLODET— NEW GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 800 Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. By L. Pylodkt. 
i8mo. cloth limp. 2s. 6d. 

A SYNOPSIS OF GERMAN GRAMMAR. From the 
above. i8mo. 6d. 

QUEEN'S COLLEGE LONDON. THE CALENDAR, 1879-80, 
1880-81, 1881-82. Fcap. 8vo. Each is. 6d. 

READING BOOK!— Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER. i8mo. (48 pp.) 2d. 

BOOK I. for Standard I. i8mo. (96 pp.) 4/. 
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i8mo. (144 pp.) 5<£ 
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»» 


III. 


i8mo. (160 pp.) 6d. 


IV. 


fl 


IV. 


i8mo. (176 pp.) &/. 


V. 


tt 


V. 


i8mo. (380 pp.) is. 


VI. 


99 


VI. 


Crown 8vo. (430 pp.) 



2S. 



Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

"They are far above any others that have appeared both in form and 
substance. . . . The editor of the present series has rightly seen that 
reading books must 'aim chiefly at giving to the pupils the power of 
accurate, and, if possible, apt and skilful expression ; at cultivating in 
them a good literary taste, and at arousing a desire of further reading. 
This is done by taking care to select the extracts from true English classics, 
going up in Standard VL course to Chaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us. — 
Guabdiax. 



SHAKESPEARE MANUAL. By F. G. 
Flbay, M.A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 41. &£ 
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AN ATTEMPT TO DETERMINE THJS CHRONO- 
LOGICAL ORDER OF SHAKESPEARE*^ PLA YS. By 
the Rev, H. Pajnk, Stokes, B.A, Extra fc^p- 8vo. 4*. 6d. 

THE TEMPEST. With Glossarial and Explanatory. Notes. 
By the Rev. J. M. Jrphson. New Edition. i8mo. is. 

spiNN^NSO^EUM and MEIKI^JOHN — THE ENGLISH 
METHOD OF TEACHING TO READ, By A. Son- 
nknschkin and J. M. D. Meiklkjohn, M.A. Fcap. 8vo. 

COMPRISING : 

THE NURSERY BOOK, containing all the Two-Letter 
Words in the Language, id. (Also in Large Type on 
Sheets for School Walls. 5*.) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6d. 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants. 6d, 

THE THIRD AND FOURTH COURSES, consisting of 

Long Vowels, and all the Double Vowels in the Language. 

6d. 

" These are admirable boojcs, because they are constructed on a prin- 
ciple, and that the simplest principle on which it is possible to learn to read 
English. ' — Spectator. 

STEPHEN— 4 DIGEST OF THE LAW OF ^EVIDENCE. 
By Sir James Fitzjames Stephen, a Judge of the High 
Court of Justice, Queen's Bench Division. Fourth Edition. 
Crown 8vo. 6s. 
" An invaluable text-hook to students."— The Times. 

t?AY1iOR— WORDS AND PLACES,; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev. 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s. 

TAmOMr-A PRIMER OF PIANOFORTE PLA YING. *J 
Franklin Taylor. Edited by George Grov*. i8mo. w. 
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T#<V?TVfMIIiM — HOUSEHOLD MANAGEMENT AND 

COOKERY. With an Appendix of Recipes used by the 

Teachers of the National School of Cookery. By W. B. 

Tegbtmeikr. Compiled at the request of the School Board 

for London. i8mo. is. 

" Admirably adapted to the use for which it is designed."— Athknjkum. 

"A seasonable and thoroughly practical manual. ... It can be consulted 
readily and the information it contains is siren in the simplest language." 
— Pall Mall Gazkttk. 

THE QZ«OBS RSApERS- For Standards I. — VL Edited by 
A. F. Murison. With Illustrations. [Immediately. 



1-FIRST LESSONS IN BOOK-KEEPING. By 
J. Thornton. Crown 8vo. %s. 6d. 

The object of this volume is to make the theory of Book-keeping suf- 
ficiently plain for even children to understand it. 

THRINQ — Works by Edward Thring, MA., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN 
ENGLISH. With Questions. Fourth Edition. i,8mo. is. 

TCM2NGH (AROHBIBHOr)— Works by R. C TRENCH, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo. 
y. 6V. 

ON THE STUDY OF WORDS. Seventeenth Edition, 
revised. Fcap. 8vo. $s. 

ENGLISH, PAST AND PRESENT. Eleventh Edition, 
revised and improved. Fcap. bvo. $s. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present, Fifth 
Edition, revised and enlarged. Fcap. 8vo. &r. 

VAUOHAN (C M.)- WORDS FROM THE POETS. By 
C. M. Vauqhan. New Edition. ^8mo. cloth, is. 
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VICTORIA UNIVERSITY CALENDAR, with the Calendar of 
the Owens College, 1880-1881, 1881-1882. Crown 8vo. 3*. 

VINCENT and DICKSON— HANDBOOK TO MODERN 
GREEK. By Edgar Vincent, Coldstream Guards, and 
T. G. Dickson, M.A. With Preface by Professor J, S. 
Blackie. Extra fcap. 8vo. 5*. 

"This is a grammar and conversation book in one, and avoids with great 
success the tediousness too common in grammars and the silliness too 

common in conversation books It will not be Messrs. Vincent and 

Dickson's fault if their work does not contribute materially to the study 
of Greek by Englishmen as a living language." — Pall Mall Gazbttb. 

WARD-7!^£ ENGLISH POETS. Selections, with Critical 
Introductions by various Writers and a General Introduction 
by Matthew Arnold. Edited by T. H. Ward, M.A. 4 
Vols. Vol. I. CHAUCER to DONNE.— Vol. II. BEN 
JONSON to DRYDEN. — Vol. III. ADDISON to 
BLAKE. —Vol. IV. WORDSWORTH TO SYDNEY 
DOBELL. Crown 8vo. Each p. 6d. 

" They fill a gap in English letters, and they should find a place in every 
school library. It is odds but they will delight the master and be the 
pastime of the boys. ... Mr. Ward is a model Editor. . . . English 
poetry is epitomised ; and that so biilliantly and well as to make the &>ok 
in which the feat is done one of the best publications of its epoch,"— Tmb 
Teacher. 

WHITNEY— Works by William D. Whitney, Professor of 
Sanskrit and Instructor in Modern Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. 4*. 6d. 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8vo. £r. 

WHITNEY AND EDGREN— /* COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
Whitney, assisted by A. H. Edgren. Crown 8vo. 7*. 6V. 

THE GERMAN-ENGLISH PART, separately, 5* 
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WRIGHT— THE SCHOOL COOKERY BOOK. Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinburgh School of Cookery. i8mo. is. 

Sir T. D. Acland, Bart, says of this book :— " I think the ' School 
Cookery Book ' the best cheap manual which I have seen on the subject. 
I hope teachers will welcome it. But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
professed cooks. The receipts are numerous and precise, the explana- 
tion of principles clear. The chap ers on the adaptation of food to 
varying; circumstances, age, climate employment health and on infants' 
food, seem to me excellent." 

YONOE (CHARLOTTE IB..)— THE ABRIDGED BOOK OF 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of " The Heir of Red* 
clyffe." i8mo. cloth, is. 



Now publishing, in Crown 8vo, price 2s. 6d. each. 

ENGLISH MEN OF LETTERS. 

Edited by JOHN MORLEY. 

•^These excellent biographies should be made class-books for schools."— 

Westminster Review. 

JOHNSON. By LESLIE STEPHEN. 

SCOTT. By K. H. Hutton. 

GIBBON. By J. C. MORISON. 

SHELLEY. By J. A. SYMONDS. 

HUME. By Professor Huxley, F.R.S. 

GOLDSMITH. By WILLIAM BLACK. 

DEFOE. By W. MlNTO. 

BURNS. By Principal Shairp. 

SPENSER. By the Very Rev. the Dean of St. Paul 1 *. 

THACKERAY. By ANTHONY TfcOLLOPE. 
BURKE. By JOHN MORLEY. 

MILTON. By Mark Pattison. 
HAWTHORNE. By HENRY James, Junr. 
SOUTHEY. By Professor Dowden. 
CHAUCER. By Professor A. W. Ward. 
BUNYAN. By James A. Froude. 
POPE. By Leslie Stephen. 
BYRON. By Professor Nichol. 
COWPER. By Goldwin Smith. 
LOCKE. By Professor Fowler. 
WORDSWORTH. By F. W. H. MYERS. 
DRYDEN. By G. Saintsbury. 
LANDOR. B y Pro fessor Sidney Colvin. 
DE QUINCEY- By Professor Masson. 

IN PREPARATION. 
SWIFT. By John Morley. 

ADAM SMITH. By LEONARD H. COURTNEY, M.P. s 

BBNTLBY. By Professor R. C. Jebb. 

DICKENS. By Professor A. W. Ward. 

BERKELEY. By Professor Huxley. 

CHARLES LAMB. By Rev. ALFRED AiNGER. 

STERNE. By H. D. TRAILL. 

SIR PHILIP SIDNEY. By J. A. SYMONDS. 

MACAULAY, By J. COTTER MORISON. 

GRAY, By EDMUND GOSSE. 

Other Volumes will follow. 



MACMILLAN'S GLOBE LIBRARY. 

Price $s. 6d. per volume, in cloth. Also kept in a variety of calf ami 
morocco bindings, at moderate prices. 

'• The .Globe Editions are admirable for their scholarly editing, their typo- 

Saphical excellence, their compendious form, and their cheapness.''— Saturday 
BVISW. 

Shakespeare's Complete Works.— Edited by W. G. Clabk, 
M.A., and W. Aldis Wright, M.A., Editors of the 
" Cambridge Shakespeare. " With Glossary. 

Spenser's Complete Works- — Edited from the Original Editions 
and Manuscripts, by R. Morris, with a Memoir by J. W. 
Hales, M.A. With Glossary. 

Sir Walter Scott's Poetical Works. — Edited, with a 
Biographical and Critical Memoir, by Francis Turner 
Palgrave, and copious Notes. 

Complete Works of Robert Burns. — Edited from the best 
Printed and Manuscript authorities, with Glossarial Index, 
Notes, and a Biographical Memoir by Alexander Smith. 

Robinson Crusoe. — Edited after the Original Editions, with a 
Biographical Introduction by Henry Kingsley. 

Goldsmith's Miscellaneous Works. — Edited, with Biographical 
Introduction, by Professor MassoN. 

Pope's Poetical Works.— Edited, with Notes and Introductory 
Memoir, by A. W. Ward, M.A., Professor of History in 
Owens College, Manchester. 

Dryden's Poetical Works.— Edited, with a Memoir, Revised 
Text and Notes, by W. D. Christie, M. A., of Trinity College, 
Cambridge. 

Cowper's Poetical Works. — Edited, with Notes and Biographi- 
cal Introduction, by William Ben ham. Vicar of Marden. 

Morte d' Arthur.— SIR THOMAS MALORY'S BOOK OF 
KING ARTHUR AND OF HIS NOBLE KNIGHTS OF 
THE ROUND TABLE.— The original Edition of Caxton, 
revised for Modern Use. With an Introduction by Sir 
Edward Strachey, Bart. 

The Works of Virgil. — Rendered into English Prose, with 
Introductions, Notes, Running Analysis, and an Index. By 
James Lonsdale, M.A., and Samuel Lee, M.A. 

The Works of Horace.— Rendered into English Prose, with 
Introductions, Running Analysis, Notes, and Index. By James 
Lonsdale, M.A., and Samuel Leb, M.A. 

Milton's Poetical Works. — Edited, with Introductions, by 
Professor Masson. 

' MACMILLAN AND CO. f LONDON. 
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